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FOREWORD 


The first three chapters of this book present a dis- 
cussion of the theory and practice of worship in the 
church school. The rest of the book contains materials 
of worship which have been arranged for and used in 
the church school. They are particularly adapted for 
one-room schools or schools where two or more depart- 
ments meet together for the worship period. The stories 
and talks presented should be of equal value, however, 
to pastors in the preparation of children’s sermons and 
to others who have occasion to speak to children upon 
religious themes. They are designed to appeal primarily 
to Juniors and Intermediates. 

It is believed that the careful selection and arrange- 
ment of the stories for the accomplishment of very defi- 
nite ends and the grouping of related material about the 
important festivals and occasions of the year not only 
make the book unique, but add greatly to its usefulness 
and value. The fact that these stories have been success- 
fully used is a testimony to their inherent interest. How- 
ever, no stories have been included merely because they 
were interesting. The educational end to be accomplished 
has in all cases been the ultimate criterion for selection 
or rejection. 

For convenience the arrangement of materials has been 
made on the basis of calendar months, enough being in- 
cluded for an entire year. Four or five Sundays is not 

vii 



Vlll 


FOREWORD 


too long to give to the consideration of a single theme, 
if a definite impression is to be left upon the lives of the 
pupils. This plan avoids the scattering of effort through 
lack of purpose while at the same time the theme changes 
often enough to avoid monotony. So far as possible 
stories which embody the idea to be presented have been 
chosen. The pointing of morals is, therefore, reduced to 
a minimum. 

The author acknowledges with thanks the courteous 
permission of the editors to use material previously 
appearing in The Graded Sunday School Magazine. 

Jay S. Stowell. 
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PART I: THE THEORY AND PRACTICE OF 
WORSHIP IN THE CHURCH SCHOOL 




STORY-WORSHIP PROGRAMS 

FOR THE 

CHURCH SCHOOL YEAR 

CHAPTER I 

WORSHIP IN THE CHURCH SCHOOL 

The adoption and use of graded lessons in the church 
school has created some problems while it has solved 
others. Superintendents accustomed to uniform lessons 
often find themselves at sea when graded lessons are in- 
troduced. Graded lessons furnish no common theme upon 
which the thought of the entire school or department may 
be centered. It is easy to laugh at the superintendent 
who objects to graded lessons because they furnish him 
'no opportunity to “sum up the lesson,” but his objection 
is based upon something more fundamental than an ego- 
istic desire to exhibit himself. It grows out of the felt 
need of some unifying thought or activity, something 
which shall for the moment at least make the group a 
real unit. 

Of course we cannot return to the system of lesson 
uniformity in order to solve the problem suggested above, 
but a part at least of the solution is to be found else- 
where, namely in the service of worship. In a strikingly 
la,rg0 proportion of our schools there has been no wor- 
ship. It is true that hymns have been sung and prayers 



14 


STORY-WORSHIP PROGRAMS 


have been repeated with sincerity and devotion, but it is 
only recently that any really serious attempt has been 
made to lead pupils into the experience of worship in the 
church school and at the same time to train them for the 
more complete participation in the worship of the church 
service. 

We have to some extent wasted a portion of our al- 
ready limited time because we had certain habits with- 
out an adequate vision of their purpose or their possi- 
bilities. Thus we have sung hymns to stir up enthusiasm, 
to get the pupils into a proper frame of mind to study 
the lesson, to while away the time until late comers should 
arrive and for various other reasons. Such purposes are 
no longer adequate. We are now thinking in terms of 
worship and the church school is deliberately undertaking 
the new task of training its pupils to participate intelli- 
gently and seriously in common worship. 

Thus we find ourselves face to face with two distinct 
yet related elements in our present situation, namely, a 
diversified lesson material sometimes perplexing the pre- 
siding officer and a fresh vision of the importance of 
training in worship. Surely this coincidence is signifi- 
cant in that it enables us to perform a hitherto neglected 
function without the necessity of lengthening our school 
period and it also provides the unifying element for the 
departments, which some have felt was endangered by the 
diversification of lesson material. 

Whether the unit for worship shall be the department 
or two or more departments combined the size and equip- 
ment of the school and other local factors will determine. 
Ordinarily a group larger than a class group is desirable 
for the most effective common worship. If the depart- 
ment is used as a unit the worship may be carefully 
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graded. Experience has demonstrated, however, that 
where there is a shortage of room the Junior and Inter- 
mediate Departments may be effectively united for the 
service of worship and in case of necessity even a more 
comprehensive group may be handled. 

In planning the services of worship for a graded school 
it is obvious that they cannot be based on the lesson 
themes. It is probably well that this is so for the argu- 
ments against any attempt on the part of the superin- 
tendent to duplicate the work of the teacher are more 
than the arguments for it. We do have a very practical 
basis, however, for arranging the services, namely, the 
church and calendar year. The beginning of the new 
year of work, the Thanksgiving period, Christmas, the 
great birthdays of February, Lent, Easter, the spring- 
time, summer and many other significant developments 
make our path here relatively clear. In any plan the de- 
termining factor will ultimately be the results to be at- 
tained in the lives of the pupils, but these results can best 
be secured when due regard is paid to the great occasions 
of the year as they come. At best, the plan will be more 
or less arbitrary, but a larger load can be carried with 
the expenditure of less energy if we make use of all the 
currents which are flowing our way. 

In preparing the material of this book the author has 
worked on the assumption that the attitude which is best 
described as worshipful grows more naturally out of the 
consideration of the highest Christian ideals than out of 
any attempt to picture God to the imagination. One of 
the important elements in all worship is a sense of fel- 
lowship with the Divine. In this connection we may pos- 
sibly learn something from human fellowships. Two in- 
dividuals commune best when, forgetting themselves, they 
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think together about great themes, or work together in 
worthy tasks. The consideration of a book, the interpre- 
tation of a great picture, or the sharing of a deep experi- 
ence of life will lead two souls into the most intimate re- 
lationships, Such communion is at its best when regu- 
larity or irregularity of features, style of dress, and all 
other individual peculiarities are forgotten, and the indi- 
viduals are conscious only that they are thinking together 
upon great subjects. Thus it is that ^he pupil in the 
church school comes most naturally into communion with 
God as he tries to think God’s great thoughts concerning 
life, its obligations, and its meaning.! 

The creation of the attitude of worship is of course the 
purpose lying deep in the mind of the leader as he plans 
his service. Curiously enough, however, the purpose of 
the service may often be best stated in other terms, f Real 
worship, like happiness, friendship and other worth-while 
things in life, is a by-product. We arrange a service, let 
us say, with the immediate purpose of making the pupil 
more self-sacrificing. Through the songs we sing and 
the prayers we offer and the story which is told we 
accomplish our immediate aim while at the same time 
the pupil is led more effectively and more naturally into 
the experience of worship than would have been the case 
had there been no immediate purpose to accomplish. / The 
true spirit of worship does not thrive best under the 
direct attention of the ^participant. It bears its finest 
fruitage as a by-prodtjctyS 

. In such a service Ifhe leader’s talk has a distinctive 
function. It consists in the crystallization of ideals rather 
than in the impartation of information.’| It strikes the 
keynote of the entire service. It must be concrete, adapt- 
ed to the interests of the pupils and above all deal with 
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a, noble theme. Nothing is better than a story or a 
biographical incident which relates how Christian ideals 
have been or are being tested and how they stand the 
test. Object talks are rarely adapted to the particular 
needs of this type of service; reviews, lesson summaries, 
drills and similar matters have their place, but it is not 
hfre. 

I It is essential that the worship period of the school be 
clearly defined and that other items be kept from intrud- 
ing upon or interrupting it.| Announcements, reports, 
platform instructions and other related matters may fol- 
ow or be reserved for the closing session of the school, 
but they should not be included in the brief worship 
period. To emphasize this distinctive character of the 
service, the leader may conduct it from behind the read- 
ing-desk, and then step from the platform to an entirely 
new position on the floor before taking up the matters 
which follow the service of worship. 

The limitations of time and the lack on the part of 
the pupils of the power of sustained attention make it 
mandatory that the service be brief. It should begin 
promptly, move steadily and close abruptly. It should 
^ot be allowed to shade off into something quite different. 
The transition to something else should be definitely 
marked. J Every detail of the service must be planned 
in advance. The slightest indecision on the part of the 
leader, a delay of thirty seconds from a cause which 
ought to have been foreseen and eliminated, or any one 
of many other circumstances which reveal lack of purpose 
or preparation is fatal. 

'Throughout most of the service the pupils will be 
active participants. Only the few moments during which 
the leader addresses the school are distinctly his own. 
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The hymn, the responses, the common prayers, the 
Psalms repeated in unison, all tend to make the service 
essentially the pupils’ service. 

If the services are to move smoothly it will be nec- 
essary to plan many of them at least one month in 
advance of the date on which they are to be used. This 
gives the classes a chance to learn the Psalms and the 
other common responses as a part of the regular memory 
work of the school. A Psalm once learned may be used 
to advantage many times. There should be enough va- 
riety in the service to avoid monotony, but too great 
variety of order and material will detract from, rather 
than add to the service. Hymns may well be used 
several Sundays in succession and Psalms and other 
parts of the service for a month or more. 

To make the worship period rich and at the same time 
brief enough to avoid intrusion upon the other activities 
of the school is always a problem. There is a constant 
temptation to lengthen the service. In the long run, 
however, the best results would seem to be secured from 
the short service. 

The dignity and beauty of the physical surroundings, 
the nobility of the songs and prayers, the idealism of 
the leader’s thought, all have their part to play in mak- 
ing it easy for the pupil to worship. The most appropri- 
ate room available should be used for the worship period. 
Very frequently this is the church auditorium. There 
would seem to be many reasons for using this auditorium 
for the worship of the church school and no very plausi- 
ble reason against such use. 

A school choir to sing the responses and to lead in 
the singing will add much to the service. Such a choir 
may easily be secured in almost any school except the 
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very small one. In many schools the organization of 
several choirs will be helpful. Thus a girls’ choir, a 
boys’ choir, and a mixed choir may be used in turn. 

In conserving the results of the worship period in the 
school care should be taken that it may be really a train- 
ing for a more effective participation in the regular 
church service of worship and not a permanent substitute 
for it. In some cases an attempt is made to meet this 
situation by incorporating the worship of the school in 
the morning church service. This plan has both advan- 
tages and disadvantages. Whatever plan is followed, 
however, it is of the utmost importance that the pupil 
trained to worship in the church school early find his way 
into the common service of worship of the church. Any 
plan which accomplishes this end is worthy of the most 
careful consideration. 

With this precaution we may give our best efforts to 
the service of worship assured that we are dealing with 
an experience which is fundamental in the Christian life 
and that to. train in worship is to fit lives for genuine 
usefulness. Experience seems to indicate that the period 
of worship properly conducted may become one of the 
most potent influences for good which is at present to be 
found, in the church school. 



CHAPTER II 


WORSHIP IN THE ONE-ROOM SCHOOL 

Slowly but surely our ideals and methods of church 
work modify our church architecture. In the meantime, 
however, our methods of work are directly modified by 
the sort of building in which we are forced to labor. The 
number of well-equipped and well-arranged church build- 
ings is steadily increasing but, as yet, many churches are 
of what may roughly be called the one-room type. A 
school in such a building may be as carefully graded in 
its instructional work as a school with a more varied 
equipment, but it cannot be very thoroughly depart- 
mentalized unless various groups meet for the church 
school work at different hours. This of necessity has a 
very direct bearing upon any plans for common wor- 
ship in the church school. All of the members of the one- 
room school presumably meet at the same time and plans 
for worship must take into consideration the interests 
and needs of pupils of all ages. That fact should not, 
however, lead any worker in a one-room school to aban- 
don all ideal of real worship and to content himself with 
a mere “opening exercise” in his school. The successful 
superintendent is not the one who lies down in the face 
of difficulties, but rather the one who forgets that there 
are lions in the path and moves straight forward toward 
his goal. The chances are that he, too, will find that the 
lions are chained and, therefore, not as dangerous as he 
had supposed. 


20 



WORSHIP IN THE ONE-ROOM SCHOOL 21 

It may be granted at the outset that if there are any 
pupils of kindergarten age in the group they will not be 
able to enter into the service to any large extent. The 
presence of very young pupils in the room is usually a 
problem to be solved and the easiest and probably the best 
way to solve it is to find some other time or place for 
their meeting. 

To a considerable extent the things which have been 
said of the beginners are true of the younger primary pu- 
pils. They may easily become a disturbing factor in the 
service and their participation in it is of necessity limited. 
Experience has demonstrated, however, that primary pu- 
pils may be led to participate in many parts of a common 
service of worship. When this has been accomplished 
the problem of attention and the consequent disturbance 
of other worshipers has of course been solved. That 
the task is an easy one the present writer would not claim, 
but he does not hesitate to assert that intelligent planning 
and effort will accomplish wonders even tmder what 
seem to be unusual difficulties. There are few experiences 
more interesting than to watch a group of naturally res- 
tive children develop within the space of a few weeks or 
months habits of attention and joyous participation in 
worship. The secret lies in a service which is planned 
carefully, moves steadily, closes abruptly and every ele- 
ment of which is genuinely worth while and to some ex- 
tent adapted to the comprehension of the group at hand. 

This matter of adaptation may seem to be a compli- 
cated one when there are so many different ages to con- 
sider, but it again is one of the problems which seems 
more difficult at a distance than when one grapples with 
it at first hand. The principle is a perfectly simple one, 
namely, adapt the material not to the primary pupils, nor 
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again to the adults but rather to the older juniors and 
the younger intermediates. If such a plan is followed it 
may be assumed that the juniors and intermediates will 
benefit most by the service. At the same time both the 
younger pupils and the older members of the school will 
find in it so much that meets a common need that their 
attention will be held and their participation secured. It 
may be argued that such a service is at best a compro- 
mise, and that is true. There are hymns, prayers, re- 
sponses, stories and exercises which would be most 
appropriate for use with the younger pupils in the group 
which can be used in a common service only at the risk 
of losing a vital grip on the older pupils. Older pupils 
will listen to such elements once or twice out of curiosity, 
but they cannot enter into them and very soon the entire 
effect of the service is endangered, if it is planned to meet 
the needs of the primary pupils. On the other hand if 
the service is planned for those above the intermediate 
age, it is doubtful whether the attention of the younger 
pupils can be permanently held. There is of course the 
possibility of planning one Sunday for the primary pupils 
and the next Sunday for an older group, thus endeavor- 
ing sooner or later to have a service which is adapted to 
every group, but this again is bound ultimately to prove 
fatal. The success of a service of worship depends so 
much upon the development of habits of attention, partic- 
ipation and response to certain given situations that a 
service which is constantly changing its character can 
never be very fruitful as an agency for training in wor- 
ship. The successful service in a one-room school is one 
which is planned and carried out by a leader who keeps 
consistently before him the interests of the intermediates 
and juniors in the group. It should not be imagined, 
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however, that it is all loss and no gain for the school 
which is forced to hold a common service, especially if 
the school is a small one. There is an indefinable some- 
thing which comes from the mingling of various age 
groups in a common body which to some extent, although 
perhaps not entirely, balances the advantages of the school 
which, because of its size and better equipment, can have 
a thoroughly departmentalized program of worship. 

We have taken so much space to indicate the possi- 
bility of worship in a one-room school largely because 
there are so many such schools. We are well aw^are that 
in many such schools there is no effective service of wor- 
ship, but we are equally certain that there might be such 
a service if as much attention were given to it as its 
importance would seem to warrant. The supreme dif- 
ficulty lies not in the inauspicious circumstances but 
rather in the lack of vision on the part of the superin- 
tendent or other person in charge of the common service 
of the school. If the manager of a factory is devoting 
all his energy and that of his organization to the produc- 
tion of Springfield rifles, it is needless to hang around the 
stock room or the shipping room expecting to see a cer- 
tain percentage of aeroplanes turned out. If you really 
want to get aeroplanes from the factory you must first 
convert the manager to your point of view. If he de- 
termines to produce aeroplanes he will introduce new ma- 
chinery and methods or adapt his old machinery to the 
new end. There is no hope in the situation until the 
manager really knows what an aeroplane is and de- 
termines that he will bend his energies to their manufac- 
ture. The analogy holds good in the church school. The 
reason we do not have worship in church schools is that 
we have not paused to consider seriously what worship 
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is, how it might be promoted and what contribution train- 
ing in worship might make to the lives of our pupils. 
Our protestations that we cannot have real worship in the 
average school will have more weight when we have once 
seriously tried to conduct worship there. 

Only recently the writer sat through the “opening ex- 
ercise” of a large and supposedly well-conducted church 
school. The session was started somewhat past schedule 
time, apparently because the leader had numerous mat- 
ters to attend to just at the last moment. The room was 
in confusion when he at last took his place on the plat- 
form. His first remark was, “Now let’s get quiet so that 
we can begin our Sunday school.” The leader of the 
singing then said, “How many of you boys and girls 
have song books? Hold them up so that I can see. Well, 
that’s good ! Now let us sing number 284 — number 284. 
Has every one found the place? All right now, let us 
sing.” The school then sang the first verse. The leader 
was not satisfied with the result He paused before sing- 
ing the second verse, made some pleasant and witty re- 
marks about the girls outdoing the boys and also about 
the necessity of smiling instead of looking so solemn. 
He told a perfectly respectable joke, to which the school 
superintendent made a witty reply, and the second verse 
of the hymn was begun. The service was punctuated 
throughout by sprightly innovations. The pupils were 
asked to clap their hands during one stanza of a hymn. 
They responded with enthusiasm and some of the boys 
even insisted on clapping during a portion of the follow- 
ing stanza, although this did not correspond with instruc- 
tions received. The prayer was apparently improvised 
by the leader and while it was a perfectly proper prayer 
it did not seem to voice the aspirations of boys and girls. 
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During the prayer one group of intermediate boys, with- 
out a teacher, edged toward the door and when they 
were close enough to it to make their escape assured, they 
dashed out of the room, leaving the door swinging. At 
the close of this exercise, which occupied twenty or more 
minutes of a brief sixty minutes, the classes took up the 
study of the lesson. 

The above case is cited not for the purpose of criticism, 
for the school in question was above the average in many 
respects. It was generally well-behaved and well-con- 
ducted and the leadership was both intelligent and enthu- 
siastic. The point to be noted is that the leaders were 
not even attempting to conduct a service of worship, in- 
deed a casual observer would have been perplexed to 
know just what they were trying to conduct. It is 
doubtful whether they had any clear idea of the purpose 
of the “exercise” in which they were engaged. They 
were evidently carrying out one of those activities which 
become traditional and which go on and on according 
to the law of inertia without the necessity of finding a 
rational ground for their justification. 

In contrast to the above was the experiences of visiting 
a school of practically equal size to the one just men- 
tioned. In this school a definite attempt had been made 
to develop the idea of worship. The finest room in the 
building had been chosen for the service. Ushers were 
at the door and this fact alone gave the pupils a feeling 
of responsibility and checked before it was born any 
thought of unseemly exits or meaningless annoyances 
and interruptions. Late pupils were admitted only at 
appropriate moments and the mind of the leader was free 
from all petty matters. At four minutes before the time 
for opening the service the organist began to play a beau- 
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tiful and dignified selection. At exactly the appointed 
hour the school choir of girls sang softly, “The Lord is 
in his holy temple, let all the earth keep silence before 
Him.” The superintendent rose and said, “The Lord is 
a great God and a great King above all gods. O come, 
let us sing unto the Lord. Let us make a joyful noise to 
the Rock of our salvation. Let us sing together hymn 
number 64, ‘O Worship the King.’ ” There was no 
need to ask if every one had a book, for that matter had 
been attended to by the ushers before the service began, 
and there was no need to announce the number of the 
hymn two or three times, for the pupils had been trained 
to pay attention to the service and one announcement was 
as effective as three and far more in keeping with the 
spirit of the service. The entire hymn was sung withput 
interruption; the One Hundredth Psalm was repeated in 
unison without the aid of books, because the pupils had 
learned it previously in the classes; another hymn was 
sung; the pupils were seated, and the leader, in a simple, 
direct but carefully prepared talk, held up in story form 
before the vision of the group one of the fundamental 
attributes of true Christian character. The prayer which 
followed grew so naturally out of the situation which 
had been created by the service thus far that it seemed to 
voice the thoughts and desires of the pupils themselves 
and as they joined in the Lord’s Prayer it was evidently 
more to them than a mere form. There was an instant of 
quiet and the school choir sang softly the first verse of 
“Break Thou the Bread of Life.” The moment of hushed 
silence which followed was an eloquent testimony to the 
fact that the members of the group had passed through 
a genuine and uplifting experience in the eighteen min- 
utes since the school had been in session. 
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The service of worship was over, the leader left the 
speaker’s platform and took his place on the floor. There 
were announcements to be made and other general mat- 
ters to be attended to before the lessons of the day were 
taken up, but they were not sandwiched into elements 
broken from a service of worship. There will always 
be many matters of common interest to come before a 
school which have little or no relation to worship and to 
try to combine the two is to create a meaningless jumble. 
Platform instruction and drills are legitimate and useful, 
new hymns must be learned and memory selections pre- 
pared, but these activities can enter into a service of wor- 
ship only in the most limited way. If the pupil is to enter 
thoroughly into the spirit of a service of worship he 
must have it built out of materials which are worshipful, 
with which he is already familiar and which he can han- 
dle with ease. A period may be reserved at the close of 
the school session for learning new hymns ; memory work 
may be perfected in the class session or in the homes, and 
hours may be appointed for special training along sundry- 
lines. Thus the necessity for dragging extraneous ac- 
tivities into the service of worship will be obviated. 

There is one activity, however, which might well be 
made a part of the worship period. It is the making of 
the offering. The difficulty lies in the fact that custom 
and tradition all suggest a different method of handling 
the offering in the school. In the Primary and Begin- 
ners’ Departments it has been made a department function 
and it has become a real act of worship, as it should be. 
Among older groups, however, the taking of the offering 
has developed into a more or less meaningless class 
function. Our system of reports and often of class rival- 
ries seems to militate against making the offering a gen- 
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uine act of worship. In many churches the offering has 
become a real part of the service of worship, a concrete 
expression of the soul’s offering to God. If we were only 
alert to the lessons which our skilled elementary workers 
stand ready to teach us concerning the way of handling 
the offering, and if we had an open mind toward the 
things already accomplished in the same field in our 
churches, we might be able to place lur Sunday-school 
offering procedure on a more sensible and pedagogical 
basis and at the same time further enrich our worship 
period. 



CHAPTER III 


WORSHIP IN THE DEPARTMENTALIZED 
SCHOOL 

The problems of worship in a thoroughly depart- 
mentalized church school are quite different from those in 
a one-room school. In general we may say that the prob- 
lems are simpler in the departmentalized school and that 
the opportunities for worship and for training in worship 
are better. This is particularly true in cases where the 
departments are of sufficient size to lend dignity and 
spirit to the department activities. The service in an ex- 
tremely small department is likely to suffer at many 
points, but particularly in the matter of singing. In some 
cases it will be better to combine two or more departments 
for the worship period in order to increase the size of 
the group even though the equipment would warrant a 
separate assembly. Provided, however, that the depart- 
ments are of adequate size, a much more comprehensive 
and satisfactory program of worship can be put into 
operation here than in the one-room school. The de- 
partments represent more or less homogeneous groups 
and very definite aims can, therefore, be kept in mind in 
working out the services. 

Before determining what those aims shall be, the entire 
situation must be carefully reviewed. How much do the 
pupils already know about worship? Are they accus- 
tomed to pray at home? At what age are they expected 
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to begin to attend the regular church service of worship ? 
Do they actually attend this service? Is there a “chil- 
dren’s church”? Do the children come into the regular 
church service for the period of worship and for a chil- 
dren’s sermon and then pass out? All these and many 
more questions must be answered before we can deter- 
mine what our aim shall be in our program of worship 
in the school. Situations are so complex and so individ- 
ual in character that it is impossible to indicate just what 
should be the procedure until all the elements are known. 
There are, however, certain principles which may well 
guide us along the way. 

We may say that the devotional portion of the depart- 
ment program should serve at least three ends. It should 
at each age meet the pupils’ present needs for a common 
service of worship (unless those needs are already met 
by some other agency) t'k should serve as an aid in and 
an encouragement to the pupils’ private devotions ; and 
it should serve as a training for more complete partici- 
pation in the service of worship of the local church of 
which the school is a part. 

It is evident that we have here a problem which can 
never be fully solved until a common program for the 
local parish is worked out after the fullest consultation 
between pastor, church school workers and parents. Pos- 
sibly at no point in the entire educational program of the 
parish is a complete mutual understanding of more im- 
portance. It is perfectly easy for well-intentioned par- 
ents, teachers and pastors to work at cross purposes here 
and so to accomplish relatively little. In how many par- 
ishes, for example, is there any understanding between 
parents and teachers as to the proper time for a child to 
begin to attend church regularly? Sunday-school super- 
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intendents waste much good energy urging children to 
“stay to church” when the child knows full well that it is 
tacitly understood in the home that he is too young to 
“stay to church” and that he is not expected to stay. 
If by chance he did stay, however, he would very often 
find that his coming was a surprise to the pastor and that 
not an element in the service had been planned with biin 
in mind. A frank conference (or several of them) be- 
tween parents, church workers and pastors would soon 
result in a program which would bring our young people 
into the church service in groups fo stay, while to-day 
an unseemly large proportion of them never become reg- 
ular church attendants at all. Our failure to do any- 
thing like team work here would be enormously amusing 
if it did not border so closely upon criminal negligence. 

At just what age pupils should begin to attend the 
church service we may not all agree. The present writer, 
however, is convinced that it should be earlier than we 
have usually supposed. At any rate a time should be set 
for this step and parents and teachers and pastors should 
work together to make it an event to be looked forward 
to and experienced with pleasure. We have a definite 
scheme for promotion from department to department. 
Why not include in the plan this still more vital step 
into the regular church service? It is time to discard the 
much overworked and threadbare argument so often ad- 
vanced by parents and, sad to relate, sometimes by teach- 
ers that “Children must not be forced to go to church 
or when they grow up they will rebel and never go to 
church again.” Well, we do not need to “force” them 
then. Instead let us make church attendance so pleasur- 
able and let us train our pupils so well for participation 
in the service and let us build up in the minds of our 
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boys and girls and our own minds the assumption that 
going to church is the expected and the proper thing, that 
it will be as much taken for granted as the promotion 
from one department to another. We have talked alto- 
gether too much foolishness about Sunday school and 
church being “too much” for our boys and girls. We do 
not call five or six hours a day, five days a week, on a 
hard bench “too much,” or, if we do, we still see that our 
children are on hand for the daily ordeal ; we do not call 
two or three hours in a moving-picture house “too much” 
for the same young people. No, if we are honest with 
ourselves, we will be forced to admit that the real reason 
lies in the fact that we do not consider the matter a vital 
one and that by our words and actions we have allowed 
our boys and girls to grow up with the idea that attend- 
ing church is more or less of a “non-essential industry.” 

Just how so many parents and teachers got the idea 
that no pressure should be brought to bear upon children 
to induce them to attend church is hard to discover, but 
the fact remains that parents who do not hesitate to bring 
all sorts of influences to bear upon and influence the con- 
duct of children at every other point, stand altogether 
neutral when church attendance is mentioned. Only re- 
cently the promoter of a junior choir called upon the par- 
ents of thirty junior and intermediate boys and girls to 
consult them in regard to the children’s participation in 
this new venture for the morning church service, a ser- 
vice which incidentally was brief and helpful. In twenty- 
nine cases the reply was in substance, “I will mention 
the matter to Johnny, but if he doesn’t care to attend 
church I wouldn’t urge him.” In one case only did the 
parent reply, “Johnny will be there.” This indifference 
on the part of parents toward the church service is a 
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great obstacle to progress just at present, but it is no 
more than the natural fruitage of a system which has 
allowed a great gulf to become fixed between the Sunday 
school and the church and which has made no provision 
for training boys and girls to participate intelligently in 
the church service. 

This entire discussion of church attendance may seem 
to be apart from our main topic. As a matter of fact it 
is most vitally related to it. We cannot go far with our 
plans for worship until it is settled. We must know 
whether we are expected at a given age to meet fully the 
pupils’ needs in regard to worship, that is, whether our 
service in the church school is merely a supplement to or 
a training for the regular church service. In the opinion 
of the writer, church-school workers should plan to bring 
the pupils into the church service at approximately eleven 
or twelve years of age. Previous to that time the mat- 
ter of church attendance may be left to the discretion 
of parents. At that time, or what is even more impor- 
tant, at some time definitely determined upon it should be 
taken for granted that the pupils are to become regular 
church attendants. The period of transition from the 
Junior to the Intermediate Department would seem to be 
the appropriate moment for this step. Surely three or 
four years later is too late to make the transition an ef- 
fective one. Of course the event must be planned far 
in advance of every effort made to prepare the pupils for 
it. It goes without saying that we must also adapt our 
church service so that our boys and girls will feel at home 
in it when they arrive. As one means to this end some 
pastors are organizing large jimior choirs so that the 
young people have a definite part in the service from the 
very first. If they have been properly trained for this 
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transition the service will not suffer, and, even if a real 
sacrifice were necessary, the matter is one of so much 
importance as to warrant vigorous treatment. There is 
no more vital weakness in our entire local program at 
present than our failure at the point of transition between 
school and church. Until we grapple with this problem 
manfully and fearlessly and in a way in which it has 
not been handled in the past, our efforts will always move 
in the realm of relative failure or semi-success. 

Having thus gotten in mind some of the fundamental 
elements in our problem, we are ready to consider a little 
more in detail the developing purposes which should dom- 
inate our work at the various steps of the process. 

Ideally the child that comes into the Beginners’ De- 
partment has already had some religious instruction and 
has begun to develop habits of prayer. Practically, how- 
ever, the leader must assume that the pupil knows noth- 
ing about God and His care and that the child still has 
his prayer habits to form. In other words, the leader 
must begin at the very beginning in her efforts to build up 
in the child’s mind something of a conception of a Father 
God and his care and to develop the desire on the part 
of the pupil to talk with this God. Active participation 
on the part of the pupil is bound to be limited here both 
because of the pupil’s lack of experience and his inability 
to read. Anything of the nature of a “service of wor- 
ship” will appear at best only in an embryonic stage. 
The child in the Beginners’ Department accepts God very 
naturally as a member of the group. His thoughts of 
God are not limited by the philosophical difficulties which 
often come later in life. Very naturally God enters into 
every part of the department activities. The church 
building itself is to him God’s house; the offering is in a 
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very real sense made to God; the songs are sung partly 
because God likes to hear little children sing, and the 
prayers are simple talks with God, who is at home, in the 
church and everywhere and who hears every word that 
little children say. At no time in the child’s entire life 
is his experience of fellowship with God likely to be more 
direct and more unrestricted than in these kindergarten 
years. 

The aim of the service at this time should be to meet 
the child’s entire needs for social worship and to stimu- 
late and develop such habits of thought and action as will 
tend to make prayer natural and easy in the home envir- 
onment. It is not expected that the child of this age will 
be found in the church service. The service in his de- 
partment will be, therefore, in a very real sense his “chil- 
dren’s church.” The service at this period will meet his 
present needs, but will only in a general way equip him 
for further participation in worship. The songs which 
he sings he will soon outgrow and even the verses and 
responses which he uses will be forgotten or, if remem- 
bered, it will be as the result of accident rather than of 
design on the part of his teachers. Attitudes and habits 
will, however, be developed which, if the work of the 
school is thoroughly coordinated, will be carried over and 
preserved as he advances to the Primary Department. 
It is of great importance that the leader of the Beginners’ 
Department understand what is likely to happen in the 
department to which her pupils are to be promoted, and 
of equal importance that the superintendent of the Pri- 
mary Department understand the sort of training which 
her incoming pupils have had in the Beginners’ Depart- 
ment. Only where there is this full and frank under- 
standing between departments can there be such a well- 
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balanced plan as will conserve the interests of the pupil. 

In the Primary Department new factors enter into 
the situation. The fundamental purposes lying back of 
the services will remain much the same, but the mate- 
rials out of which the service is built will be somewhat 
different In the Primary Department will begin that 
process of storing away in the mind some of the ma- 
terials which will be retained and used through life. To 
be sure, the chief purpose is to provide a satisfaction 
for the child’s present needs for common worship and to 
encourage his private devotions. Children’s songs which 
will be discarded later may legitimately be used at this 
time. This does not mean that we can here use songs of 
questionable theology, of unwise sentimentalism or of 
markedly inferior poetic or musical quality. Songs 
which are simple and childish may be used to some ex- 
tent, however. If purely kindergarten songs are used, 
the fact that these songs are selected for the benefit of 
the younger members of the department should be noted 
and participation in them usually limited to those mem- 
bers. The third year pupils may be requested to serve as 
listeners or invited to share in the song which is avow- 
edly used for the benefit of the younger members and in 
which the older pupils share as an act of helpfulness. 
Thus the spirit of service and the spirit of worship is 
stimulated by a single act. Distinctly “children’s songs” 
will here be supplemented by some of those simpler 
h3rmns which will remain with the child as a permanent 
acquisition. Their number will not be large, but those 
which are used can be written on the blackboard, inter- 
preted by the leader and learned by the pupils. In the 
same way sentence prayers and responses from the 
Psalms and elsewhere in the Scriptures may be learned 
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and used. The Lord’s Prayer and one or two classic chil- 
dren’s prayers may be learned and used as common 
prayers. The Twenty-third Psalm and other appropri- 
ate selections may likewise be mastered. An appropriate 
story designed to emphasize some trait of Christian char- 
acter and fitting into the spirit of the service may be 
used, but a distinct line should be drawn between this and 
such departmental instruction as may be given. The 
service of worship is not primarily a place for instruc- 
tion. Although some children will at this age attend 
church with their parents, it may be assumed that most 
of them will not do so and that the child’s entire expe- 
rience of worship will be in the department of which 
he is a member. 

With the pupil’s promotion to the Jtmior Department 
several new elements appear. Up to this time we have 
been largely content to supply the pupil’s present needs 
for common worship and to promote his personal devo- 
tional life. We now undertake more directly that train- 
ing which will fit him to enter into the service of wor- 
ship in the local church which he will be expected to at- 
tend regularly when he graduates from the Junior De- 
partment to the Intermediate Department. We must still 
meet fully his needs for common worship and endeavor 
to maintain in cooperation with the parents those condi- 
tions which will tend to promote the personal prayer 
life of the pupil, but we must also take up seriously the 
further problem of preparing the pupil to share in the 
common service of the church. 

At this stage of the process it is important that there 
be the fullest understanding between the minister of thd 
church, the chorister and the church school workers if 
there are to be no fatal slips as the transition is made. 
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Eternal diligence and careful planning are here as else- 
where the price of success. The service of worship in the 
Junior Department must begin to take on something of 
the form of the service in the church itself. The pupils 
must learn and use some of the hymns, the prayers and 
the responses which he will be expected to know how to 
use when he enters the church. A conference may reveal 
the fact that the service in the church itself is in some 
cases altogether too barren and that readjustments will 
be needed here as well as in the school. The leader’s 
talk in the department will fill somewhat the same place 
as does the sermon in the church. In most cases this 
will be a story or a talk couched in very concrete terms. 
In some cases it will be an interpretation of the very 
process of worship itself, for there will need to be 
much of this if the worship is to be real. Worship is 
not an experience to be stumbled into through the use of 
certain forms and methods. It is instead more likely to 
come as the result of the most detailed planning and the 
most s)mpathetic execution of those plans. Very much 
indeed depends upon the spirit of the leader himself. A 
leader to whom the service is nothing but a form is not 
likely to direct any one else along the pathway of true 
worship. It oftentimes seems to be the finishing touches 
which really add the most to the effectiveness of the en- 
tire service. A brief prayer by the leader growing vitally 
out of and immediately following the leader’s talk, a re- 
sponse sung softly by the choir, or some other detail may 
add the touch which makes the entire service a reality 
for the pupil. 

At this time perhaps more than at any other conditions 
are favorable for storing the mind with choice selections 
for present and future use. Entire hymns may be 
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learned, common prayers mastered and various Psalms 
and other selections of Scripture committed to memory. 
Psychologists are not agreed that the memory is actu- 
ally any better at this period of the child’s development 
than at other periods, but the way does seem to be a little 
more clear for memory work now than at any time 
earlier or later in the educational process. Thoroughness 
is more important than quantity and the selections 
learned should be used again and again in the service 
until they have become a part of the pupil’s life. 

At this time also it is of the utmost importance that 
the nurture of the pupil’s prayer life be thoroughly corre- 
lated with the worship of the school. This is important 
for several reasons. The worship period itself will not be 
permanently effective unless the pupil learns by expe- 
rience the meaning of prayer. At the same time the 
period of worship can do much to make his habit of pri- 
vate prayer a reality. Unless the habit of private prayer 
becomes fixed during this period it is not likely to be ac- 
quired later. Here again, however, teacher, superinten- 
dent and parents must cooperate if the best results are to 
be secured. 

The prayers used in the common service of worship 
and in the class session should be models worthy of im- 
itation. The purpose and meaning of prayer should be 
sympathetically explained. The Lord’s Prayer and other 
carefully selected prayers should be studied, learned and 
used. Topics for prayer should be suggested. After 
careful training along these lines pupils may be led to 
write out prayers for class or private use, and under some 
conditions they may be encouraged to offer extempora- 
neous prayers in the class room. The wise teacher will 
know when this can be done and when it cannot be done. 
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The worship program at this period leads out into so 
many lines that the responsibilities involved become some- 
what embarrassing to one who is not willing to labor and 
sacrifice that the pupil’s religious experience shall be 
broadened. The significant fact that the child is now 
being prepared definitely for the service of the church 
itself must be kept in mind. As a part of the preparation 
for this advanced step it may be well for the entire de- 
partment to be taken into the church service occasionally 
at times specially planned and arranged for in conference 
with the pastor. 

Of course if a regular “junior church” is conducted 
for boys and girls of junior age the whole program of 
worship in the school must be modified accordingly. The 
program of worship can then be abbreviated in the school 
session and the training suggested above can be carried 
on instead in connection with the junior church. This 
leaves more time in the school session for platform in- 
struction, drills and similar matters. There is little to 
be gained and the possibility of definite loss by conduct- 
ing two duplicating or uncoordinated services in the 
school and in the junior church. 

When the child graduates from the Junior Department 
we may assume that if our program up to that point has 
been successfully carried out he is now a regular church 
attendant. In the Intermediate Department, therefore, 
we no longer face the problem of supplying the full needs 
of the pupil for common worship. We can now shorten 
the service somewhat if necessary, thus giving more time 
for the class session, or we may begin to develop the 
initiative of the pupil himself in carrying on the service 
in the department. We will still continue to use mate- 
rials which will be used in the church service, but we may 
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begin to sacrifice form and finisb to some extent for the 
puipose of developing initiative on the part of the pupils. 
The reasons for this are sound. We need in our churches 
many individuals who can conduct public devotional ser- 
vices of various sorts, but more important than this is 
the opportunity thus provided the pupils to express their 
religious aspirations in the presence of their fellows and 
thus insure for those same aspirations a permanence 
which they would not otherwise have. It is none too 
early to begin a process of training which will be con- 
tinued at least through the Senior Department until the 
service is placed entirely in the hands of the pupils and 
carried out according to plans formulated by them in 
close conference with the teachers and department 
leaders. 

The process of development will be very gradual here. 
Classes or individuals may take charge of and conduct 
the responsive services. A group may be made responsi- 
ble for the selection of the h5nnns for a given Sunday. 
Recitations or brief talks carefully prepared may be given 
by individuals. The common prayers may be chosen and 
led by others, and in due time members of the department 
may offer their own prayers. The entire order of service 
may be planned in advance by a given class and ultimately 
the entire conduct of the service will be placed in the 
hands of the pupils. It will require much more skill and 
effort on the part of the department leaders to make such 
a program effective than to plan the entire work them- 
selves and conduct the service, but church schools are run 
for the sake of building up efficient Christian characters 
rather than for the sake of providing easy jobs for work- 
ers. A consistent plan for developing the initiative of 
the members of our Intermediate and Senior Depart- 
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ments will in six years accomplish much in the building 
up of strong, self-reliant young Christians. We assume 
at this time that all the young people in these two depart- 
ments are attending the regular church service and that 
it is not necessary to duplicate that particular type of 
service again in the church school. The habit of private 
devotions should also have become firmly fixed by this 
time. We are therefore free to train for leadership as 
we could not do previously. The service here, while 
lacking some of the finish of a more formal service, will, 
in its own way, be just as truly worshipful. It will make 
a definite contribution both to the esprit de corps of the 
department and to the individual lives of the pupils with- 
out attempting to duplicate unnecessarily the form of ser- 
vice held in the church. 

There are many questions in regard to worship in the 
Young People’s and Adult Departments which are still 
unsettled and which can be settled only after all the 
elements in the local situation are taken into considera- 
tion. The existence and program of a young people’s 
society of any sort, apart from the church school proper, 
the nature and function of the church prayer meeting and 
many other matters, come up for consideration here. 
By this time every meinber of the departments should be 
tied up definitely to some regular activity of the church. 
They are no longer in any sense apart from or on proba- 
tion in the church. It is needless to attempt to duplicate 
here the functions of the church service. The worship 
period of the department may become little more than a 
brief, informal, devotional period with no attempt at a 
formal service. The distinctive contribution of the 
church school service of worship has been made during 
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the earlier years and the time can be devoted to other 
matters. 

It will be seen, therefore, that worship in a church 
school departmentally organized is a matter of rapidly 
developing importance up to and through the Junior 
Department. From that time forward some of its func- 
tions begin to be taken over by the church service and the 
service in the school at first begins to change its character 
and then diminishes in significance as a formal service. 
It should be noted of course that worship itself is ex- 
pected to fill an ever larger and larger place in the indi- 
vidual’s life as he matures. The changing emphasis 
grows out of a coordinated program which hands over to 
the church service itself certain responsibilities as soon as 
this can safely be done. Thus the time of the school is 
freed for other matters of importance and a bridge is cre- 
ated which should make it possible for every pupil in the 
church school to find his way early into the church ser- 
vice itself. When this is accomplished, one of the most 
fundamental criticisms of the church school will be ren- 
dered invalid. 
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CHAPTER IV 


IDEALS FOR A NEW YEAR OF WORK 

October: First Sunday 

Order of Service: 

I Musical Prelude 

II Opening Sentence: {Sung or recited in unison 
while seated} 

“The Lord is in his holy temple: let all the 
earth keep silence before Him : Amen.” 

III Moment of Silence: {with heads bowed) 

IV Lord’s Prayer: {or other unison prayer) 

V The Shepherd’s Psalm: {Stand and remain 

standing for the following hymn) 

VI Hymn : “Rejoice, Ye Pure in Heart” (appropriate 

for the entire month) 

VII Story: {The purpose of this story is to lead the 

pupils to appreciate the significance of the 
year of work just beginning and to undertake 
it seriously.) 

the great stone face^ 

Little Ernest lived in the eastern highlands. At a dis- 
tance from his home over on the side of the mountain 
the rocks took on the form of a great stone face. It was 
a beautiful, kindly and noble face and the children often 
* Adapted from The Great Stone Face by Hawthorne. 
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paused in their play to look away to it. Sometimes they 
spoke of the face in hushed and reverent tones as the 
“Old Man of the Mountains.” 

In the evening little Ernest would sit by the fire while 
his father and mother talked of the great stone face and 
of the legend which had long been related how that some 
day a man would appear in the valley who would look 
just like the great stone face. Then little Ernest would 
sit quietly and wonder when the man would come who 
would look like the face, and when he climbed into bed 
it was often to dream of the face and of the man who 
was destined to look like it. 

In the morning Ernest’s first thought was of the face, 
and at night, after his work was done, he would sit in 
reverent silence by the side of his cabin, looking away in 
admiration to the face which radiated so much of benev- 
olence and strength. 

Each time that a great man came into the valley Ernest 
hastened to meet him, lest perchance the man who looked 
like the face should come and go unrecognized and un- 
honored. Each time Ernest was forced to turn away in 
disappointment. None of the great men looked like the 
face. 

The years passed and Ernest was no longer “little 
Ernest.” He became “Neighbor Ernest,” the man who 
was the friend of every one and whom every one trusted. 
The very spirit of the stone face seemed to be working 
itself out in Ernest’s life. Each year found him a little 
more thoughtful, a little more kindly and a little more 
unselfish, although sometimes he was a trifle sad because 
he had begun to fear that he would never live to see the 
man who looked like the great stone face. 

One day, however, good news came to Ernest. There 
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was to come into the valley a man who was greater than 
any man who had ever been there before. “Surely,” 
thought Ernest, “this must be the man who looks like 
the great stone face,” and he hastened to see him. But 
Ernest "was doomed again to disappointment ; the great 
man did not look at all like the face. 

Quietly and humbly Ernest Started homeward ; his last 
hope was gone. No one could come who was greater 
than the visitor whom they had entertained that day, and 
yet he bore no resemblance to the face. It was while 
Ernest was lost in such thoughts as these that almost 
instinctively he turned to get another view of the face 
on the mountains which he had come to love. As he 
turned, the setting sun fell full on his face and the neigh- 
bors, who had known him so long, pausing suddenly, dis- 
covered that it was Ernest himself who looked like the 
great stone face. While he had been waiting and won- 
dering when the man would come who would look like the 
face, he had himself grown into its likeness. 

This little story is more than a story for us; it is a 
parable of what is continually happening in our own 
lives. We are continually growing into the actual like- 
ness of the things which we think about, live with and 
admire. Lives are not made strong and beautiful in an 
instant. It is a slow and steady process. They are built 
out of individual actions day after day, and the actions 
in turn grow out of the kind of thoughts which we think 
and the kind of friends which we have, until we actually 
come to look like the things and the people with whon? 
we associate. 

It is a sobering thought that our very appearance ulti' 
mately depends upon the thoughts which we think and 
the friends which we cultivate, and yet it is an encourag- 



50 STORY-WORSHIP PROGRAMS 

ing thought after all. We come to the church school and 
we study about Jesus and the things which He said, or 
we learn about Paul or one of the prophets and we go 
away and it doesn’t seem to have made much difference. 
But we come again next Sunday, and the next, and the 
next and so on, and finally we discover, or our friends 
do, that it has made a difference, that we have been build- 
ing the very best materials into out lives and the very 
lines in our faces reveal the fact that we have been living 
in the presence of the best. 

It is something like that that our work ought to mean 
to us this year. At the end of the year we shall be differ- 
ent individuals than we are now, and what that difiference 
shall be the way that we do our work and the spirit 
which we put into it in the weeks ahead will largely de- 
termine. 

VIII Hymn; “The King of Love My Shepherd Is.” 
IX Prayer: By Pastor. 

X Response: (Sung by school.) “Hear us. Heav- 
enly Father, while on Thee we call. May 
Thy benediction on our spirits fall. Amen.” 

(Reports and announcements may he given after 
this service hut not as a part of it.) 

October: Second Sunday 

(The general order of service suggested above may well 
be used during the entire month.) 

Suggested Hymn: “Lead On, O King Eternal.” 
Story: (Purpose: To hold up at the very beginning of 
the year am, ideal of Christian courage which 
will inspire the pupils to, more vigorous 
Christian living.) 
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IRA STRINGHAM, HERO 

It was January 8, 1916, Ira Stringham, a sixteen-year- 
old boy of Jersey City, was on his way homeward. As 
he was crossing the bridge over the Morris Canal, he saw 
two small boys break through the ice below. Quickly 
he ran down the bank of the canal, threw off his coat 
and shoes, and started out upon the thin and melting ice. 
He drew his wallet from his pocket and threw it to the 
crowd on the bank with the words, “If I don’t come back, 
take this to the police.” 

Carefully he made his way to the hole in the ice and 
plunged into the icy water. After a bit he reappeared 
with a boy in each hand. He pushed them onto the ice, 
only to have it break with their weight. By this time two 
telephone linemen had arrived. They threw a rope to 
Stringham. He tied it about the body of a boy and the 
boy was drawn to safety. Again the rope went out and 
the second boy was pulled to the shore. The third time 
the rope was thrown, but Ira Stringham was too far gone 
with the cold. He tried to speak, but instead he disap- 
peared beneath the ice. 

In the pocketbook thrown to the shore was a card of 
membership in a Christian Endeavor Society. Thus 
Stringham’s identity was quickly established. It was 
found that he was a poor boy, that his father was dead, 
and that he had been obliged to leave school to support 
a mother and a younger brother and sister. 

In spite of these unusual responsibilities, Ira String- 
ham had not missed a session of his Sunday school in 
more than six years. He was one of the most earnest 
workers of his young people’s society, and he was active 
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in two movements for community betterment outside of 
the church. At his place of employment he was quiet 
and unassuming, but a task given to him was sure to be 
done conscientiously and thoroughly. 

He died bravely and nobly, but the reason that he died 
thus was that he had learned to live bravely and nobly. 
Ira Stringham, a twentieth-century boy, had in him the 
stuff of which Christian heroes are made. (Adapted 
from the Christian Endeavor World,) 

October: Third Sunday 

Suggested Hymn : “Fight the Good Fight.” 

Story: {Purpose: To hold up at the beginning of the 
year an ideal of integrity, which will inspire the 
pupils to renewed seal for honesty and trustworthi- 
ness in daily living.) 

AN HONEST MAN 

Nothing is more characteristically Christian than per- 
fect honesty. It is easy to be honest when there is noth- 
ing at stake; but there come times when it costs to be 
honest. Such an occasion came to David Livingstone. 

When David Livingstone went to Africa as a mis- 
sionary he was deeply impressed with the horrors of the 
slave trade, and he desired to do something to break it 
up. He had made his way up into the heart of Africa, 
and he felt that, if he could open a way to the west coast, 
it would be a step toward the accomplishment of his de- 
sire. To take a journey of fifteen hundred miles through 
the wilderness was not an easy task, and, unaided, it was 
an impossibility. He must have the help of the natives. 
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One of the chiefs would provide the men, if he could 
be assured of their return. Livingstone promised to 
guide them on the return journey if they would go with 
him. Accordingly the party was organized and the jour- 
ney begun. There were jungles to be penetrated, swamps 
to be traversed, large streams to be crossed, fierce native 
tribes to be met, and other dangers of the jungles to 
be encountered. Livingstone was taken down with the 
fever and his followers were obliged to carry him on 
their shoulders. After more than six months of exhaust- 
ing struggle the weary and distressed party reached the 
ocean. Here at the coast were food, shelter, medical 
care, and, above all, a boat just ready to sail for England. 
The captain urged Livingstone to return to England. 
Livingstone had not heard from his family in nearly 
two years ; he was sick, but be had given his word to 
his black companions. 

He bade farewell to the departing boat, rested for a 
time, and then began the severe return journey with his 
friends of the wilderness to whom he had pledged his 
word of honor which could not be broken. 

We are not surprised to know that when Livingstone 
finally died, his followers carried his body other weary 
miles to the east coast of Africa, that it might rest in 
the land from which he had come to them. 

Recently a traveler asked the keeper at Westminster 
Abbey, the place where England's noblemen are buried, 
“Which grave has had the most visitors during the past 
year ?” “Without question,” replied the keeper, “the grave 
of David Livingstone.” And that was the grave of the 
man who kept his word when it cost something. 
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October: Fourth Sunday 

Suggested Hymn: “O Master, Let Me Walk with 
Thee." 

Story: (Purpose: To encourage the habit of kindliness 
and thoughtfulness.) 

“you called me brother” 

Some people are unkind because they are selfish, some 
because they are ignorant, and others because they are 
thoughtless and lack imagination. Jesus was always in- 
terested in people. Little children, the beggar, the sick 
man, the woman at the well, all found a friend in Him. 
It is always refreshing to meet one who has caught this 
kindly spirit of Jesus. 

Recently died a man known as the “Sky Pilot of the 
Lumber Jacks.” Thousands all over this country heard 
him speak, saw his genial smile, and felt his cordial hand- 
clasp. He gave his life to preaching the gospel to the 
men in the lumber camps and to organizing work for 
their welfare. Frank Higgins loved men, no matter how 
rough or uncouth their exterior might be. So big and 
ruddy looking was Mr. Higgins that few realized how 
literally he was laying down his life for others. The 
dread disease which carried him away was working at 
the very place where the strap of his pack basket, loaded 
with reading matter for the men, had burned itself into 
his body. 

On what proved to be Higgins’ last speaking trip he 
had become so weakened that it was necessary to call 
the assistance of a porter. 

“I’ll have to lean on you, too, brother,” said Higgins, 
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as the colored man took his grip, “for I’m nearly all in,” 
and he placed his arm across the porter’s shoulders. 

At the train Higgins took out his pocketbook and 
offered a coin. 

“I couldn’t take your money, mister,” said the porter; 
“no, sir, I just couldn’t.” 

“Why not?” asked Higgins. 

“Why, mister, you called me brother, an’ you asked 
’bout my wife an’ children an’ mother. I just couldn’t 
take your money.” 

It was this kind of love for men because they were 
men that won Higgins’s way to the hearts of those 
among whom he worked. 

One lumber jack whom Higgins had helped to a better 
life said ; “I would lay down my life for Frank Higgins. 
I love that man.” (Adapted from the Continent.) 

October: Fifth Sunday 

Suggested Hymn: “We’ve a Story to Tell to the 
Nations.” 

Story: (Purpose: To arouse in the pupils a desire for 
lives of unselfish service.) 

SERVING TO THE UTTERMOST 

Arthur Jackson was one of those big enthusiastic 
young fellows whom every one is bound to love. There 
wasn’t a lazy bone in his body. At Cambridge Univer- 
sity he had been one of the crack oarsmen on the 
university crew. When his medical course was com- 
pleted he sailed for northern China as a medical mis- 
sionary. Here we find him at Mukden in the southern 
province of Manchuria, January 12, 1911. 
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Arthur Jackson had only been in China four months, 
but they had not been idle ones. Measles, mumps, or 
fever are the same in China as in England or America 
so that a medical missionary does not have to wait a 
year or two years as do many other missionaries before 
they begin their real work. Every day Jackson had been 
making trips to sick people, performing operations, coach- 
ing his Chinese students in football and studying the 
Chinese language. 

On the night of January 12 he was in his room writ- 
ing to his sister. The bitter cold of the Manchurian 
winter made the air of his room cold and frosty and 
occasionally he would rise to walk back and forth or 
to beat his muscular arms about his great chest. As 
soon as his hands were warm he went back to his writ- 
ing. “Whoever invented Chinese,” he was saying, “seems 
to have had an enormous stock of h’s, s’s, c’s, n’s, and 
w’s which he no doubt bought at some jumble sale, 
and it is a wonder that the whole thing has not been 
sold long ago at another. I can tell you that saying 
‘Peter Piper/ etc., or any such catch is child’s play to 
managing your s’s and w’s in Chinese.” 

For a moment he hesitated, then he plunged again 
into his letter-writing. 

“You may have seen,” he wrote, “that the plague is 
pretty bad in northern Manchuria. We are doing all 
we can to prevent its coming south. You remember 
that Mukden is at the junction of the Japanese line run- 
ning south and the Chinese Imperial Railway running 
west to Tiensin and Peking. It is an important place 
as you can see from this sketch.” Here he drew a little 
map. 

“Just at this time of the year there are great crowds 
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of coolies going from their work in the north down into 
Peking. I am going to examine the passengers to pre- 
vent the plague from getting into China. You need not 
mention this new job I have got to mother, as it would 
only make her unnecessarily anxious. Of course plague 
is a nasty thing, but we are hopeful of getting it under 
now.” 

Young Jackson rose and paced slowly back and forth 
in his room. He well knew that in spite of every pre- 
caution he might take the dreaded disease, and he knew 
that, if he did take it, it meant death. A cure had never 
been known. He looked out of the window on the snowy 
ground. Away to the west lay the railroad ready to 
carry its thousands of coolies into China. Who would 
save Peking and the millions of China? Suddenly Dr. 
Jackson’s shoulders squared themselves. The Master 
Himself had not saved His own life, why should Arthur 
Jackson fear to lose his? He walked to the table, sealed 
his letter and lay down to rest. 

The next day his work began. Four hundred coolies 
were on the first train. Some already had the plague 
. and it was necessary to examine them, separate the in- 
fected ones from the rest to die and then take precau- 
tionary measure for the others. Dr. Jackson was dressed 
in white over his fur coat. He wore oilskin boots and 
gloves, and a shield saturated with disenfectant over 
his face. 

Thus day after day passed for two weeks. On Janu- 
ary 23 he lunched with the other missionaries. “Well, 
we don’t make much money out here,” he said gayly, 
“but we do see life.” During the twenty-minute lunch 
he kept them all laughing. He denied that he was tired 
and then he hastened back to his work. He was in high 
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spirits. The worst seemed to be over and he had stayed 
by the job and had made good. He went to bed that 
night, but the next morning he could not rise. In sav- 
ing others he had taken the plague. Some hours of 
terrible suffering passed and Dr. Jackson was taken out 
and buried under the Manchurian snow. 

All over China the news of Dr. Jackson’s death was 
carried. Chinese officials of every rank did honor to 
the memory of the man who had laid down his life for 
China. It stirred certain wealthy Chinamen as nothing 
had ever done before. One man sent $12,000 and later 
$5,000. Others opened their pocketbooks and a great 
medical college was established in China and named in 
honor of the man who coimted not his life dear unto 
himself, but who gave it freely for others, and they a 
people of a different race and a different language. 



CHAPTER V 

LEARNING TO BE THANKFUL 

November: First Sunday 
Order of Service : 

I Musical Prelude 

II Opening Sentences: (Read by the superintend- 
ent or repeated by the entire school) 

“The heavens declare the glory of God, and 
the firmament showeth his handiwork.” 

“He causeth the grass to grow for the cattle 
and herb for the service of man.” 

“It is a good thing to give thanks unto the 
Lord.” 

“Oh, that men would praise the Lord for his 
goodness and for his wonderful works to 
the children of men.” 

Ill Hymn : “My God, I Thank Thee Who Hast Made” 
(school stands and remains standing for the 
psalm) 

TV The One Hundredth Psalm: (in unison) 

V Unison Prayer 

VI Story: (The purpose of this story is to encourage 
the habit of gratitude contrasted with oc- 
casional thanksgiving.) 

THE MASTER OF THE HARVEST 

The Master of the Harvest walked by the side of his 
fields in the springtime. There had been no rain and the 

b:q 
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corn had not come up. A frown was on the face of 
the Master of the Harvest; grumblings and complaints 
were on his lips. Surely there would be no harvest. 

The little seeds heard the grumblings and said, “How 
cruel to complain! Are we not ready to do our best 
when the time comes?” 

The wife of the Master of the Harvest spoke cheering 
words to her husband. Then she went to her Bible 
and on the fly leaf she wrote a verse. 

At last the rain came and the corn sprang up. The 
Master of the Harvest was satisfied, but he forgot to 
rejoice and be thankful. His mind was filled with other 
things. 

When the Master's wife asked if the com was doing 
well, he answered, “Fairly well,” and nothing more. 
Again the wife opened her book and wrote on the fly 
leaf. 

Very peaceful were the next few weeks. The corn 
blades shot up, grew . tall and strong, and put forth 
flowers. The ears began to appear. 

The Master of the Harvest walked through the fields; 
he looked at the ears ; he saw that they were small, and 
again he grumbled : “The yield will be less than it ought 
to be. The harvest will be bad.” 

The growing plants heard the complaint, and said, 
“How thankless to complain! Are we not doing our 
best?” The farmer’s wife again spoke cheering words 
and then went to her Bible and wrote on the fly leaf. 

A drought settled over the land and the Master’s face 
grew very dark. He wished for rain. And then the 
rain came in torrents. Much of the growing com was 
forced to bow before the rushing rain, and some of it 
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could not rise again. The Master of the Harvest railed 
against the rain. He had not wanted so much. 

“Why does he always complain?” moaned the com 
plants. “Are we not doing our best?” The Master’s 
wife said nothing, but wrote on the fly leaf of her book. 

The weeks passed. The time of harvest came and the 
barns were filled with golden grain. 

One day the Master of the Harvest picked up the 
book in which his wife had written. He found many 
verses and among others the following: 

“Thou visitest the earth and waterest it ; Thou greatly 
enrichest it.” 

“Thou crownest the year with thy goodness; and thy 
paths drop fatness.” 

“He causeth the grass to grow for the cattle and herb 
for the service of man.” 

“It is a good thing to give thanks unto the Lord.” 

“Oh, that men would praise the Lord for his goodness, 
and for his wonderful works to the children of men !” 

As the Master of the Harvest read, shame filled his 
soul, and in the place of the old heart of discontent and 
faultfinding a new heart of thankfulness seemed to grow 
within him. And the Great Lord of all the Harvests 
looked down and was glad. 

(Adapted from “The Master of the Harvest,” by Mrs. 
Alfred Gatty.) 

VII Hymn : “We (Plough the Fields and Scatter.” 
VIII Prayer: (by pastor) 

IX Response : ( sung by school ) First stanza of 
“Dear Lord and Father of Mankind” (or other 
response). 
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November: Second Sunday 

Suggested Hymn: “The King of Love My Shepherd 
Is.” 

{The preceding order of service may he used 
throughout the month . ) 

Story: (Purpose: To develop the spirit of grafihede 
by calling attention to our dependence upon the ser- 
vices of others.) 

JAMES AND HIS BREAKFAST 

James was not a big boy, and his experience with the 
world was limited. The day after the cook left for her 
vacation James came downstairs to find the breakfast 
steaming hot on the table as usual. 

“Did you get breakfast alone?” James asked his moth- 
er as they sat down to eat. 

“No,” said his mother thoughtfully; “I had help; in 
fact, a great deal of help; more, I suppose, than you 
would ever imagine.” 

James didn’t know quite what his mother was getting 
at. At first he thought she was joking, but as he looked 
at her face he saw that she was serious. 

“What do you mean?” he said. “You don’t really 
mean that you had so much help ?” 

“Yes,” replied his mother, “that’s just what I mean.” 

Then she began to explain. “Do you see the steam- 
ing cup of coffee which your father has? I took the 
coffee from the can and put the water on it to boil, but 
that was the easiest part of the whole process. Many 
months ago, in a country far away, men whom you and 
I have never seen planted the coffee and tended it through 
the long months of growth. The coffee berries were 
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picked and dried, put into sacks and carted away to the 
train or to the ship docks. Here the coffee was stored 
away and brought to the United States. Once more it 
was unloaded, and handled again, and again, and again, 
as it passed through the hands of wholesalers, roasters, 
and retailer. 

“The grocery boy brought the coffee to the door, but 
his work, as well as the work of countless others who 
had handled the coffee sacks with aching backs, would 
have been of no avail without the help of the coal stokers, 
the sailors, the captain, the engineers, the train dispatch- 
ers, the trainmen, and others. Back of them still were 
the coal miners, the ship builders, and the railroad build- 
ers. If any one of them had failed to do his part I 
could not have finished the job of preparing the coffee.” 

By this time James was beginning to understand. 
When he had heard about the throng of workmen who 
had been engaged in preparing and bringing the sugar 
which filled the bowl, when he had thought about the 
complicated process by which the wheat for the bread, 
the salt for his egg, and the prepared breakfast food 
which he liked so well had come to him, he began to 
be filled with amazement. There still remained the dishes, 
the knife and fork, the table cloth, the table, the stove, 
the fuel, and many other things, to be explained. It 
was clear that more people had been at work at his 
breakfast than he could enumerate. 

Never had he thought of the draymen, the laborers on 
the street and in the factories, the miners in the mines, 
and the farmers in the fields as working for him. Now 
he understood, and his heart was filled with gratitude. 
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in the world to pay back a part of what others were 
doing for him. 

November: Third Sunday 

Suggested Hymn : “We Plough the Fields and Scatter.” 
Story: (Designed to make the pupils more thank fid 
for the common blessings.) 

A LOAF OF BREAD 

To-day I want to tell you how one small girl dis- 
covered in a very simple way that even the ordinary 
things which we consume and use from day to day are 
after all the direct gifts of a wise and benevolent Provi- 
dence. 

A little girl went to her mother one day and said, 
“Mother, I want to make a loaf of bread all alone.” 

“All right,” said the wise mother. “If you want to 
make a loaf of bread all alone, go to the kitchen and 
get permission from the cook and go to work.” 

The child made her way to the kitchen and there she 
told the cook, “I want to begin at the very beginning 
and make a loaf of bread all alone, and I want you to 
tell me how.” 

“Very well,” replied the cook, “but if you want to 
begin at the beginning, you will have to go to the grocer 
and get the flour, as I do.” 

The little maid went to the grocer and said, “I want 
some flour, for I am going to begin at the very beginning 
and make a loaf of bread all alone.” 

“I can give you the flour,” answered the grocer, “but 
if you want to begin at the very beginning, you had 
better see the miller, for I get my flour from him.” 
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By this time the little girl was becoming very thought- 
ful. She hunted up the miller and to him she said, “I 
started out to begin at the very beginning and make a 
loaf of bread all alone, but when I went to my mother 
she sent me to the cook, the cook sent me to the grocer, 
and now the grocer has sent me to you. I am glad that 
I have found you because now I can really begin at the 
beginning for I know you make the flour here from 
which our fine bread is made.” 

“Yes,” said the miller, “we do make the flour here 
but we get the wheat from the farmer and if you really 
want to begin at the beginning you will have to go and 
see him.” 

The little girl rras determined that she would not give 
up her task even though it was proving a longer and 
harder one than she had anticipated, so she made her 
way to the farmer, this time confident that she had 
reached the “beginning” of her loaf of bread. 

The farmer was very kind and courteous but he 
shook his head in a discouraging way. “Yes,” said he, 
“I plant the seed and tend it and I gather the harvest 
but the sunshine and the show’^ers and the little germ 
of life which makes the seed grow all come from God, 
so I am afraid, my little lady, that you will never be 
able to begin at the beginning and make a loaf of bread 
or in fact anything else. Back of our food, our clothing, 
the lumber in our houses, the coal in our furnaces and 
all the other things which we use and enjoy is God. 
We cannot do even the simplest thing such as to make 
a loaf of bread without his help.” 

The little girl had not yet got started on her loaf of 
bread, but she had done an even more important thing; 
si e had discovered a great truth. 
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November: Fourth Sunday 

Suggested Hymn: “Praise the Lord; Ye Heavens 
Adore Him.” 

Story: (True thanksgiznng grows out of contentment. 
The ptirpose of this story is to make the pupils con- 
tented with the circumstances in which God had 
placed them.) 

HOFUS, THE STONE-CUTTER 

Hofus was a poor stone-cutter in Japan. His food 
was coarse, and his clothing was plain, but he was happy 
and content with his lot, until one day he took a load 
of stone to the house of a rich man. When Hofus saw 
the evidences of wealth, he cried, “Oh, that Hofus were 
rich!” 

As Hofus said this a fairy cried, “Have thy wish!” 
and immediately Hofus was rich. He ceased to work 
and lived in luxury and contentment, until one day he 
saw a prince with a snow-white carriage, snow-white 
horses, a golden umbrella, and many, many servants. 

Then cried Hofus, “Oh, that Hofus were a prince!” 
No sooner had Hofus uttered his wish than he became 
a prince. Hofus was happy and content as a prince, 
until one day, riding in his beautiful carriage under his 
golden umbrella, he sweltered and burned in the rays 
of the sun. 

“The sun is greater than I,” cried Hofus. “Oh, that 
Hofus were the sun!” Immediately Hofus became the 
sun, and he was happy and content, until a great cloud 
came and entirely hid the sun. 

Then cried Hofus, “The cloud is greater than I. Ob, 
that Hofus were the cloud!” Immediately Hofus b^.- 
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came a cloud. Hofus was happy and content as a cloud, 
until the cloud fell as rain and swept everything before 
it except a great rock which stood unmoved by the 
torrent. 

Then cried Hofus, “The rock is greater than I. Oh, 
that Hofus were only a rock!” Immediately Hofus 
became a rock, and he was happy and content as a rock, 
until one day a stone-cutter came to the rock and began 
to split it. 

Then cried Hofus, “The stone-cutter is greater than I. 
Oh, that Hofus w'ere a stone-cutter!” Immediately Hofus 
became a stone-cutter, as he had been before, and this 
time Hofus was really happy and content, for he had 
learned that there are disadvantages in every station in 
life, and that the best place for each of us is exactly 
where God has put us. 

(Adapted from a Japanese legend.) 



CHAPTER VI 


THE GIVING LIFE 

December: First Sunday 
Order of Service: 

I Musical Prelude 

II Hymn : “Hail to the Brightness of Zion’s Glad 
Morning.” 

III The Beatitudes (Repeated in unison) 

IV Prayer 

V Hymn: “Christ for the World We Sing” 

VI Story: (The purpose of this story is to encourage 
the "giving” instead of the "getting” ideal 
of life.) 

THE MEANING OF SUCCESS 

Some years ago there died in the city of New York 
one of our earliest and most famous millionaires. He 
had begun his life as a poor boy and had become very 
wealthy. While he lived he was held up as an example 
of success, and schoolboys were stimulated to hope big 
things because of his achievements. When he died a 
leading New York newspaper said in an editorial : “Not 
a single human interest has suffered in the least by the 
death of Mr. 

This man had made his money by artificially depress- 
ing the stock of certain great properties and then buying 
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while cheap and holding or selling at a profit. His work 
had not helped to build up industry or to meet the needs 
of men. His profits had always meant the loss of some 
one else. His money he had kept for himself and his 
family. When he died a daily newspaper awoke to the 
fact that the life of this man who had been rated a suc- 
cess had proved a miserable failure. 

Across the Atlantic ocean there lived another man. 
He never succeeded in accumulating money or other pos- 
sessions. In fact, he could hardly get enough for the 
necessities of life. Many times he was in the most dis- 
tressing situations for lack of money. His clothing was 
threadbare; his food was inadequate. His life had 
seemed to be one long series of failures. He saw his 
plans collapse one after another; his friends spoke of 
him in pitying tones ; other people rated him as a failure. 
Finally he died a broken-down and discouraged old man. 

Not long after his death, however, his grateful coun- 
trymen erected a monument in his honor, and they put 
upon it words something like these : “Savior of the 
poor, father of the fatherless, educator of humanity; 
man, Christian, citizen; all for others, nothing for him- 
self; peace to his ashes; to our beloved Father Pesta- 
lozzi.” This man who had never been able to accumulate 
much of this world’s goods had succeeded because he 
had been able to give much to the world. 

One man failed, not because he was rich, but because 
he led the selfish “getting” life. The other man suc- 
ceeded, not because he was poor, but because he led the 
unselfish “giving” life. Each demonstrated in his own 
way the truth of Jesus’s words when he said, “It is 
more blessed to give than to receive.” 
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VII Prayer: (by pastor or superintendent) 

VIII Response: (by the school) 

“Hear us, Heavenly Father” ( or other re- 
sponse ) . 

IX Hymn : “It Ccime Upon the Midnight Clear.” 

December: Second Sunday 

Suggested Hymn : “Joy to the World.” 

Story : ( Purpose: T 0 encourage the habit of kindliness.) 

A FOLLOWER OF JESUS 

A train was pulling into the depot. On the platform 
stood a very small, crippled fruit boy. His basket was 
filled with fruit and nuts ready to sell to the passengers. 
The train had not yet come to a full stop when a busi- 
ness man had swung himself from the train and in his 
haste collided with the boy on the platform. The basket 
was overturned and its contents scattered. 

The man saw what had happened, but, as a crippled 
fruit boy was the only one concerned and as the man 
was in a, hurry, he walked away toward the city without 
a word. 

Just then the train stopped and a traveling man 
alighted. He, too, had important business in the city, 
but here was a boy in trouble. The traveling man com- 
prehended the situation in a glance — the scattered fruit, 
the crippled boy, the distress on his face, and the tears 
in his eyes. 

The man said nothing, but he set down his bag, and 
quietly, but rapidly, he assisted the boy to gather and 
replace in the basket the fruit and packages which could 
be rescued from amid the hurrying feet. The task was 
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completed and the traveler was about to leave when he 
reached into his pocket and, taking out a silver dollar, 
he placed it on top of the basket. 

As he did so the boy looked up through his tears into 
the face of the man and said, “Sav, mister, be you 
Jesus?” 

“No,” said the man, “I am not Jesus, but I am one 
of his followers, and, as I go about, I tr}- to do the 
things which I think he would do if he were here.” 

December: Third Sunday 

Suggested Hymk: “Silent Night! Holy Night!” 
Story; (Purpose : To lead the pupils to think of kind- 
liness to others as a service to Jesus.) 

RACHEL AND DAVID 

The following is an adaptation of an old legend, but, 
like all worth-while legends, it contains more of truth 
than of fiction: 

In a place far away there lived a long time ago two 
little children, Rachel and David. They lived in the 
country and they were very poor. Their food was coarse, 
and their clothing was worn; but they were happy and 
content, for their home was a home where love dwelt. 

One cold winter’ evening as the family was gathered 
about the rough board table for the evening meal of 
coarse bread a sound was heard without. Rachel and 
David listened and then hastened to the door and peered 
out into the darkness. There in the snow was a little 
child. “I am hungry and very cold,” said the child. 

Quickly they brought -the little child within. They 



STORY-WORSHIP PROGRAMS 


72 

placed him by the fire to warm himself and then they 
shared with him their scanty evening loaf. 

Should they keep him all night? There was no extra 
bed. 

“Yes,” said the children, “he can have our bed.” 
And so they tucked the little stranger away in bed and 
then they lay down on the hearth to sleep. 

They did not know how long they had slept when 
they were awakened by the most wonderful music which 
they had ever heard. It seemed to be without and 
within and ever3rvvhere. They sat up and listened. Then 
they looked toward the bed where the little child was 
sleeping. They were amazed to see that his garments 
were of spotless white and that about his head was a 
circle of wonderful light. 

Then they knew that in taking the little stranger into 
their home, in sharing with him their fire, their food, 
and their bed, they had really been ministering unto the 
Christ Child. 

Then, also, Rachel and David remembered the words 
which they had read in the Book : “Inasmuch as ye have 
done it unto one of the least of these my brethren, ye 
have done it unto me.” 

December: Fourth Sunday 

Suggested Hymn: “Hark! The Herald Angels Sing.” 
Story: (Purpose: To deepen the appreciation of this 
Ufonderfid story, “which never grows oldP) 

THE CHRIST-CHILD 

Now it came to pass in those days, there went out a 
decree from Csesar Augustus, that all the world should 
be enrolled. . . . And all went to enroll themselves. 
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every one to his own city. And Joseph also went up 
from Galilee, out of the city of Nazareth, into Judea, 
to the cit}' of David, which is called Bethlehem, because 
he was of the house and family of David; to enroll 
himself with Mary, who was betrothed to him. . . . 
And it came to pass, while they were there, the days 
were fulfilled that she should be delivered. And she 
brought forth her first-born son; and she wrapped him 
in swaddling clothes and laid him in a manger, because 
there was no room for them in the inn. 

And there were shepherds in the same country abid- 
ing in the field, and keeping watch by night over their 
flock. And an angel of the Lord stood by them, and 
the glory of the Lord shone round about them ; and 
they were sore afraid. And the angel said unto them, 
“Be not afraid, for behold, I bring you good tidings 
of great joy which shall be to all the people; for there 
is born to you this day in the city of David a Savior, 
who is Christ the Lord. And this is the sign unto you : 
Ye shall find a babe wrapped in swaddling clothes, and 
lying in a manger.” And suddenly there was with the 
angel a multitude of the heavenly host praising God, 
and saying, 

“Glory to God in the highest. 

And on earth peace among men. in whom 
he is well pleased.” 

And it came to pass, when the angels went away from 
them into heaven, the shepherds said one to another, “Let 
us now go even unto Bethlehem, and see this thing that 
is come to pass, which the Lord hath made known unto 
us.” And they came with haste, and found both Mary 
and Joseph, and the babe lying in the manger. And when 
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they saw it, they made known concerning the saying 
which was spoken to them about this child. And all 
that heard it wondered at the things which were spoken 
unto them by the shepherds. But Mary kept all these 
sayings, pondering them in her heart. And the shep- 
herds returned, glorifying and praising God for all the 
things that they had heard and seen, even as it W’as 
spoken unto them. 

December: Fifth Sunday 

Suggested Hymn : “Our God, Our Help.” 

Story: (Purpose: To arouse the desire to make the 
new year better than anything which has preceded 
it.) 

THE NEW YEAR 

The passing of the old year and the coming of the 
new is always an interesting occasion. There is some- 
thing almost mysterious about the midnight moment 
which seemes to separate but which really connects the 
one with the other. 

It is wonderful when we pause to think of it how life 
is measured out to us in terms of new days, new weeks, 
new months and new years. Each one seems to be a 
sort of challenge to us to forget the mistakes of the 
past and to move forward to better things. 

If the school record of the past year has been lower 
than it should have been, the new year offers a chance 
for us to redeem ourselves. 

If our work for our employers has been done indiffer- 
ently and carelessly, the new year holds out the oppor- 
tunity for conscientious and faithful service. 

If the home life has been soured by our selfishness and 
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thoughtlessness, the new year bids us make it sweet and 
clean. 

The new year is full of allurements to better things 
along many lines. 

Just what the year, which is about to begin, may tiave 
m store for us we do not know; God does not permit 
us to see the end from the beginning. 

Our duty is not to woriy^ about the future, but to do 
the thing which lies just before us and do it so well 
that we shall be ready with a clear conscience for what- 
ever may follow. 

We stand at the beginning of the year in somewhat 
the same position as did Christian in Bunyan’s Pilgrim’s 
Progress. He was anxious to know the way, so he con- 
sulted Evangelist. 

“Do you see yonder wicket gate?” said Evangelist. 

Christian strained his eyes to look, but w^as forced to 
reply, “No, I see nothing.” 

“Do you see yonder shining light?” said Evangelist. 

Again Christian gazed intently forward, “Yes, I think 
I do.” 

“Then,” said Evangelist, “keep the light in your eye 
and go up directly thereto; so shalt thou see the gate.” 

That is a picture of life. We do not have to do the 
duties of next October now, nor even the duties of 
February. The only task which faces us is the one im- 
mediately before us, and there is always a shining light, 
even though it be faint, to make that duty clear. As 
we follow it doing the duties one by one as they come 
we shall find many wicket gates opening before us. 

During the months ahead some of you will be passing 
from one grade to another, some from grammar school 
to high school, some from high school to college. 
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and others out into the world of business and labor. 

Always there is some new task, some new duty, some 
new opportunity. The only people who fail are those 
who through discouragement or too great satisfaction 
over past achievements cease to strive and lie down to 
rest when they ought to be straining every fiber to 
advance. 

There is an old legend of a shepherd who one day, 
working in the field, caught a glimpse through the clouds 
of the place where at the top of the mountain the gods 
lived. 

“Oh,” said the shepherd, “would that I could dwell in 
the heights with the gods!” 

Suiting his action to his wish he left his humble abode 
and set out for the mountain top. The way was steep 
and long and many thorns were in the path, but the shep- 
herd overcame all difficulties. At last he stood on the 
heights and sure enough the gods were there. 

The gods commended the shepherd for his efforts, and 
the shepherd, well pleased with himself and with his 
achievements, lay down to rest. How long he slept he 
did not know, but when he wakened he was enveloped 
in a cold mist. The gods were nowhere to be seen. The 
shepherd called in vain, but finally for just an instant 
he caught a glimpse through the mist of the gods on a 
still loftier peak far away. 

The shepherd cried out in grief to think that in spite 
of his hard climb he was still far from his goal. Then 
he heard a voice from the cloud say ; “Foolish mortal, 
dost thou not know that he who would dwell in the 
heights with the gods must not sleep but must forever 
climb higher and higher?” 

This is the challenge of the new year to ug! 



CHAPTER VII 


DOING ONE’S DUTY 

January: First Sunday 
Oeber of Service: 

I Me^sical Preletde 

II Opening Sentences: “For the Lord is a great 
God, and a great King above all gods. O 
come, let us sing unto the Lord ; let us make 
a jojTul noise to the rock of our salvation.” 

III Hymn : “O Worship the King.” 

IV The One Hundred Twenty-First Psalm : (re- 

peated in unison) 

V Hymn : “O Master, Let Me Walk with Thee.” 

VI Story 

SERVICE THROUGH THE DAILY TASK 

Nothing will more surely make for success during the 
coming year than a sense of the importance of the task 
at which God has placed us. A task becomes of supreme 
value in itself and a stepping stone to something more 
worthy only as we put into its performance our best of 
skill and devotion. 

In one of our western cities there sat one night, sev- 
eral years ago, a number of telephone girls. As they 
responded to the calls during the busy evening hours or 
talked together during the quieter hours it was not appa- 
rent that they were very different from each other. 
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In an. instant everything was changed. In passing a 
window an operator discovered that a fire had broken 
out in the business section next to the telephone build- 
ing. 

“The whole town’s on fire, girls 1 Run for your lives 1” 
shouted the operator. And the girls did run; deserting 
their posts, they started pell-mell down the stairs — ^al] 
except Rose Coppinger. 

A moment before Rose had been one of a group. 
Now she was in a class by herself. Calmly she sat at 
her post, called up the fire department, and then began 
summoning aid from the country about. 

No one thought of Rose Coppinger until the telephone 
building was in flames; then some one remembered. 
Desperate efforts were made, and the operating room 
was reached. Rose was found unconscious at her post, 
with the telephone receiver strapped to her ear. Wet 
blankets and restorative measures saved her life and 
brought her back to consciousness. 

When the fire had finally been brought under control, 
with a part of the town still unbumed, the heroism of 
the telephone operator began to stand out. A committee 
of citizens presented the brave girl a generous purse “for 
heroic services in saving the town from absolute destruc- 
tion.” 

Better than any purse to Rose, however, was the con- 
sciousness that she had taken her humble task seriously, 
and that when the test came she had been faithful to 
duty even at the risk of her own life. 

(Adapted from the “Christian Endeavor World.”) 

VII Prayer ; (by pastor or superintendent) 

VIII Response: (by the school or school choir) 
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January: Second Sunday 

Suggested Hymn : “Take My Life, and Let It Be/' 

FAITHFUL UNTO DE.\TH 

“Policeman Joseph Mangan, a young man not long on 
the force, is dying in the hospital at Seventh Avenue and 
Sixth Street as the result of injuries received while rescu- 
ing two small children from the third floor of a burning 
building early yesterday morning.” Thus read the news- 
paper paragraph. That paragraph did not tell the whole 
story, however. 

Young Mangan was ambitious. He wanted to make 
a place for himself in the world. He passed the ex- 
aminations, and at the age of twenty-six was a member 
of the police force of our greatest city. His record for 
the short time he was in the ser\'ice was most excellent 
The prospect of a long future of usefulness with a pen- 
sion upon retirement was before him. 

Soon after taking up his work he was serving on 
night duty. At 2 rgo A. M., as he covered his territory, 
he discovered a building on fire. He turned in an alarm 
and then hastened to arouse the occupants. The second 
floor was soon cleared, and Mangan rushed to the third. 
The fire now was burning fiercely, and Mangan and an- 
other policeman who had now arrived were nearly ex- 
hausted when the last family was guided to safety down 
the fire-escape. 

Just then a mother began to scream; *‘My babies! 
My babies!” 

“Why didn’t you tell me?” cried Mangan, and darted 
into the building. 
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He found little Edward crying in the middle of the 
bedroom, and rushed with him to the street. Then he 
hurried back through the smoke for Dorothy. He found 
her in her crib nearly suffocated. 

By this time Mangan himself was almost overcome. 
He reached the stairway, and there he staggered and 
fell. Mangan’s skull was crushed, but little Dorothy, 
landing on top of him, was uninjured. 

The newspaper paragraph tells the rest of the story. 

That sort of devotion to duty we have come to expect 
on the part of policemen, firemen, and missionaries. Be- 
cause our work is of a different character we sometimes 
excuse ourselves with a lower standard. Anything short 
of service to the uttermost, however, is less than our 
best. Jesus counted not his life dear unto himself, and, 
however humble our task may be, we may put into it 
the same spirit which Jesus put into his life and which 
Joseph Mangan put into his task. 

January: Third Sunday 

Suggested Hymn: “The Son of God Goes Forth to 
War.” 

Story : 

THE JOY OF duty WELL DONE 

One bitter cold winter morning the wife of a light- 
house keeper was watching the light while her husband 
caught an hour of sleep. In the gray dawn she saw a 
small schooner on the rocks. It had been wrecked by 
the angry sea. Three sailors were clinging to the rig- 
ging. Apparently the rest of the crew had been drowned. 

Should the woman waken her husband? If she did 
she felt sure that he would take his lifeboat and attempt 
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the rescue of the men on the wreck. She doubted if a 
boat could live in such a sea. Her husband might be 
drowned. If she waited a little the men would probably 
succumb to the cold and slip off into the sea, or the 
wreck itself might be sent to the bottom by some huge 
wave. She hesitated between her love for her husband 
and her sense of duty. 

The stern habit of fidelity to duty through long years 
of vigilant service overrode everj^ other consideration. 
She wakened her husband. He went at once in the life- 
boat, and finally succeeded in bringing ail three of the 
unfortunate victims of the wreck off alive. 

The comfort and pleasure which the memory of that 
awful morning brought to the husband and wife, it is 
said, was more than that which any five years of softer 
delights had ever brought. They had learned the joy 
of meeting unflinchingly a duty which was hard and 
relentless, and wdth such a joy the world has few that 
can compare. 

(Adapted from an article by Charles R. Brown in the 
Congregationalist.) 

January: Fourth Sunday 

Suggested Hymn: “Fight the Good Fight.” 

Story : 

THE CALL OF DUTY 

It would be a mistake to imagine that all of the fine 
and noble things in life are done in the lime-light. There 
are thousands of instances of heroic devotion to duty 
which never come to public notice or receive attention 
merely by accident. Fortunately, duty well done carries 
its own reward, even when the devotion is unrecognized 
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by those who are closest at hand. To be loyal for the 
sake of winning the approval of others is to be disloyal 
to our best. 

Nearly a generation ago in one of our eastern colleges 
a very promising young man had reached his junior 
year. He was one of the most brilliant men in the 
class, and he was a general favorite with his companions. 
His prospects for the future were bright. 

In a twinkling everything was changed. Word came 
that his father had been stricken with paralysis. There 
was no one to care for the father and mother, and no 
one to work the little New England farm except this 
educated, trained young man. 

Putting aside ambition, prospects, chosen profession, 
and all of the things toward which he had been working, 
the young man took up his new tasks. He became a 
farmer and cared tenderly for his father and mother 
as long as they lived. When they passed away the years 
had already set their seal upon the fate of this man, 
now no longer young. 

On the same farm to which he was called so long ago 
the man, now well along in years, still lives. His life 
has not been all that at one time he expected it would 
be. There has not been much of romance or glamour 
about it. He is a lonely old man, but he has experienced 
the satisfaction of knowing that when the call of duty 
came he was true even though the cost was great. 

It is because there is so much of this sort of Christian 
heroism in the world that we find it so good a place in 
which to live. 

(Adapted from an article by Howard B, Grose in the 
C ongregp.tionalist) 



CHAPTER VIII 


CHRISTIAN PATRIOTISM 

February: First Sunday 

During the month of February two occasions of na- 
tion-wide significance occur. These are the birthdays of 
Lincoln and Washington. The month furnishes, there- 
fore, a special opportunity for building up an ideal of 
manhood and Christian patriotism. To this end we have 
chosen for consideration in addition to Lincoln and 
Washington, two famous Americans who, each in his 
own way, helped to advance the kingdom of God in our 
land. 

Order of Service: 

I Musical Prelude 

II Opening Sentences: (Sung or repeated in 
unisoit ) 

“The Lord is in his holy temple. Let all the 
earth keep silence before him.” 

III Moment of Silence (with bowed heads) 

IV The Lord’s Prayer 

V Hymn : “My God, I Thank Thee.” 

VI Story : 

BOOKER T. WASHINGTON 

The ability and the opportunity to overcome seemingly 
insuperable obstacles and to achieve great things from 
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humble beginnings have always been characteristic of 
American life. Few Americans have achieved more than 
did Booker T. Washington. Bom a slave, this man 
made his way against personal opposition and difficulties 
until his personality and his achievements were recog- 
nized both in the United States and abroad. 

As a boy Booker T. Washington did not have many 
advantages. In fact, he did not even have a name, but 
chose one for himself. He got his first lesson in numbers 
from learning the number “18” on the end of a salt 
barrel. His desire for learning, however, outran his 
opportunity, and it was a happy day for him when he 
heard of Hampton Institute and resolved to go there. 
Walking, riding, working his way, using a hole trader a 
sidewalk for a lodging place, he at last reached the 
place of his dreams, only to be confronted with the pos- 
sibility of rejection. His entrance examination was the 
sweeping and dusting of a room. He used to say that 
he swept the room three times and dusted it four times. 
When his examiner returned to go over the room with 
her pocket handkerchief, not a particle of dust could 
be found. 

When Washington had completed his course at Hamp- 
ton he decided to give himself to work for his own race. 
The method of that service was still undecided. After 
deliberation he chose not the easy way, but the way 
what seemed to be right. He was sure that the Negro 
must be taught to work efficiently with his hands, but 
that was just the thing the Negro did not care to leam. 
The Negro wanted an education, not that he might work 
with his hands, but that he might escape that sort of 
work. Washington chose the unpopular course because 
he felt that it was the right course. He determined to 
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establish an industrial training school for the Negro. 
The beginnings of this school were almost too humble 
for belief, but the faith of Booker Washington was of 
the sort which removes mountains and which builds 
schools out of little or nothing. Slowly, and through 
much labor and toil, he saw his institution grow into 
one of the great institutions of our land. 

In the list of our great Americans the name of Booker 
T. Washington will always appear as one whom diffi- 
culties could not daunt and who, with opportunities 
which seemed meager indeed, became the leader, cham- 
pion and prophet of more than ten million people. 

VII Hymn; “O Beautiful for Spacious Skies.” 

VIII Prayer : (hy superintendent or pastor.) 

February: Second Sunday 

Suggested Hymn : “Our God, Our Help in Ages Past.” 
Story : 

ABRAHAM LINCOLN 

Abraham Lincoln was one of those choice spirits who 
belong to all ages. The stories connected with his life 
are many and fascinating and of the sort which never 
grow old. Nowhere, however, do we see the real Lincoln 
better than in his trust in‘ and dependence upon God. 

During the struggle preceding his election Mr. Lincoln 
went frequently to his friend, Newton Bateman. On 
one of these occasions he was much depressed by the 
fact that many of the best people seemed to be opposed 
to his election. His feelings were greatly stirred. He 
walked the floor for some minutes, and then, with a 
trembling voice and with cheeks wet with tears, he said; 
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“I know that there is a God and that he hates injustice 
and slavery. I see the storm coming, and I know that 
his hand is in it. If he has a place for me — and I think 
he has — I believe I’m ready. I am nothing, but truth is 
everything. I know that I am right, because I know 
that liberty is right, for Christ teaches it. Douglas 
doesn’t care whether slavery is voted up or down, but 
God cares, and humanity cares, and I care; and with 
God’s help I shall not fail.” 

It was this consciousness that he was working with 
God and that God was working with him which made 
Lincoln such a tower of strength in the face of circum- 
stances of almost inconceivable difficulty. Much has 
been written about Lincoln, the rail splitter, the fann 
hand, the store clerk, the postmaster, the stump speaker, 
the story teller and the statesmen. We know of his hu- 
mor, his wisdom and his unfailing honesty. It will do 
us good occasionally to get back of all of these and to 
think of Lincoln as the reverent man who believed so 
firmly and depended so constantly upon God. 

It was upon such a faith that his reverence for the 
common people and for the laws of both God and man 
was founded. With such a background it was natural 
for him to say: 

"Let reverence for the laws be breathed by every 
American mother to the lisping babe that prattles on 
her lap; let it be taught in schools, in seminaries and in 
colleges; let it be written in primers, spelling books and 
in almanacs; let it be preached from the pulpit, pro- 
claimed in legislative halls and enforced in courts of 
justice. And, in short, let it become the political religion 
of the nation; and let the old and the young, the rich 
and the poor, the grave and the gav of all sexes and 
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tongues and colors and conditions sacrifice unceasingly 
upon its altars.” 

Upon the death of Lincoln, Henry Ward Beecher said : 

“Again a great leader of the people has passed through 
toil, sorrow, battle and war, and has come near to the 
promised land of peace into which he might not pass 
over. Who shall recount our martyr’s sufferings for 
this people? By day and by night he trod a way of 
danger and of darkness. On his shoulders rested a gov- 
ernment which was dearer to him than his very life. 
Upon thousands of hearts great sorrows and anxieties 
have rested, but not on one such and in such measure as 
on that simple, truthful, noble soul, our sainted and be- 
loved Lincoln. 

“Never, impassioned, nor yet despondent, he held on 
through four dreadful, purgatorial years wherein God 
was cleansing the sin of his people as by fire.” 

Such was the man whose memory we honor at all 
times, but particularly on his birthday. 

February: Third S%mday 

Suggested Hymn : “America.” 

Story : 

GEORGE WASHINGTON 

In the year 1745 a thirteen-year-old boy in the new 
country of America wrote for his own personal guidance 
the following: “To labor to keep alive in my breast 
that little spark of celestial fire called conscience.” Few 
individuals ever succeeded better in carrying out such a 
purpose than did this boy, George Washington. In per- 
sonal relations, in business, in public life, Washington’s 
fidelity to the inner voice was his outstanding character- 
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istic. The business transactions conducted by Washing- 
ton were many and of great variety, yet it is said that 
there is not a case on record “of any attempt on his 
part to get the better of any of his fellows.” The prod- 
uct of his estate were passed without inspection, so well 
known was his fidelity to truth and honesty. The inner 
voice which Washington followed was more to him than 
a mere mechanism for warning him of the wrong path. 
God was real and personal to him. In all of the crises of 
life, Washington’s faith in a God of love stood by him. 
Without such faith he could not have borne the burdens 
which were his. 

During the terrible winter at Valley Forge, Mr. Isaac 
Potts was one day walking over his estate when, in the 
woods by the side of a stream he heard a very solemn 
voice. He approached the spot, and there discovered 
Washington’s horse tied to a tree. At a little distance 
in a thicket he saw Washington on his knees in the snow 
in prayer. Reverently Mr. Potts turned away, and as he 
returned to the house he burst into tears, saying to his 
wife, “If there is any one on this earth that the Lord 
will listen to, it is George Washington.” 

This fine faith of Washington’s was the direct result 
of the training which he had received from his mother. 
The story of his relations with his mother is a beautiful 
one. One incident is typical. 

One day in the year 1789 word arrived at Mount Ver- 
non that Washington had been unanimously elected the 
first President of the United States, and his presence was 
urgently requested at the seat of government. Hastily 
Washington put his own affairs in order and then, just 
at nightfall, mounting his fleetest horse, he set out, not 
for the seat of government but to say good-by to his aged 
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mother. All through the hours of the night he rode and 
the next morning appeared unannounced at his mother’s 
door. A brief visit and loving farewell, and Washington 
was on his way back to Mount Vernon. By nightfall 
he was again at home, having at the age of fifty-seven 
ridden more than eighty miles in twenty-four hours, over 
roads that were rough and primitive, for the sake of a 
last farewell with the mother to whom he owed so much. 
The next morning he was ready to start on his journey 
of two hundred and fifty miles to New York City. 

We may well be thankful that in the most difficult mo- 
ments in the history of our country we have had in the 
presidential chair men who believed in God and prayed 
to Him — ^Washington and Lincoln were men who under 
the most trying circumstances have kept their faith in 
the outcome of events clear and strong because they be- 
lieved in God and carried their burdens to Him in prayer. 
We, who are citizens of the United States, may well try 
a little harder than ever before this year to be true to the 
high ideals set and the trust left to us by such leaders. 

February: Fourth Sunday 

Suggested Hymn : “O Beautiful for Spacious Skies.” 
Story : 

JACOB A. RIIS 

The acts of children are frequently the prophecies of 
the future. This was true at least in the case of one of 
our noted Americans who died a few years ago. At the 
age of twelve years, Jacob A. Riis, then a boy in Den- 
mark, offered the money which had been given, him for 
Christmas to a dweller in a slovenly tenement on condi- 
tion that he would clean up his house and his children. 
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No one realized then that Jacob would become an inter- 
national character famed for his work in improving the 
condition of tenement dwellers. 

Jacob Riis learned the carpenter trade, and at eighteen 
he asked the girl of his dreams to become his wife. She 
refused, and Denmark no longer had any attractions for 
Jacob. He wanted to get as far away as possible, and 
he started for America. 

The experiences which Jacob had in trying to get estab- 
lished in the new world were severe, but they helped to 
make him a more useful man later. One night, in des- 
peration, he applied at the police station for lodging. It 
was an experience never to be forgotten by Riis, for in 
the morning he saw a policeman, in a fit of rage, dash 
out the brains of a little dog which had been the wan- 
derer’s only friend. With rage such as he had never 
known, Riis hurled stones at the police station until the 
policemen drove him away. For years he carried the 
bitter memory of his unjust treatment in his heart. Many 
times he thought of vengeance. The years rolled around, 
and at last the opportunity for revenge came. He faced 
it squarely and turned from it. He w'ould not seek per- 
sonal satisfaction, but he would destroy the entire system 
of filthy and corrupt police lodging-houses in New York.’ 
Progress was slow, but after many years Mr. Riis saw 
the last police lodging-house closed. 

This, however, was only an incident in a much larger 
work. Gradually Mr. Riis came to give his entire time 
to the work of improving slum conditions. The famous 
Mulberry Bend, with its filth, its crime, its squalor, was 
forced to give way before his work, and a beautiful park 
took its place. He took upon himself the task of bring- 
ing cheer into thousands of homes which were cheerless 
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and of making living conditions more bearable for those 
who were ground under the heel of poverty. His books, 
^"How the Other Half Lives/^ ‘The Battle with the 
Slums/^ “The Children of the Tenements/’ and others, 
have done more than perhaps any other books toward 
improving the condition of the poor in the cities of the 
United States. 

In the midst of conditions which were disheartening 
in the extreme, Jacob A. Riis was able to maintain his 
optimism. The following words near the close of his life 
are typical of the man : “I have lived in the best of times. 
I have been very happy. No man ever had so good a 
time.’^ By the pathway of service to his fellows the little 
Danish boy had become the famous American to whom 
Presidents of our republic were proud to do honor. 



CHAPTER IX 


WHAT IT MEANS TO BE A CHRISTIAN 
March: First Sunday 

This is the season of the year when many Sunday- 
school pupils are looking forward to joining the church. 
Themes which have to do with what it means to be a 
Christian will therefore be appropriate for the worship 
period. 

Order of Service: 

I Musical Prelude : 

II Opening Sentences (by leader or entire school) 
^T will praise the Lord at all times : His praise 
shall continually be in my mouth; O magnify 
the Lord with me, and let us exalt His name 
together.’^ 

III The One Hundredth Psalm: (repeated in uni-- 

son; school seated) 

IV Hymn: “God is Love’’ {school standing) 

V Story; {This talk is designed to make the pupils 

realise that the Christian life is always a pur^ 
poseful life.) 

derelicts and ocean liners 

Out on the Atlantic Ocean there are two kinds of boats. 
There is the great ocean liner with its chart, its compass, 
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its pilot, and its crew. It has its starting place, its defi- 
nite course, and its destination. It has a purpose. There 
is another sort of boat, however. It has no chart, no 
compass, no pilot, no cre>v, no starting place, no course, 
no destination and no purpose. It is known as a derelict. 
It simply drifts. It is of no value to itself, and it is a 
menace to all who travel the seas. The United States 
Government is forced to spend thousands of dollars each 
year for the destruction of derelicts. 

These two kinds of boats typify two kinds of lives. 
One is dominated by a great purpose, and makes every 
faculty bend toward the fulfillment of that purpose. The 
other drifts at the mercy of circumstances. The great 
religious men have always been men of purpose. We 
read that “Daniel purposed in his heart,” and centuries 
later we remember Daniel with admiration. Paul was 
dominated by a great purpose. “This one thing I do,” 
was characteristic of his whole nature. Martin Luther 
had a great purpose, from the accomplishment of which 
no danger could deter him. 

Christianity comes into a life to give it purpose. It 
takes lives which would otherwise drift at the mercy 
of circumstances, and makes them of service to others. 
There are purposes which dominate lives besides the 
Christian purpose, such as the pfirpose to make money 
for selfish ends or to seek pleasure. All such purposes 
are more or less unworthy in character. Christianity 
alone furnishes a great unselfish purpose worthy of a son 
of God. 

Every Sunday-school pupil must decide sooner or later 
whether he will be a derelict or an ocean liner — ^the first 
a menace to itself and to others, and the second a bless-i 
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ing to the world because it has a purpose — and that pur- 
pose is to serve. 

VI Hymn: “O Master, Let me Walk with Thee” 
( school standing ) 

VII Prayer: (hy leader, or unison prayer) 

VIII Response: “Hear us, Heavenly Father, while on 
Thee we call. May Thy benediction on our 
spirits fall” (or other appropriate response) 

March: Second Sunday 

Suggested Hymn : “Brightly Gleams Our Father’s 
Mercy.” 

Story: (Purpose: To make the pupils more helpful to 
others, by suggesting that helpfulness is character- 
istic of the Christian.) 

the helpful habit 

Jesus could always discover opportunities for helping 
others. In fact, that was one of his chief characteristics, 
as it has been of his closest followers throughout the 
ages. The best Christians have been those who carried 
good cheer and comfort with them as they passed along. 

Phillips Brooks walked down the street one morning, 
and a newspaper man wrote, “The day was dark and 
rainy, but Phillips Brooks passed down Newspaper Row, 
and all was bright.” 

It is said that Henry Ward Beecher was walking one 
day down the streets of Brooklyn when he discovered a 
small boy sitting on the curb and crying as though his 
heart would break. The heart of the man was touched. 
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He picked the little fellow up in his strong arms and said, 
“What’s the trouble, my little man ?” 

The boy looked through his tears and replied, “There 
ain’t nothing the trouble, now you’ve come.” 

There are many places in the world where trouble 
could be eliminated if Christians took their task a little 
more seriously, and went about carrying the encourage- 
ment and the good cheer which is the Christian’s by right. 

Jesus taught that a man succeeds in proportion as he 
learns to give rather than to get. It is not always an 
easy lesson to learn. 

Whether or not we really live the giving life depends 
a good deal upon what we are. If we make ourselves 
strong and joyous and kind, we shall inevitably be giving 
continually of our strength, our joy, and our kindliness, 
even when we are least conscious of it. The best things/ 
in life we cannot keep to ourselves even if we would. 
The first step in worth-while giving is to make ourselves 
worth while. 

Over in India there grew on the grounds of a certain 
prince a mango of marvelous delicacy. Because the fruit 
was so fine, the prince said, “I will keep this entirely for 
myself.” 

In order to carry out his purpose, he built a high wall 
and placed soldiers about the tree to guard it night and 
day. Some years ago, however, a strong wind broke one 
of the branches from the tree, and it fell outside the wall. 
A pedestrian passing saw the twig in the path, carried it 
home and then, wrapping it carefully, sent it to a friend 
in Florida. The Florida friend nursed the little twig 
with great care; it grew into a tree and just recently 
it bore its first crop of forty mangoes.- It is expected 
that before long there will be in the United States ari 
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entire grove of mango trees of the same remarkable char- 
acter as the single tree in India, which the prince is 
guarding so jealously for his own use and which he 
thinks he has kept entirely to himself. 

The best things in life simply insist on being shared 
with others. It is our business to see that in our own na- 
tures we possess the best. 

March: Third Sunday 

Suggested Hymn: “Saviour, Like a Shepherd Lead 
Us.” 

Story: (Purpose: To help the pupils understcmd the 
mecming of faith.) 

A child’s faith 

One of the things which should characterize a Chris- 
tian is faith. Nothing can really harm one who trusts 
himself in the keeping of the God whom Jesus revealed. 
Sometimes we pray “Thy will be done” as though we 
were praying for the very worst thing which could pos- 
sibly happen to us instead of the best. 

A small boy had a pet kitten. It became necessary to 
dispose of the kitten. Ether was administered, and the 
boy sadly took his pet to the garden for burial. 

Some time later the boy was on his way to the doc- 
tor’s office, where a slight operation was to be per- 
formed. The mother explained that it would be neces- 
sary for the boy to take ether. 

“But, mother,” he said, “I don’t want to take the 
ether.” 

“Mother thinks you had better take it,” 

“But I don’t want to take it,” said the boy. 
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“Mother wants you to,” said the mother. 

“All right,” was the reply, “if you think it best, and 
you want me to take it, I will.” 

The two met the doctor. The ether was administered, 
and the boy was soon safely out from under Its effects. 

As he recovered consciousness, he looked up into his 
mother’s face and said, “Why mother, I didn’t die, and 
you didn’t take me out and bury me like the kitten, did 
you ?” 

Then for the first time the mother realized that the 
boy had consented to take the ether because she thought 
it was best, when he believed that he would die and be 
buried as the kitten had been. Because he trusted her 
implicitly, he had put his life in her keeping. 

This faith, so natural to the child, is not always easy 
to achieve, but it is the kind of trust which those who 
believe in the great Father-God of Jesus may have. 

A Christian may have the faith of Job when he said, 
“Though He slay me, yet will I trust in Him”; or of 
Isaiah when he said, “Thou wilt keep him in perfect 
peace whose mind is stayed on Thee : because he trusteth 
in Thee.” 

March: Fourth Sunday 

Story : (Purpose: T 0 help the pupil to feel that in striv- 
ing for the Christian ideal he may rely upon help 
from above.) 

THE MASTER PAINTER 

Sometimes young people become discouraged in their 
attempts to lead the Christian life, because Christian 
standards are so high, and so difficult to attain. We 
must remember, however, that when we become Chris- 
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tians we have the finest and strongest forces of the uni- 
verse working with us. 

A painter was trying to copy the masterpiece of his 
teacher. Day after day, week after week, and month 
after month he worked. The outlines he could trace, and 
in many respects he made his painting look like that of 
his master. But the expressions of the faces and other 
fine points which made for the perfection of the original 
he could not reproduce. 

At last, one day, tired and discouraged, he laid his 
head on the table and fell asleep. As he was sleeping 
the master himself came into the room. He saw what 
his pupil had been trying to do. He noted the places 
where he had failed. He saw the brush which had fallen 
from the hand of the sleeper. Picking up the brush, the 
master touched the picture here and there until it stood 
out just like the original. Quietly the master put aside 
the brush and left the room. 

The pupil slept on. Finally he awoke, and looking up 
at his canvas he discovered that while he had been sleep- 
ing the picture had been finished. 

It is in some such way, I suppose, that the Christian 
who does his best to attain the ideal which seems unat- 
tainable will find that he has achieved far more than he 
expected, because the great Master of all lives has been 
working with him, 

March: Fifth Sunday 

Suggested Hymn: “Light of the World, We Hail 
Thee.” 

Story: (Presenting Christianity as a triumph over 
death.) 
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TYLTYL AND MYTYL 

If you have read the story of “The Bluebird” you will 
remember that there was once a little boy and a little 
girl named Tyltyl and Mytyl. One winter’s night they 
were sound asleep when suddenly there appeared a very 
queer old woman demanding that the children secure for 
her “the grass that sings” or “the bluebird.” The chil- 
dren had neither. The fairy, for such she proved to be, 
finally admitted that she could get along without the 
“grass that sings,” but insisted that she must have “the 
bluebird.” Accordingly she waved her wand, the old 
bedroom was transformed, familiar objects took on life 
and spoke, and the children started out upon their search 
for “the bluebird,” which it is said always bring happi- 
ness to the one who possesses it. 

In their search the children visit the Kingdoms of the 
Past, of the Future, and of the Dead, and the Realm of 
Night. It is while they are in the Kingdom of the 
Dead that a very interesting and significant incident oc- 
curs. 

The children come timorously to an old country 
churchyard, where the moonlight falls on mossy slabs, 
sunken crosses, and neglected mounds. Little Mytyl is 
very much afraid, especially because her brother has told 
her that at the hour of midnight the dead leave their 
graves. 

Mytyl wishes to run away, but Tyltyl, although fright- 
ened, insists on staying. At last the clock begins to 
strike. The children tremble. There is a. moment of 
silence. The crosses totter, the mounds open, the slabs 
lift. They look for the dead, but no dead appear. 

Instead, there arises gradually a blossoming of beauti- 
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fill white flowers filling and transforming the old cem- 
etery into a fairy garden. Dew sparkles, flowers bloom, 
wind murmurs in the foliage, bees hum, birds appear and 
fill the place with their intoxicating song of life and sun- 
shine and joy. 

Amazed, the children hold tightly to each other’s 
hands and look timidly among the flowers for some trace 
of graves, but no graves appear. Mytyl, searching 
among the grasses, asks, ^"Where are the Dead?” and 
Tyltyl, in his childish voice, cries out with all the earnest- 
ness born of a new discovery, ^‘There are no dead !” 

The children in their innocence had discovered the 
message which Easter has for you and for me and for 
all the world this year. It is a message that will bring 
cheer to millions of aching hearts to-day : 

“There are no dead, for Jesus, on that first Easter 
morning, so long ago, triumphed over death, and hence- 
forth its sting is gone for those who commit themselves 
to His keeping.” 

This is the message of Easter to us this Easter time. 



CHAPTER X 


THE EASTER MESSAGE 

April: First Sunday 

Order of Service: 

I Musical Prelude 

II The One Hundredth Psalm: (school standing 
and repeating in unison) 

III Hymn: “We March, We March to Victory.” 

IV Prayer of Good Will : “Our Father in heaven, 

we thank thee that in work and in play, in 
joy and in sorrow, thou art the friend and 
companion of us all. When we do wrong 
and grieve thee, thou art ready to forgive. 
When we do right, thou art glad. May no 
hatred or envy dwell in our hearts. Keep 
our hands from selfish deeds and our lips 
from unkind words. Teach us to bring cheer 
to any who suffer and to share freely with 
those who are in need. So may we help thee, 
our Father, to bring peace, good will, and 
joy to all thy children. Amen.” 

(This prayer is taken from Hartshorne’s 
Book of Worship for the Church School. 
Published by Charles Scribner’s Sons. It 
is fine enough to be learned by the pupils and 
adopted as the school prayer.) 
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V Hymn: “Rejoice, Ye Pure in Heart.” 

VI Story: (The purpose of this story is to help the 
pupil to appreciate the significance of the 
Easter season and the Easter message.) 

HE ROSE AGAIN" 

A gentleman in one of our great cities stood looking 
at a picture in a store window. It was a picture of the 
cruciilxion of Jesus. Suddenly he became aware that 
a street boy was standing by his side. “That’s Jesus,” 
said the boy. The man made no reply, ^d the boy 
continued, “Them’s Roman soldiers,” and, after a mo- 
ment, “They killed him.” 

“Where did you learn that?” said the man. 

“In a little mission Sunday school around the corner,” 
was the reply. 

The man turned and walked thoughtfully down the 
street. He had not gone far when he heard a youthful 
voice crying, “Say, Mister! Say, Mister!” 

The gentleman turned to see his friend of the street 
hurrying toward him. 

“Say, Mister,” said the boy, “I wanted to tell you 
that he rose again.” 

That message, which was nearly forgotten by the boy, 
is the message which has been coming down through 
the ages. It is a message of Easter this year and 
every year, a message of the eternal triumph of life 
over death, a triumph which is continually being reen- 
acted in the life of the Christian. 

Many years ago a European princess died. That her 
body might never be disturbed, she arranged to have 
her grave covered with huge blocks of granite securely 
clamped together. Upon the grave this inscription was 
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placed: “This burial place, purchased to all eternity, 
must never be opened.” 

The months and the years passed, and the mandate 
inscribed in granite was respected. There was every 
indication that the wish of the dying princess would be 
■carried out, and that her grave would forever remain 
closed. One day, however, a visitor noticed what seemed 
like a displacement of one of the large granite blocks. 
As the days passed this became more pronounced, until 
at last the granite gave way entirely, and a young oak 
tree stood forth, opening the grave which was to remain 
undisturbed through all eternity. 

A tiny acorn had fallen all unnoticed into the grave, 
and what men dared not to do the acorn had done be- 
cause it had in itself the germ of life. The seed of life, 
buried in the place of death, had brought forth of its 
own kind in spite of all efforts to suppress it. 

Possibly no better illustration than this could be found 
of the way the Christian life operates. Christianity is 
not a set of rules or a cut-and-dried system to which 
all must conform. Rather, like the acorn, it is the germ 
of a new life coming to break up old traditions and habits 
and to remake the life from within. 

VII Prayer 

VIII Response : (by the school; an appropriate verse 
of a selected hymn sung softly) 

April: Second Sunday 

Suggested Hymn : “Christ the Lord Is Risen To-day.” 
Story : 

THE RESURRECTION 

Now oh the first day of the week cometh Mary Mag- 
dalene early, while it was yet dark, unto the tomb, and 



104 


STORY-WORSHIP PROGRAMS 


seeth the stone taken away from the tomb. She run- 
neth therefore, and cometh to Simon Peter, and to the 
other disciple whom Jesus loved, and saith unto them. 
They have taken away the Lord out of the tomb, and 
we know not where they have laid him. Peter there- 
fore went forth, and the other disciple, and they went 
toward the tomb; and they ran both together: and the 
other disciple outran Peter, and came first to the tomb; 
and stooping and looking in, he seeth the linen cloths 
lying; yet entered he not in. Simon Peter therefore 
also cometh, following him, and entered into the tomb; 
and he beholdeth the linen cloths lying, and the napkin, 
that was upon his head, not lying with the linen cloths, 
but rolled up in a place by itself. Then entered in 
therefore the other disciple also, who came first to the 
tomb, and he saw, and believed. For as yet they knew 
not the scripture, that he must rise again from the dead. 
So the disciples went away again unto their own home. 

But Mary was standing without at the tomb weeping; 
so, as she wept, she stooped and looked into the tomb; 
and she beholdeth two angels in white sitting, one at 
the head, and one at the feet, where the body of Jesus 
had lain. And they say unto her. Woman, why weepest 
thou? She saith unto them, Because they have taken 
away my Lord, and I know not where they have laid 
him. When she had thus said, she turned herself back, 
and beholdeth Jesus standing, and knew not that it was 
Jesus. Jesus saith unto her, Woman, why weepest thou? 
whom seekest thou ? She, supposing him to be the gar- 
dener, saith unto him. Sir, if thou hast borne him 
hence, tell me where thou hast laid him, and I will take 
him away. Jesus saith unto her, Mary. She tumeth 
herself, and saith unto him in Hebrew, Rabboni; which 
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is to say, Teacher. Jesus saith to her. Touch me not; 
for I am not yet ascended unto the Father; but go unto 
my brethern, and say to them, I ascend unto my Father 
and your Father and my God and your God. 

April: Third Sunday 

Suggested Hymn; “May the Master Count on You?” 
Story: (The particular purpose of this story is to 

increase the sense of responsibility on the part of 
those pupils who have united with the church at 
the Easter season.) 

JESUS’ PLAN 

Rev. S. D. Gordon, in one of his “Quiet Talks,” al- 
lows his imagination to picture reverently what might 
have occurred when Jesus returned to be with the Father. 
It is somewhat as follows : 

Gabriel says to Jesus, “So you have been down on 
the earth for a long time.” 

“Yes,” replies Jesus. 

“And you have lived and suffered and died for the 
people,” says Gabriel. 

“Yes,” is the reply, 

“And I suppose that every one knows about what you 
have done,” continues Gabriel. 

“No,” answers Jesus. 

“Well, what arrangements did you make for spread- 
ing the news and for carrying on the work which you 
have begun? Have you any plan?” queries Gabriel. 

“Yes,” replies Jesus; “I gathered a small group of 
followers and trained them as best I could. I lived 
with them and worked with them, and now they are 
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going out to tell others. Those others will tell still 
others, and so the work will go on until the whole wide 
world is encompassed.” 

“But suppose that the little group does not prove 
faithful,” asks Gabriel; “suppose that Peter goes back 
to his fishing, that John gets discouraged, and that the 
others give up their work; have you any other plan?” 

“No,” says Jesus, “I have no other plan. I am de- 
pending on them.” 

This is the message which comes to us at the close 
of the Easter season. We are the emissaries of Jesus, 
doing his work and spreading the good news of him. 
If we fail, the work fails indeed, for he has no other 
plan. He is depending on us. 

April: Fourth Sunday 

Suggested Hymn: “Faith of Our Fathers.” 

Story: (The purpose of this talk is to emphasise the 
importance of the times of quiet communion with 
God.) 

THE MINISTRY OF QUIET 

A student of archccology not long ago discovered a 
vejy important inscription which had been dimmed by 
the ages. Naturally he was anxious to determine its 
meaning and significance, but he did not attempt to 
read the inscription at the time. Instead, he returned 
home and rested his eyes three days. At the end of 
that time he went back and read the inscription. He 
could not run the risk of reading inaccurately or of 
missing something in the inscription while his eyes were 
blurred with many other things. 

An acquaintance of an artist was one day invited to 
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view a great new picture. Upon arrival at the artist’s 
home the man was ushered into a partially darkened 
room and left alone for some time. He felt that he was 
not receiving the cordial welcome which he had expected 
At last the artist appeared and explained that the quiet 
of the darkened room was a necessary preliminary in 
order that his visitor might get the glare of the street 
out of his eyes. Otherwise much of the beauty of the 
picture could never have been appreciated. 

These two incidents are parables of significance for 
the Christian. The rush of events in our present-day 
life tends to make the Christian forget the times for 
quiet communion with himself and with his God; yet 
these times are as essential for the building up of strong 
Christian character as was the three-days’ rest to the 
archaeologist or the period in the darkened room to the 
artist’s friend. We must take time regularly from the 
rush of events if we would ^‘get the glare of the street 
out of our eyes” and discover some of the deep things 
of God which have been unappreciated by us. The habit 
of daily quiet communion with God will place the life 
of the Christian upon a sure foundation. 



CHAPTER XI 


THE CHRISTIAN AT WORK 
May: First Sunday 

The general purpose of the work of the month is to 
lead the pupils to understand that to serve one’s fellow- 
men in need is to serve God. The leader’s talk for the 
second Sunday of the month, however, is prepared es- 
pecially for Mother’s Day. 

Order of Service: 

I Musical Prelude 

II Opening Sentences: “I will bless the Lord at 
all times; his praise shall continually be in 
my mouth. Oh, magnify the Lord with me, 
and let us exalt his name together.” 

Ill Hymn: “When Morning Gilds the Skies.” 

V Brief invocation by the leader, followed by the 
Lord’s Prayer. 

VI Story : 

"inasmuch” 

Jesus seemed to expect that his followers would go 
about the world doing some of the same sort of things 
which he did while he was on earth. Of him it was 
said, “He went about doing good.” He comforted the 
broken-hearted, he relieved the distressed, he healed the 
sick, and he carried with him always the spirit of help- 
fulness and good cheer. 
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There is an old story of a woman who had heard that 
Jesus was to visit her town and that he would dine at 
the house which was best prepared to receive him. 
The woman determined that her house would be the 
one chosen by the Master. Accordingly she scrubbed 
and polished the house throughout and then set about 
the preparation of a wonderful meal. 

Everything went well except that the woman had a 
number of interruptions as her work progressed. A 
plainly dressed caller tried to interest her in plans for 
improving the conditions of the needy in the community, 
but the woman replied, “I cannot give time to you to- 
day. The Master may come at any moment, and I 
must hasten my preparations.” 

A small boy playing in the street cut his finger and 
came to the door, asking for a cloth to cover the injured 
member. “Get away from here quickly,” said the 
woman. “I have no time to hunt cloths to-day, and 
besides, you are getting blood on my steps.” 

The pastor called to ask for a few dollars for the 
needy ones in the foreign-mission field. “I believe in 
caring for the folks at home first,” said the woman; 
“besides, I am very busy to-day getting ready for the 
coming of the Master.” 

There were other interruptions, and the woman at 
times became irritable. At last, however, the work was 
done, and she sat down in her spotless house to wait 
for the Master. All through the late afternoon and on 
into the night she waited, but the Master did not come. 

The next morning, tired and dejected, she went about 
her daily task. As she worked her eyes fell upon the 
open book on the table and she read, “Inasmuch as 
ye did it unto one of these my brethren, even these 
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least, ye did it unto me.” In an instant her mistake 
of the previous day was made clear to her. She had 
been so busy getting ready for the Master that when 
he had knocked at her door she had failed to recognize 
him. 

Picking up the book, she read the words which were 
so familiar to her, but which this time carried a richer 
meaning than ever before. “Then shall the King say 
unto them on his right hand, Come, ye blessed of my 
Father, inherit the kingdom prepared for you from the 
foundation of the world ; for I was hungry, and ye gave 
me to eat ; I was thirsty, and ye gave me drink ; I was 
a stranger, and ye took me in; naked, and ye clothed 
me ; I was sick, and ye visited me ; I was in prison, and 
ye came unto me. . . . Inasmuch as ye did it unto 
one of these my brethren, ye did it unto me.” 

VII Hymn : “O Master, Let Me Walk with Thee.” 
VIII Prayer: (by leader) 

IX Response; “Dear Lord and Father of Man- 
kind.” 

May: Second Sunday 

Suggested Hymn: “There’s a Wideness in God’s 
Mercy.” 

Story : 

OUR MOTHERS 

We observe Mothers’ Day not that we may forget all 
about our mothers on the other three hundred and sixty- 
four days of the year, but, rather, that we may pause 
to say some of the things which are in our hearts every 
day but which do not often find opportunity for ex- 
pression. 
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Some one has said, “God could not be everywhere 
and so he made mothers.” Whether this is true or not, 
it is an attempt to say something which is true — namely, 
that a mother’s love makes, it easy for us to believe in a 
God of love. We know that God must be a loving God 
because he gave us our mothers. A Christian home 
presided over by a Christian mother is perhaps the great- 
est single blessing which can come into an individual’s 
life. 

Any one who has read the writings of Henry W. 
Grady, the famous Southern orator and journalist, has 
been struck with his sincere regard for the family re- 
lationships. He could hardly find words adequate to 
express his appreciation of the blessings of a Christian 
home. In attempting to make his viewpoint clear he 
relates how on one occasion he visited Washington, the 
capital of our country. As he gazed upon the magnifi- 
cent buildings and as he saw the machinery of gov- 
ernment in operation he said, “Here, indeed, lies 
the strength and greatness of our remarkable coun- 
try.” 

Not long after this incident Grady was entertained 
in a humble country home in the South. There was an 
air of contentment about the place. Each member of 
the family had his allotted task during the day, and 
when evening came the father and mother and children 
gathered about the hearth, where they read a chapter 
from the Bible and then asked God’s blessing upon the 
home before they retired. As Grady witnessed this 
scene he said: “I was mistaken the other day when I 
was in Washington. The strength of our great country 
lies not in piles of granite or in machinery of govern- 



112 STORY-WORSHIP PROGRAMS 

ment, but rather in homes like this, presided over by 
loving, God-fearing parents.” 

Some may not have understood why Grady never 
tired of praising the humble Christian home, but the 
reason was not far to seek. Grady himself was raised 
in just such a home by a mother who loved her chil- 
dren and her God. He tells us that at one time, after 
he was a grown man and bearing heavy burdens in the 
world, he became very much depressed; the burdens of 
life seemed too heavy, the perplexities too great; his 
faith in men seemed to be failing. 

In such circumstances Grady slipped away from his 
task and from the great city of Atlanta. He went up 
to the modest country home where he had been bom and 
where he had lived through his boyhood years. His 
gray-haired mother was still there to greet him. He 
sat by her side, and she told him the stories which he 
had heard so many times before. She prepared for him 
the same kind of food which he had enjoyed as a boy. 
At night she took him to his old room, and he said his 
evening prayer at her knee. After a few days of this 
life Grady went back to the great city. Again he felt 
brave, and his faith in God and in men was clear and 
strong because he had once more gotten into his life 
something of the spirit of his mother. 

Such mothers are worthy of all the honor and con- 
sideration which we can give them this Mothers’ Day 
and on every day. 

May: Third Sunday 

Suggested Hymn: “Take My Life and Let It Be.” 
Story : 
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A SOUTH SEA HERO 

To live freely and gladly a life of service for others, 
until it becomes one’s chief joy, is the privilege of the 
Christian. It is not always easy to give oneself in un- 
selfish, sacrificial service to others, especially when that 
service does not seem to be appreciated. There are 
some, however, who, like their Master, are able to forget 
themselves in service even when opposition, rebuffs, and 
criticisms meet them at every turn. Such a man was 
James Chalmers, the missionary-hero of the South Sea 
Islands. 

If there ever was a fun-loving, venturesome youth, 
it was Jim Chalmers. He was not the sort of a boy 
whom you would expect to become a foreign missionary, 
but when the serious question of deciding his lifework 
arose he gave himself to the foreign field. 

He chose what was perhaps the most dangerous and 
difficult field in the world, the South Sea Islands. To 
the work there, among those barbarian peoples, Chal- 
mers gave himself with zest. The climate was danger- 
ous. The people were cannibals. Plots were laid; his 
life was threatened; he was attacked many times; he 
was shipwrecked several times and often in danger of 
drowning; he was stoned; and his drinking water was 
poisoned. His wife died, and he was left alone; yet 
when the London Missionary Society urged him to take 
a vacation from his work and come home, he wrote, 
“If I am to have a vacation I would prefer to spend it 
in opening up the interior of New Guinea.” 

No hardship was too great for Chalmers as he tried 
to help the ignorant and degraded savages among whom 
he worked to a better life. At last, however, after 
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twenty-one years of work Chalmers was induced to re- 
turn to London for a time. It was while he was there 
that, in a speech before the directors of the society for 
which he worked, Chalmers revealed something of the 
joy which comes into the life of one who has learned 
the meaning of service to others. 

“Recall the twenty-one years,” he said, “give me 
back all its experiences, give me its shipwrecks, give 
me its standings in the face of death, give it me sur- 
rounded with savages, with spears and clubs flying about 
me, with the club knocking me to the ground — give it 
me back, and I will still be your missionary.” 

Chalmers had learned that the joy of serving others 
is richer and deeper than any other satisfaction which 
the world can offer. 

On Easter Sunday, April 7, 1901, Chalmers’s vessel 
anchored in front of a small island just off the coast 
of New Guinea. The next morning, amid canoes 
crowded with natives bearing spears, clubs, and knives, 
Chalmers started for the shore. His small craft entered 
a little bay, and there Chalmers disappeared forever 
from the view of men. A native afterward described 
what happened to the missionary when he and his young 
colleague, Oliver Tomkins, landed on that wild shore. 
He was struck down with a stone club and stabbed, his 
head was cut off, and his body cut into pieces and given 
to the women to be cooked and eaten. 

Surely this was a cruel and revolting tragedy, but it 
was more than that — it was a glorious end to a noble 
life. Even Chalmers himself would not have had it 
different, for his death did much to break up the canni- 
balism of New Guinea. 

A short time before Chalmers’s death he wrote: “I 
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should not like to become a shelved missionary. Far 
better to go home from the field, busy at work.” 

The words contained in an address after his death 
expressed the feeling of thousands : “Know ye not that 
there is a prince and a great man fallen this day in 
Israel?” 


May: Fourth Sunday 

Suggested Hymn: “When I Survey the Wondrous 
Cross.” 

Story : 


SAINT FRANCIS 


About the year 1182 there was born in Italy in the 
home of a wealthy merchant a boy named Francis 
Bemardone. He was raised and educated in luxury. 
At a very early age he became the leader of a group of 
dissolute young spendthrifts in the community. His 
escapades were the grief of his mother and the talk of 
all the neighbors, but they were condoned by his father 
because his son mingled with the wealthy and aristo- 
cratic young set. 

From one thing to another the young man went seek- 
ing satisfaction but never finding it. He knew that he 
lacked something essential to his happiness. He sought 
it in many places and, as a last resort, turned to 
religion. Filled with disgust at his own actions, he 
would slip away to some cave or grotto and there pray 
for hours. It was while he was in prayer one day that 
Francis caught a clear vision of the sacrifice and suffer- 
ings of Jesus and he realized that Jesus wanted his labor, 
his life, and all his being. He was filled with an over- 
whelming desire to share the burden which Jesus bore 
and to give his life in service to the needy. 
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Now, it chanced that in northern Italy at that time 
there were many needy. Beggars swarmed the roadside 
and the market place, and lepers and other unfortunates 
abounded. Francis had been used to luxury, but in the 
face of his new experience and of so much suffering he 
determined to abandon it all. To test himself he bor- 
rowed the rags of a beggar and all day long stood in a 
public place fasting with outstretched hand. 

He left his home of comfort, gave away the posses- 
sions which were his own, and devoted himself to 
preaching and ministering to others in poverty. Where he 
could not give material aid he lavished his sympathy, and 
this was as much appreciated as his money. One day, at a 
turn in the road, he came face to face with a leper. The 
disease had always filled him with disgust and now he 
involuntarily turned away. Ashamed of himself, he 
turned back, gave the leper all the money he had, and 
then kissed the hand which received the gift. 

Determined to follow the Master at all costs, and, 
incidentally, to conquer himself, Francis went again 
and again to the leper settlements, doing the most me- 
nial services for the unfortunates. He washed the sores 
of the distressed and on one occasion ate from the same 
porringer with a poor unfortunate who grieved that he 
had been cut off from his fellow men because of his 
disease; and, curiously enough, this youth, who had 
tasted all the pleasures of the world, found here in the 
service of the neediest of his fellows the joy which 
he had sought elsewhere in vain. 

There is not time to tell of the many years which 
Francis spent in poverty and service. The life of this 
man has been written many times, and some day you 
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will want to read it. No longer is he known as Francis 
Bemardone, but he is called Saint Francis because he 
took his Christianity so seriously and gave his life in 
unselfish service for others. 



CHAPTER XII 


MAKING LIFE COUNT 
June: First Sunday 

June is a month of unusual significance to the young 
life in our Sunday schools. It is a time for reviewing 
the past months and for looking forward to the future. 
The spirit of commencement is in the air. Ideals are 
being crystallized. Whether the ideal is that of the 
selfish or the unselfish life will depend to some extent 
on the direction in which the thoughts of pupils are 
turned during the period of worship in the Sunday 
school. 

Order of Service: 

I Musical Prelude 
II Opening Sentences: (hy leader) 

It is a good thing to give thanks unto the 
Lord. Oh, that men would praise the Lord 
for his goodness, and for his wonderful 
works to the children of men! 

III Hymn: ‘‘My God, I Thank Thee” (school to 

stand and remain standing until after the 
next hymn) 

IV Tpie One Hundred Twenty-First Psalm: (re- 

peated in unison) 

V Hymn: “We March, We March to Victory.” 

VI Story: (The purpose of this story is to emphor - 

izB 
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size in a concrete way the inadequacy of 
material possessions in the face of the great 
realities of life.) 

“0OES A MAN NEED MUCH LAND?” 

It is not an easy matter for young people to deter- 
mine just what are the worth-while things in life. There 
is so much wealth in the world and sometimes we live 
under such abnormal conditions with so much luxury 
and convenience that we forget just what is and is not 
worth striving for. 

Tolstoy, the Russian idealist, lived a very simple life 
and out of that life he produced some philosophy which 
is worth our consideration. Fortunately he has put 
much of it in story form. Under the heading “Does a 
Man Need Much Land?” or “How Much Land Does 
a Man Require?” he has given us a story which contains 
much food for the thought of young people. 

A certain man was promised for his own all the land 
which he could walk around in one day. Delighted with 
the rich prospect before him, he arose before dawn and, 
taking his lunch in a pouch, started on his journey. 
Before the day had hardly begun he was well on his 
way. As the sun rose higher and higher it revealed 
fresh areas of beautiful land, and the man kept widen- 
ing his circle, determined that nothing desirable should 
be omitted. Rapidly the hours slipped away, and faster 
and faster the man walked. At last the sun began to 
descend. It became necessary for the traveler to turn 
his steps toward the place of beginning. He was far 
from home, and every nerve must be strained if he 
would complete his circuit before nightfall. The race 
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between the rapidly sinking sun and the tired but de- 
termined walker became fast and furious. It was a 
question which would win. By a burst of speed, how- 
ever, the man completed his circle just as the sun was 
slipping behind the horizon. He had reached his goal, 
and the land he had coveted was his. As he finished 
the circle he paused, grew faint, then tumbled over, dead 
from exhaustion. He was buried in six feet of earth, 
and Tolstoy leaves us to consider the question, “Does 
a man need much land!” 

The parable of the Russian idealist is, after all, a 
parable of life, and its message is one well worth think- 
ing over. 

Vir Prayer 

VIII Response: (first stanza of “Dear Lord and 
Father of Mankind.”) 

June: Second Sunday 

Suggested Hymn: “True-Hearted, Whole-Hearted.” 
Story: (This story is desigrned to reenforce the idea 
presented last Sunday.) 

THE MAGIC SKIN 

Young people are always desiring pleasure and are 
often keenly disappointed when it does not come to 
them in full measure. For all the pleasures we get 
out of life, however, a price is demanded. One of the 
important questions every young person should ask him- 
self again and again is, “Is this satisfaction worth the 
price asked for it?” Many of the things we think we 
most desire can be purchased only at a price that makes 
them undesirable. 
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There is an ancient fable concerning a skin which one 
might put on and secure everything that was desired. 
The only embarrassing thing in connection with the 
process was the fact that every time one wished for a 
selfish thing the skin itself grew smaller, until at last, 
just as every selfish desire had been gratified, it choked 
out the life of the wisher. 

There are few things in life which one may not have 
if he is willing to pay the price. In too many cases, how- 
ever, the acquisition of material blessings, together with 
the opportunity for the unlimited gratification of the 
appetites, narrows the sympathies and dwarfs all that 
is finest and most godlike in us. 

There is a firmly grounded idea in the minds of many 
young people that being a Christian eventually involves 
the sacrifice of some of the greatest pleasures in life. Al- 
though, as a matter of fact, this idea is built upon a false 
foundation, it is true that Christianity involves sacrifice. 
We should, however, consider in the saihe connection 
some related facts. 

Christianity involves sacrifice, but so does business, 
art, politics, and the professions. There is nothing worth 
while to be attained in life which is not purchased at 
the cost of something else. A man who would succeed 
in business must be prepared to give up indolence, ease, 
and personal comfort and give himself unreservedly to 
the task in hand. Arduous labor and oftentimes ex- 
treme physical hardships are involved, but ^ the end 
sought is deemed worthy, the price of success is never 
considered too high. 

Sacrifice, then, is not peculiar to Christianity; it is a 
law of life. One may not avoid thp necessity for sacri- 
fice by refusing to become a Christian. Instead Christ 
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tianity is the one guarantee that sacrifice shall not be 
in vain. Many a man has sacrificed the finest things 
in life for money or honor or position, only to find that 
he has made a poor bargain; that he has squandered 
gold for dross. No sacrifice which Christianity involves 
is ever in vain, for Christianity includes all that is most 
deep and real of peace and joy and success. 

We may feel that in choosing the Christian life we 
choose to give up many things, but no sooner is the 
choice made than we discover that we have instead 
chosen for ourselves all the joys and satisfactions which 
a loving Father God could devise for his children. 

June: Third Sunday 

Suggested Hymn; “O Master, Let Me Walk with 
Thee.” 

Story: (The purpose of this story is to inspire the 
pupils to seize every opportunity for serving their 
fellow men.) 

THE HOUSE BY THE SIDE OF THE ROAD 

A poet was walking one day from one town to an- 
other along a country road. The day was hot, and the 
walker was tired. As he passed under the shade of an 
overhanging tree, he noticed a wooden bench and, fast- 
ened to the bench, a rough sign, “Sit Down and Rest.” 

Accepting the silent invitation, the poet sat down. 
Near by was a basket filled with beautiful early apples, 
and again he saw a small sign, “Have an Apple.” The 
traveler ate an apple and, as he looked about, he saw 
a card on a tree, “At the End of This Path Is a Cool 
Spring.” The poet was thirsty, and the mystery , of it 
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all attracted him. He followed the path, and there he 
found the promised spring and a cup. By this time 
the interest of the poet was keen. He saw not far away 
a small cottage and coming from it an old man with a 
very kindly face. 

Pressed by the questions of the traveler, the old man 
explained half apologetically: “Well, you see, a good 
many people walk past this way, and often the days 
are hot. We weren’t using the old bench very much 
and we thought it would give some who were tired a 
chance to rest in the shade. Then when the apples got 
ripe, we had more than we could use, so we have kept 
the basket filled by the roadway. Then it occurred to 
us that the spring was hidden by the bushes, and that 
some might not know just where to find it, so we put 
up the sign to call attention to the spring.” 

The poet thanked the old man, and then as, refreshed 
and inspired, he continued his journey, a poem formed 
itself in his mind. The following quotation from the 
poem gives us its message : 

“I would live in a house by the side of the road. 

Where the race of men go by. 

The men who are good, the men who are bad. 

As good and as bad as I. 

I would not sit in the scorner’s seat, 

Nor hurl the cynic’s ban. 

I would live in a house by the side of the road. 

And be a friend to man.” 

June: Fourth Sunday 

Suggested Hymn: “Who Is on the Lord’s Side?* 
Talk 
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THE MAH WHO COMES UP FROM THE CROWD 

Young people sometimes get the idea that all the bag 
tasks of the world were done in the past. All the great 
discoveries seem to have been made, all the great inven- 
tions completed, all the great fortunes amassed, all the 
great books written. All the Pauls and the Luthers and 
the Abraham Lincolns seem to have had their day. Now 
there would appear to be nothing for us to do but to 
accept the world as we find it and to follow along the 
paths laid out in the past. As a matter of fact, no con- 
ception could be further from the truth than the one 
just indicated. 

Never were there so many big tasks to be done as 
now. There are scores of millions of boys and girls 
in China without schools of any sort who need to be 
taught. There are other millions in India waiting and 
begging to be told the facts about Jesus Christ and the 
message which he came to deliver. There are uncounted 
tribes in Africa who have never heard of Jesus Christ. 
There are multitudes in South America and Mexico who 
cannot read or write and who lack the purifying touch 
of true Christianity. There are twenty-seven million 
boys and girls and young people in the United States 
under twenty-five years of age who are not enrolled 
in any church school, Protestant, Catholic or Hebrew. 
There are newcomers to America who have never had 
a chance to know a Christian American and who are 
still waiting for the touch of a friendly hand in the 
land which they have chosen to make their home. There 
are social wrongs in abundance which must be righted 
before any young person can choose with a free con- 
science a life of selfish indolence or ease. 
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Yes, great deeds have been done in the past, but greater 
ones must be done in the future if the religion of Jesus 
Christ is to be advanced in the world. Noble, unselfish 
lives have been lived, but never were the demands for 
unselfish service louder than now. There are problems 
before the church to-day which are as great or greater 
than any which it has ever faced. Will these problems 
be solved? Will the unselfish lives be lived? Will the 
great deeds be done? 

All of these questions will be answered “yes” or “no” 
by the pupils now in our Sunday schools. There is no 
one else to provide the answer. If the answer is “yes” 
it will be because there are some boys and girls who 
are willing to do the hard thing, the unusual thing, the 
thing that demands the great sacrifice, the thing that 
may seem to involve doing more than our fair share of 
the world’s work. 

In the days of the world war young men and young 
women unselfishly surrendered positions, opportunities, 
personal comforts and friends that they might serve to 
the uttermost. Now the war is over but the great cause 
to which these young people gave themselves is not 
won. It must be won by the same spirit which, dur- 
ing the war, led so many to step out from the ordi- 
nary walks of life to do the unusual and the hard 
thing. 

“Men seem as alike as the leaves on the trees, 

As alike as the bees in a swarming of bees; 

And we look at the millions that make up the state. 

All equally little and equally great, 

And the pride of our courage is cowed. 

Then Fate calls for a man who is larger than men. 

There's a surge in the crowd — there's a movement — and then 
There arises a man that is larger than men — 

And the man comes up from the crowd." 
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It makes us wonder how many there are in our own 
Sunday school of whom it will be said, “He was different 
from the common crowd, because in a time of very un- 
usual opportunity he forgot himself and did the great 
unselfish deed which so much needed to be done.” 



CHAPTER XIII 


THE WONDERS OF GOD’S WORLD 
July: First Sunday 

The summer season has its peculiar religious mes- 
sage for pupils of the church school. The service of 
worship should be planned with this thought in mind. 
The purpose underlying the following programs is to 
make God more real to the pupils by opening their eyes 
to the wonders of the world about them. 

Order of Service 

I Musical I^elude 

II Hymn : “ From All That Dwell Below the Skies.” 

III Opening Sentences: “The earth is the Lord’s, 

and the fullness thereof. My soul shall make 
her boast in the Lord; the humble shall hear 
thereof, and be glad. O magnify the Lord 
with me, and let us exalt his name together.” 

IV Hymn: “We Plow the Fields and Scatter.” 

V Psalms ; {repeated in unison) The One-Hun- 
dredth or the Twenty-Fourth. 

VI Story : 

THE TREES 

A long time ago die poet wrote : 

“To him who in the love of Nature holds 
Communion with her visible forms, she speaks 
A various language.” 


137 



128 STORY-WORSHIP PROGRAMS 

One of the perennial joys of the summer is the oppor- 
tunity which it brings for communion with nature and 
with nature’s God. The beauty of nature stirs us to 
thanksgiving; its vastness fills us with reverence and 
awe; its adaptations to our needs convince us anew of 
the loving care of a Father God. From the study of 
nature we learn parables which bring to us moral les- 
sons and we discover ways by which we can cooperate 
with nature in carrying out the great purpose of God. 

Among all the works of God in nature perhaps none 
is more wonderful than the trees. For centuries they 
have been the objects of admiration and of wonder. 
Poets and orators have found in them an inexhaustible 
storehouse of fact and suggestion of which the mind of 
man seems never to tire. 

Down in southern Mexico there stands a giant cypress 
tree approximately one hundred and twenty feet in cir- 
cumference. It is said by many to be the oldest living 
thing on the face of the earth, even outranking in age 
the famous General Sherman tree in California. This 
cypress tree was several thousand years old when Jesus 
was born. It is as old as Archbishop Usher believed 
the human race to be. In its body it bears the marks 
not only of centuries, but of all the centuries since the 
history of man began to be written. Its trunk is in- 
dented and gnarled, yet it has withstood the attacks of 
man and of the elements and to-day stands out vigorous 
and strong. Its branches are healthy, and there is no 
sign of disease or decay among its members. 

This tree brings to us to-day out of the past a lesson 
in optimism and faith. Surely no one could have seen 
the wonderful possibilities for growth bound up in the 
little sapling which began its career so many thousand 
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years ago. The tree has not grown to its present size 
or grandeur all in a minute, but steadily, year after year, 
it has added a little new wood and a few new branches 
until it has become the giant of the earth. 

Thus it is that we attain to the worth-while in life, 
not because we see the end from the beginning and not 
by a single leap, but by steadily and patiently making 
use of the opportunity which lies just ahead. Then, 
too, the great tree makes it easier to believe in the eter- 
nity of God. Surely, if he can keep a tree through all 
the vicissitudes of six thousand years, he can care for 
us in spite of the great mystery of death. 

VII Hymn: “My God, I Thank Thee.” 

VIII Prayer 

IX Response: “Dear Lord and Father of Man- 
kind.” 


July: Second Sunday 

Suggested Hymn: “There’s Not a Bird with Lonely 
Nest.” 

Story : 

the birds 


The interrelation of the various parts of nature fur- 
nishes a suggestive field for investigation. Last week 
we were thinking of the trees — their beauty, their ser- 
vice to man. Surely they are one of God’s great bless- 
ings ; yet even this blessing is dependent on still another. 
Those who have studied the matter most carefully tell 
us that without the birds we could not have the trees. 
The enemies of the trees are many. If these enemies 
were allowed to prosper unmolested, the trees would be 
doomed. The trees furnish the homes for the birds, and 
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jn return the birds rid the trees of their insect pests. 

Possibly no bird does more for the trees than does 
the woodpecker. Freeing the trees of the pests which 
attack them internally is the particular task of the wood- 
pecker. We may understand how important this work 
is when we pause to realize how numerous the enemies 
of the trees are. More than four hundred kinds of in- 
sects are known to prey upon the oak, and many of these 
multiply with great rapidity when left unmolested. A 
single insect borer may stunt or even kill a tree. One 
woodpecker may save hundreds of trees from damage 
or death in a single season. One bird has been known 
to inspect eight hundred trees in a single day. At other 
times a woodpecker has spent several days upon the 
trunk of one badly infested tree. 

Our birds, however, do not confine themselves to fight- 
ing the enemies of trees. They help the farmer by 
eating each year millions of weed seeds and, when given 
a chance, they destroy the enemies of the farmer’s crops. 
Cotton-growers are said to lose one hundred million 
dollars a year because of the wanton destruction by 
hunters of quail, prairie chickens, meadow larks, and 
other birds which feed upon the boll weevil. 

These gifts of God are more than mere ornaments. 
They, too, have their part to play in making the world 
a fit place in which to live. 

July: Third Sunday 

Suggested Hymn : “All Things Bright and Beautiful.” 
Story : 

THE FLOWERS 

“Flower in the crannied wall, 

I pluck you out of the crannies, 



THE WONDERS OF GOD’S WORLD 131 

I hold you here, root and all, in my hand, 

Little flower — but if I could understand 
What you are, root and all, and all in all, 

I should know what God and man is/' 

God sends his flowers in such profusion that to the 
thoughtless of his children they sometimes seem com- 
mon. The miracle of even the commonest flower is, 
however, unfathomable, and it is only our blindness 
that keeps us from the proper appreciation of it. It 
often takes some unusual experience to open our eyes. 
Such an experience a certain Frenchman had many years 
ago. 

This man had been unjustly imprisoned, and as he 
trod the dirt flood of his cell his heart was filled with 
bitter thoughts about God and man. On the walls of' 
his cell he wrote, “All things come by chance.” Lonely, 
miserable and rebellious, the prisoner spent his days. 
He had nothing to care for and nothing to do but think. 
Nothing unusual had ever happened during his imprison- 
ment. Each day the routine of the previous day was 
repeated, until one day an event occurred which was 
destined to alter the fate of the unfortunate victim. 
Close to the wall of the prison, where the dirt was not 
quite so hard as elsewhere, a tiny green shoot thrust 
its head above the ground. The man, who without a 
tremor, had looked upon thousands of acres of green, 
was tremendously stirred by the appearance of this sin- 
gle tiny shoot. Here was something alive and growing; 
here was companionship; here was something to love 
and tend. 

Very gently did the man stir the ground around the 
young shoot and with jealous care he watched it de- 
velop day by day. Slowly it grew larger and larger. A 
bud appeared; and then, as if for the individual enjoy- 



STORY-WORSHIP PROGRAMS 


132 

ment of the prisoner, it burst into a wonderful pure 
white flower. Already the man had ceased to think of 
himself. His thoughts were ever of the flower and then 
of the God who had sent it. One day he read the words 
which he had written upon the wall of his prison and 
he felt ashamed. He rubbed them out and then he wrote 
in their place: “All things come from God.” 

Finally the story of the flower spread abroad and 
after a time came to the ears of the queen. The queen 
became interested and after some effort secured the re- 
lease of the prisoner; “for,” said she, “a man who can 
love a flower like that is surely not all bad.” 

July: Fourth Sunday 

Suggested Hymn: “Summer Suns Are Glowing.” 
Story : 

THE ANIMALS 

We live in an age of cities and of machinery. The 
automobile is displacing the horse; mouse traps, with 
their increased efficiency, are eliminating cats; police- 
men have replaced watchdogs; the necessities of city 
sanitation have made pets undesirable; even the wild life 
is driven out by the very buildings of the city itself. 
Gradually the American family is finding itself inde^ 
pendent of the animal creation and is dispensing with it, 
or, at least, rendering contacts with it more and more 
indirect. In all this change there lurks a very real dan- 
ger — ^the danger that the present generation of boys 
and girls will fail to learn the lessons which, for untold 
generations of God, has been teaching through the ani- 
mals. 

The wonderful ways which nature devises for meet- 



THE WONDERS OF GOD’S WORLD 133 

ing the needs of her creatures, the adaptation to en- 
vironment, the compensation for handicaps, and the 
protection against enemies, are most suggestive of the 
ever watchful care of the heavenly Father for his chil- 
dren. The thickening of the coat of the horse and the 
dog as winter approaches and the shedding of the same 
coat when it is no longer needed would fill us with 
amazement were we not so accustomed to it. The soft- 
padded foot of the cat, which enables her to walk so 
quietly, and the sharp claws, which appear when she 
wishes to grasp a victim for food or when she must 
climb a tree to escape some enemy, are all evidences 
of adaptation to the necessities of life. The deer has 
little ability to defend itself, but it is made fleet of 
foot, so that it can outdistance its enemies. As a still 
further protection it is colored like the foliage among 
which it lives. The horse must travel rapidly over hard 
and often very rough places. Its hard hoofs enable it 
to bear its heavy weight without injury. The camel 
lives on the desert and is gpven a pad to keep from 
sinking into the soft sand. The long legs of the giraffe 
made it difficult for him to reach the ground with his 
head, but he is assured an abundance of food by being 
given a neck so long that he is able to reach much 
higher than any other animal. To compensate the ele- 
phant for his short neck he is given a trunk which en- 
ables him to reach the ground with ease. 

The foregoing are only suggestions of the way nature 
provides for the meeting of emergencies in the lives of 
animals and for every apparent deficiency in equipment 
furnishes an adequate compensation. Surely a loving 
God will not do less than this for his highest creation. 


man. 
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This is only one of many lessons which the animals 
will teach us this summer if our ears are alert to their 
message. 

July: Fifth Sunday 

Suggested Hymn : “The Summer Days.” 

Story : 

THE INSECTS 

There is one entire realm of God’s creatures which 
we rarely consider unless we are forced to give attention 
to it. In spite of this fact, however, this realm, the 
insect world, comprises by far the largest group of living 
creatures of the world. The number of individuals is 
countless, while the number of species is estimated at 
more than five million. 

Ordinarily we think of insects as a nuisance and we 
would not be seriously concerned if we heard that they 
were all to be exterminated. Often their annoying at- 
tacks upon us make them seem the one blot upon the 
summer. It adds further to our personal irritation when 
we are told by the United States Department of Agri- 
culture that each year the insects destroy more property 
than was represented by the annual expenditure of the 
United States for the National Government, the pension 
roll, and the maintenance of the army and navy before 
the war. The Hessian fly ruins annually seventy-five 
million dollars’ worth of grain. The chinch bug levies 
a tax of thirty million dollars on corn. Hay is reduced 
ten per cent by the army worm, while cotton, fruit, 
vegetables, timber, livestock, and even manufactured arti- 
cles pay a toll to the army of insects, which is astounding. 

Although injurious insects destroy much fruit and 
grain each year, yet without other insects we would 
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have no fruit at all. Practically all our fruit and all 
our most beautiful flowers are dependent on insects for 
pollination. 

Insects are responsible for the rapid disappearance of 
decaying vegetable and animal matter on the earth. In- 
sects provide us with honey, silk, and other articles of 
commerce. Insects, too, are the only agents which will 
keep injurious insects in control. In fact, we are told 
by those who know most about insects that their ser- 
vice is so great that without them the earth would be 
uninhabitable in a very short time. 

As we think of the insects whose depredations are so 
many and serious, and yet whose services are so great 
that man is dependent upon them for existence, does it 
not suggest that for all of the limitations and sorrows 
of life there may be compensations in terms of a deeper, 
richer life, which converts even our trials into blessings? 



CHAPTER XIV 


OUR GREAT HYMNS 
August: First Sunday 

The fundamental purpose of the leader’s talks for the 
month is to assist the pupil in worship by permanently 
enriching his knowledge of our great hymns. Inciden- 
tally certain other ends will be served as the work of the 
month progresses. (For further details of these and 
other hymns see A Treas'wre of Hynrns, by Amos R. 
Wells.) 

Order of Service 

I Musical Prelude 

II Opening Sentences : 

“Make a joyful noise unto Jehovah, all ye 
lands. 

Serve Jehovah with gladness : 

Come before his presence with singing. 

Sing unto him, sing praises unto him; 

Talk ye of all his marvelous works.” 

III Hymn : “O Day of Rest and Gladness.” 

( School stands omd remains standing for the 
Psalm and the following hymn.) 

IV The One-PIundredth Psalm : (Repeated in uni- 

son. The use of this Psalm, as of others, 
should be announced one or two weeks in 
136 
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advance^ so that those who do not already 
know it may learn it.) 

V Hymn ; “We Come with Songs of Gladness.” 

VI The Lord’s Prayer: (Or other umson prayer. 

Seated with bowed heads.) 

VII Story : 

SARAH FLOWER ADAMS 

Just as we know a child better when we know his 
parents, so we understand a poem or hymn clearly when 
we know its author. A single meeting with a great 
author has sometimes lifted a whole life to a new level 
of interest. We may not all have the privilege of meet- 
ing authors, but we may know the stories of their lives 
and work. 

Sarah Flower Adams is not the best known of women 
hymn writers, but she is credited with writing the great- 
est hymn ever written by a woman. The romance of 
her story began even before she was bom, for her father 
and mother first met while he was a prisoner in a Lon- 
don prison. His offense wa§ the serious one at that 
time of holding liberal ideas in politics. It was here 
that Miss Eliza Gould, a sympathizer with his views, 
visited him, and upon his release they were married. 

Sarah was bom February 22, 1805. Her mother died 
when Sarah was five years of age, and she was left with 
one sister, Eliza. Sarah was a poet by nature, and Eliza 
was musical, so Eliza provided the music for the hymns 
which Sarah wrote. 

In 1834 Sarah married a civil engineer. She was 
beautiful, of delightful manners and conversation, and 
of exalted character. Even after her marriage Sarah 
and her sister were much together. Both died young, 
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and the hymns sung at both funerals were by Sarah 
with music by Eliza. 

Sarah’s greatest h)Txin, which we are to sing this 
morning, is “Nearer, my God, to Thee.” It became 
popular in America about 1856. In 1872 it was sung 
at the Boston Peace Jubilee by nearly fifty thousand 
voices. 

Numerous interesting incidents have been connected 
with the use of this hymn. During the Johnstown flood 
in 1889 a young lady on her way to the foreign-mission 
field was imprisoned in her car beyond hope of rescue, 
and as the waters rose about her those near by heard 
her voice as she sang “Nearer, My God, to Thee.” 

As President McKinley was dying those at his side 
heard him murmur, “ ‘Nearer, my God, to thee, e’en 
though it be a cross,’ has been my constant prayer.” 
On the day of his funeral, September 19, 1901, at half- 
past three o’clock, people all over the land paused and 
waited in silence. Cars were stopped; street traffic 
ceased ; and men stood with bared heads. For five min- 
utes there was silence throughout the land. At the close 
of this period bands in various squares in New York 
City played, “Nearer, My God, to Thee,” and the same 
hymn was used in countless memorial services held in 
honor of our martyred president. 

Such are some of the associations connected with the 
hymn which we are to sing at this time : 

“Nearer, my God, to thee. 

Nearer to thee! 

E’en though it be a cross 
That raiseth me ; 

Still all my song shall be. 

Nearer, my God, to thee, 

Nearer to thee!” 
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VIII Hymn : “Nearer, My God, to Thee.” 

IX Prayer : (ty leader ) 

X Response: (hy school or choir’. “Immortal 
Love,” first stanza only) 

August: Second Sunday 

Suggested Hymn,: “Speed Away.” 

Story : 

FANNY CROSBY 

Of all the writers of h)nmns perhaps the one best 
known to Americans is Fanny Crosby, the greatly-loved, 
blind hymn- writer who died only a few years ago. 
Thousands of persons all over the United States had 
the opportunity of shaking her hand and listening to 
her kindly words of cheer and wisdom. 

She was bom in New York State in 1820, and her 
life lacked only a few years of covering an entire cen- 
tury. When only a few months of age- she became blind, 
so that she could never remember seeing the sunlight 
or the beautiful world aboM her. In spite of that fact 
she was always contented, cheerful, and optimistic.. 
When only eight years of age she wrote: 

'‘Oh, what a happy soul I am ! 

Although I cannot see 
I am resolved that in this world 
Contented I will be; 

How many blessings I enjoy 
That other people don^t! 

To weep and sigh because Fm hlind 
I cannot and I won't” 

At a proper age Fanny Crosby was sent to a school 
for the blind in New York. Here she graduated and 
afterward bepame a teacher. While still a pupil she re- 
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cited a poem before the Senate and the House of Rep- 
resentatives in Washington as an illustration of what 
education might do for the blind. 

Although she became a teacher and afterward was 
married, her real lifework was the writing of songs and 
hymns, of which she wrote more than three thousand. 
“There’s Music in the Air” is one of her best known 
secular songs, while her sacred songs are almost num- 
berless. “Jesus, Keep Me Near the Cross,” “ ’Tis the 
Blessed Hour of Prayer,” “Rescue the Perishing,” “Pass 
Me Not, O Gentle Saviour,” “Safe in the Arms of 
Jesus,” “Some Day the Silver Cord Will Break,” 
“Blessed Assurance, Jesus is Mine,” “Saviour, More 
Than Life to Me,” and “All the Way My Saviour 
Leads Me” are samples of her work. 

Fanny Crosby wrote rapidly. Some of her best hymns 
seemed to come as an inspiration, with little effort on 
her part. She had a remarkable memory, which was of 
great help to her. When she was a child she committed 
to memory the first four books of the Old Testament and 
the four Gospels. 

Some one told Fanny Crosoy one day that a man on 
a western prairie had been attracted by the words of 
one of her hymns to a meeting which was in progress 
in a very primitive building near by. He had entered 
the building and heard a message which transformed his 
life. When Miss Crosby heard the story, she said, “Jl 
that is true, it pays me for a whole life of effort, just to 
know that I have had a little part in the transformation 
of one person.” 

The hymn that she wrote which we are to sing to-day 
has done much for the foreign-mission cause. It has 
become the farewell hymn for departing missions res 
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and is regularly used as they set out for their fields of 
labor : 

'^Speed away! speed away! on your mission of light 
To the lands that are lying in darkness and night; 

’Tis the Master’s command; go ye forth in his name, 

The wonderful gospel of Jesus proclaim ; 

Take your lives in your hand, to the work while Tis day. 
Speed away! speed away! speed away!” 

August: Third Sunday 

Suggested Hymn : “My Faith Looks Up to Thee.” 
Story : 

“my faith looks up to thee” 

Two weeks ago we spoke about and sang the hymn 
which is said by some to be the greatest hymn ever writ- 
ten by a woman. To-day we are to consider a hymn 
which is perhaps the greatest one ever written by an 
American. Its author, Ray Palmer, was born in Rhode 
Island in the year 1808. He became a clerk in a Boston 
dry goods store and later a student at Yale. He taught 
school in New York and New Haven, entered the min- 
istry and held several important pastorates and one sec- 
retarial position. He lived to be nearly eighty years old, 
and his life was filled with worth-while work. He is best 
remembered, however, as a writer of hymns, and his 
most famous hymn, “My Faith Looks Up to Thee,” 
was written when he was only twenty-two years of 

age- 

At the time the hymn was written Mr. Palmer, after- 
ward Dr. Palmer, was teaching school in New York 
City. The verses represented the spiritual experience of 
an earnest and devout soul. They were written in a 
small pocket notebook for the author’s use in his hours 
of communion with God. Two years later Palmer was 
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in Boston and by what seemed to be the merest chance 
met on the street Lowell Mason, the famous musician. 
Mason wanted a hymn for a publication which he was 
getting out at the time. The two men went into a store 
and there copied ‘'My Faith Looks Up to Thee,” which 
had been written two years before. 

Mason took the hymn and wrote for it the tune 
“Olivet,” to which it has always been sung. Shortly 
after Mason again met Palmer. On this occasion Mason 
said, “You may live many years and do many good 
things, but I think you will be best known to posterity 
as the author of ‘My Faith Looks Up to Thee.’ ” The 
words have proved true, for, while Palmer wrote many 
fine hymns, this, his first production, is the grandest of 
them all. 

Palmer was a most admirable and lovable man and a 
man of deep feelings. He tells us that he was so af- 
fected by the writing of his own hymn that he burst 
into tears when it was completed. He says of it: “It 
was born of my soul.” Surely a hymn of such beauty 
thus conceived will not soon die. It has been trans- 
lated and used in thirty different languages, and it has 
thus become a great world hymn of the church. 

faith looks ttp to thee. 

Thou Lamb of Calvary, 

Saviour divine! 

Now hear me while I pray, 

Take all my guilt away, 

Oh, let me from this day 
Be wholly thine.” 

August: Fourth Sunday 

Suggested Hymn: “How Firm a Foundation.” 

Story : 
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“how firm a foundation” 

Occasionally a famous old hymn comes down to us 
without the name of the author. This is the case with 
“How Firm a Foundation!” It has been attributed to 
several different authors, but no one seems to know for 
sure just who wrote it. It is now supposed to have been 
written by a man named Robert Keene. It was first 
published about one hundred and thirty years ago, and it 
has been in constant use ever since. 

Frances Willard related that it was used at family 
prayers in her mother’s home and that it had been simi- 
larly used by her grandmother and her great-grand- 
mother. Thus, in one family this fine hymn had served 
the religious needs of four generations. 

The hymn was widely used by both armies during the 
Civil War. It was the favorite hymn of the famous 
general, Robert E. Lee, and was sung at the great com- 
mander’s funeral. It was also sung by request for for- 
mer President Andrew Jackson in his old age. He re- 
membered it as the favorite hymn of his departed wife. 

On Christmas Eve, 1898, the Seventh United States 
Army Corps was encamped on the hills above Havana, 
Cuba. At twelve o’clock a sentinel from the Forty-ninth 
Iowa Regiment began to sing “How Firm a Founda- 
tion!” Other voices joined until the whole regiment was 
singing. Then a Missouri regiment added its- voices. 
The Fourth Virginia followed, and all the others until, 
as General Guild said, “On the long ridges above the city 
whence Spanish tyranny once went forth to enslave the 
New World, a whole American army corps, Protestant 
and Catholic, South and North, was singing: 
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'''Fear not; I am with thee; oh, be not dismayed; 

For I am thy God, and will still give the aid ; 

Fll strengthen thee, help thee, and cause thee to stand 
Upheld by my righteous omnipotent hand/ ” 

August: Fifth Sunday 

Suggested Hymn: “My Country, ’Tis of Thee.” 
Story : 

“my country, ’tis of thee” 

Every child knows “My Country, ’Tis of Thee,” and 
that it breathes a fine religious sentiment. It is not so 
well known, however, that this hymn was written by a 
Christian minister. Possibly it would be more correct 
to say that it was written by a young man preparing for 
the ministry, for Samuel Francis Smith was still in 
school when he wrote this hymn. 

He tells us that one dismal day in February, 1832, 
he was turning over the leaves of a music book when 
his eyes rested upon the tune to which “America” is now 
sung. He did not at that time know that it was the 
music of “God Save the King.” The idea of writing a 
patriotic hymn to fit the music came to him, and he sat 
down and within about thirty minutes wrote the hymn 
just as it stands to-day. It was originally written on a 
scrap of waste paper five or six inches long and two and 
one-half inches wide. 

Dr. Smith said of it later : “I never designed it for a 
national hymn and I never supposed that I was writing 
Dne.” 

The hymn was first sung at a children’s celebration in 
Boston in 1832. It has never been adopted by our Gov- 
:rnment as a national anthem, but it has been adopted 
>y the people. Through it for nearly a century the peo- 
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pie of the United States have voiced their love for their 
country and their sense of dependence on and trust in 
God. 

The fact that the music of “America” is that of “God 
Save the King” has given rise to many impressive scenes. 
At international religious gatherings one stanza of each 
hymn has sometimes been sung and this followed by 
“Blest Be the Tie That Binds.” 

Dr. Smith wrote many other hymns, among them the 
famous missionary hymn, “The Morning Light Is 
Breaking,” but he will be best remembered for the hymn 
which, as a student, he wrote in a few minutes on a 
stormy day in February and which, without any inten- 
tion on his part, has become one of our national hymns : 

“My country, 'tis of thee, 

Sweet land of liberty, 

Of thee I sing: 

Land where my fathers died, 

Land of the pilgrim’s pride, 

From every mountain side 
Let freedom ring!” 



CHAPTER XV 


THE BIBLE MEETING THE WORLD’S NEEDS 

September: First Sunday 
Ordeb. of Service: 

I Musical Prelude : 

II Hymn : “Praise God from Whom All Blessings 

Flow.” (Sung by school choir or by the en- 
tire school without announcement.) 

III Opening Sentence: “The earth is the Lord’s, 

and the fullness thereof ; the world, and they 
tihat dwell therein. Oh, that men would 
praise the Lord for His goodness, and for 
His wonderful works to the children of 
men !” 

IV Hymn; “O Worship the King.” (School stands 

and remains standing for the Psalm and the 
following hytnn.) 

V The Twenty-Third Psalm (in unison.) 

VI Hymn: “O Word of Grod Incarnate.” 

VII Story: 


DISTRIBUTING THE BIBLE 

A boy born into a home supplied with wholesome run- 
ning water may 'grow into manhood without once expe- 
riencing extreme thirst or having any appreciable sense 

14,6 
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of gratitude for the blessing which is his even without 
the asking. A person who has been lost in such a desert 
as Death Valley in California knows more about thirst 
and the value of water than ten thousand boys raised in 
city homes. Thus it is with most of our blessings, in- 
cluding the Bible. We have been told many times that 
the Bible is the greatest book in the world and that we 
should be very grateful for it, but the fact that we have 
never been deprived of the Bible tends to make us take 
it as a matter of course. 

A little more than one hundred years ago in Wales 
a certain minister asked a little girl if she could repeat 
the text of his sermon the previous Sunday. Instead of 
making reply, she remained silent for a moment and then 
began to weep, saying, “The weather has been so bad 
that I could not get to read the Bible during the past 
week.” The little girl had been accustomed to travel 
seven miles over the mountains each week to a place 
where she could get access to a Bible. 

This scarcity of Bibles so impressed the minister, 
Thomas Charles, that it resulted in the formation of the 
British and Foreign Bible Society. This society alone 
has printed and distributed up to date more than two 
hundred and forty-five million copies of the entire Bible 
or parts of it. 

It is interesting to know that the first Bible printed 
in the United States was printed in the language of the 
American Indians from a translation made by the fa- 
mous Indian missionary, John Eliot, in 1663. In 1734 
a German Bible was printed in Germantown, Pennsyl- 
vania, and in 1782 the first English Bible in America was 
printed in Philadelphia. Bibles were so scarce during 
the Revolutionaiy War that Congress ordered twenty 
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thousand copies of the English Bible imported at public 
expense. 

Some years later the American Bible Society was 
organized. Since its organization it has distributed more 
than one hundred million copies of the Bible or parts 
of it. Four dififerent times in its history it has under- 
taken to canvass the entire United States and to place a 
Bible in every home. To-day a Bible may be had by 
any one for the cost of printing, and if this price is pro- 
hibitive, the Book will be given without charge. 

All of this effort to place the Bible in the hands of 
every one has cost years of labor and much sacrifice on 
the part of many. Surely this thought alone ought to 
make us appreciate more than ever the lessons which 
we study from week to week in our church school. 

YIII Hymn : “Father, Again to Thy Dear Name We 
Raise.” 

IX Prayers (in unison.) 

X Response: (by school choir or by the entire 
school) “Dear Lord and Father of Man- 
kind.” 

September: Second Sunday 

Suggested FIymn: “Faith of Our Fathers.” 

Story : 


READING THE BIBLE UNDER DIFFICULTIES 

It is relatively easy to picture in our imagination a 
time when few people had Bibles, but it is not so easy to 
understand that at certain times it has been a criminal 
offense to own a Bible. 
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If the early Christians had used moving-picture ma- 
chines, we might have had a film showing a Christi an 
family rising early in the morning before the neighbors 
were awake and making their way stealthily by devious 
quiet ways and hidden paths to a cave, a cellar, a secret 
chamber, or even an underground burying place for the 
dead. Here we might have watched them as they sat 
quietly with a few others while some one took from a 
hidden chest one of the sacred rolls and read to the as- 
sembled group. After reading, a few* words of con- 
ference, a prayer, and possibly a hymn sung softly, these 
early Christians would slip back to their places in the 
world of activities from which they had for a few 
moments withdrawn themselves. 

It was dangerous to read the Bible in those early 
days. The Roman emperors not only destroyed thou- 
sands of the valuable hand-made manuscripts of the Bible 
which had been produced with so much labor, but they 
hunted down, persecuted and even killed those who were 
found with any part of the Bible in their possession or 
who shared in the group meetings of the Christians for 
Bible reading. It was an exciting experience to be a 
Christian in those days. One thing this persecution ac- 
complished, however. It eliminated from the Christian 
group all those who were not desperately in earnest about 
their religion. 

At the time of one of these persecutions, under the 
Emperor Diocletian, a young Christian named Marinus 
was serving as an officer in the Roman army in Pales- 
tine. He had done his duty faithfully and was about to 
be promoted to the rank of captain. Through jealousy 
he was denounced by one of his fellow officers as a 
Christian. Marinus was at once summoned before his 
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superior officer and questioned. “Is it true that you 
are a Christian?” “Yes,” replied Marinus. “Then,” 
said the officer, “I will give you three hours to renounce 
your Christianity.” Marinus at once went to the small 
Christian church at Caesarea and told his story to the 
aged bishop. The bishop listened and then, taking a 
sword in one hand and a Bible in the other, he held 
them up before Marinus. “This is your choice,” said 
he. Without hesitation Marinus grasped the Bible. He 
returned to his post, declared himself a Christian and, 
instead of promotion, received the sentence of death. 

Marinus, like many another early Christian, learned 
that the things which are worth while always cost some 
one a large price. 


September: Third Sunday 

Suggested Hymn; “A Glory Gilds the Sacred Page. 
Story : 

PRINTING THE BIBLE 

Few events have been of more significance in the hio- 
tory of the race than the invention of the ai*t of printing. 
For fourteen hundred years the Christian church had 
written by hand every copy of the Scriptures it possessed. 
If you will sit down this afternoon and copy one page of 
y'our Bible and then multiply the time consumed in the 
process by the number of pages, you will get some idea 
af the labor involved in making even one copy of the 
Bible. It is not surprising that Bibles were scarce and 
:oo expensive to be in the possession of the ordinary 
Zhristian- 

it was a great day for the Bible when the first printing 
press was set up by Gutenberg about the year 1450. The 
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first book to be printed on this first printing press of the 
world was the Bible. Since the appearance of that first 
printed Bible the printing presses have never ceased to 
turn out Bibles, and to-day, after more than four hun- 
dred" years, the Bible is .the best selling book in the 
world, and the printing presses can hardly keep pace 
with the demand. 

In connection with the first printed English Bible the 
name of William Tyndale, known as “the father of the 
English Bible,” should be cherished. While a young 
man in college Tyndale got hold of a Greek New Tes- 
tament. As he read this book of which he knew so little, 
he was impressed with the feeling that the church had 
drifted far from the religion taught by Jesus. He was 
also seized with the desire to place a Bible in every cot- 
tage and palace in England. In a dispute with a so- 
called “learned man” about this time over the authority 
of the Pope, Tyndale said; “If God spare my life, ere 
many years I will cause a boy that driveth the plow to 
know more of the Scripture than thou dost.” 

Before Tyndale could carry out his project it was 
necessary that the Bible be translated into English, and 
to this task he applied himself. In spite of difficulties, 
opposition and persecution, the first copies of Tyndale’s 
New Testament appeared in 1525. By this time both 
the king and the church were arrayed against Tyndale. 
Sermons were preached against him and his work, copies 
of the book were publicly burned. 

Tyndale had been obliged to do his printing on the 
continent of Europe. The books were sent to England 
wrapped in bales of cloth and otherwise disguised. Tyn- 
dale himself was driven from one hiding place to an- 
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exile, bitter absence from friends, hunger and thirst and 
cold, great dangers and other hard and sharp fightings.” 
At last he was betrayed by one whom he had trusted 
and was thrown into jail. Even here he continued his 
work of translation until October, 1536, when he was 
put to death by strangling after being condemned as a 
heretic. His last words were, “Lord, open the king of 
England’s eyes!” 

Surely this man deserves the title which has been given 
him — “The father of the English Bible.” He, like 
Marinus, learned that the best things in life always cost 
some one a very large price. 

September: Fourth Sunday 

Suggested Hymn: “We’ve a Story to Tell to the 
Nations.” 

Story : 


A. LONG WALK FOR THE BOOK 

If you had been in the frontier trading post known as 
Saint Louis some eighty-five years ago, you might have 
been startled one morning to see five strange, swarthy 
figures approaching from the west. If you had followed 
them to General Clark’s headquarters in the Barracks 
and listened while they made known their identity and 
the purpose of their visit, you would have learned that 
they were Nez Perce Indians and that they had walked 
from the far Northwest, two thousand miles away, to se- 
cure “the white man’s Book of Heaven.” It was thus 
that they designated the Bible, of which they had heard 
from the traders and for which they had waited many 
years in their far Western home. They had been as- 
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sured that missionaries would come to them with the 
Book but year after year passed, the old men were 
dying, and still the missionaries did not come. It was 
then that a council of the tribes was called, and four 
warriors chosen to take the long journey and bring back 
the much-coveted Book. 

General Clark received these dignified messengers 
kindly, and for several months they were accorded the 
finest hospitality which a frontier town afforded, but 
the Book was not to be secured. The long journey, un- 
accustomed luxuries, and the tragedy of disappointment, 
each played its part, and two of the Indians died. At 
last the other two resolved to undertake the long return 
journey. Before they started, one of the Indians made 
a speech which brought tears to the eyes of many. He 
said: 

"I came to you over a trail of many moons from the 
setting sun. You were the friends of my fathers, who 
have all gone the long way. I came with one eye partly 
open. I go back with both eyes closed. How can I 
go back blind to my blind people? I made my way to 
you with strong arms through many enemies and strange 
lands that I might carry back much to them. I go back 
with both arms broken and empty. Two fathers came 
with us. They were braves of many snows and wars. 
We leave them asleep here by your great water and te- 
pees. They were tired in many moons, and their mocca- 
sins wore out. My people sent me to get the white man’s 
Book of Heaven. You took me to where you allow your 
women to dance as we do not ours, and the Book was 
not thei'e. You took me to where they worship the 
Great Spirit with candles, and the Book was not there. 
I am going back the long trail to my people in the dark 
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land. You make my feet heavy with gifts, and my moc- 
casins will wear out in carrying them, yet the Book is 
not among them. When I tell my poor blind people, 
after one more snow, in the big council, that I did not 
bring the Book, no word will be spoken by our old men 
or by our young braves. One by one they will rise up 
and go out in silence. My people will die in darkness 
and they will go on a long path to other hunting grounds. 
No white man will go with them, and no white man’s 
Book to show them the way. I have no more words.” 

This speech made such an impression that it resulted 
in the going of Marcus Whitman and Jason Lee as mis- 
sionaries to the great Northwest. To-day the Nez Perce 
Indians are Christians and they are sending of their 
own men and money to help carry to others the “white 
man’s Book of Heaven” for which they waited so long. 

September: Fifth Sunday 

Suggested Hymn ; “The Morning Light Is Breaking.” 
Story : 

TRANSLATING THE BIBLE 

The Bible was written originally in Hebrew and 
Greek. To-day the entire Bible, or parts of it, are 
printed in more than five hundred different languages. 
The amount of patient labor and self-sacrifice which 
have been put into these many Bible translations is past 
calculating. Frequently from twenty to forty yeai'S have 
been involved in the making of a single translation, and 
the cooperation of many people has l>een required. One 
man worked fifteen years on a translation, only to have 
all his labors swallowed up by the sinking of a boat. 

The mere search for words to express the ideas of 
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Christianity is enough to test the heroic qualities of the 
translators. James D. Taylor tells us that while the 
Zulu translation was being made, an entire week was 
spent upon the one word, “Glory.” Oftentimes no 
words could be found for “sin,” “love,” “conscience,” 
and other terms so familiar to the Christian. In the 
Chinese language no word could be found for “God.” 
The nearest approach to it was the word “ghost.” In 
Madagascar no word could be found for “purity,” so 
the word “whiteness” was pressed into service. When 
the first missionaries went to work among the Nesto- 
rians of Persia, there were no words for “wife” or 
“home.” In Tahiti no word could be found for “faith.” 
At another time translators were perplexed because they 
could find no word for “hope.” 

The difficulties of Bible translation are not confined 
to those having to do with the expression of spiritual 
truths. How, for example, would you translate the 
names of the large number of animals mentioned in the 
Bible to the people of Micronesia, who never had seen 
a four-footed beast ? How would you translate Isaiah 3 ; 
18-23, with its references to anklets, crescents, pendants, 
bracelets, mufflers, headtires, ankle chains, sashes, per- 
fume-boxes, amulets, festival robes, mantles, shawls, 
hand-mirrors, fine linen, turbans, and .veils, to the Zulus, 
whose wardrobe consisted of a little bead work, a 
blanket, and a skin apron? How would you translate 
the many references to frost, snow, and ice to people 
on a tropical island, who never had experienced a tem- 
perature as low as freezing? The following is an actual 
translation in the Fiji Island of Isaiah i :i8b: “Though 
your sins be as scarlet, they shall be as white as rain.” 
By mistake one translator made the people throw “thorn 
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bushes” instead of “palm branches” in the way at the 
time of Jesus’ entry into Jerusalem. 

Surely the difficulties of Bible translation have been 
great, but to-day we can rejoice in the fact that most of 
the people of the world have at least a portion of the 
Bible available in their own language. 
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The system is then said to have Sti degrees of freedom. If some 
of the particles are constrained to move on k given curves, or 
more generally if there are ic given relations between the 2n 
coordinates, only — K coordinates are necessary to fix the 
position of the system and there are then — k degrees of 
freedom. The degrees of freedom of a system may he defined to he 
the number of coordinates required to fix its position, 

253. Vis viva of a rigid body. When some or all of the 
particles of a system are rigidly connected together a simple and 
useful expression for the vis viva can be found. Let (^, y) be 
the coordinates of the centre of gravity, </> the angle which a 
straight line fixed in the body makes with a straight line fixed in 
space, and if the mass. The vis viva is then 

where MJ{?^ is the constant called the moment of inertia of the 
body about the centre of gravity, see Art. 241. 

To prove this, let = y he the coordinates of any 

particle m, then 



Since = 0 as in Art. 240 the middle term is zero. Hence 

This equation expresses the proposition that the whole vis viva 
of a moving system, whether rigid or not, is equal to that of a particle 
of mass M moving with the ^centre of gravity together with the 
vis viva of the motion relative to the centre of gravity. 

To introduce the condition that the system is rigid we change 
to polar coordinates by writing 

{d^f + {dvr = {dsfi - {dpfi + {pdOf. 

Remembering that dOjdt is now the same for all the particles and 
equal to d<f>ldt (Art. 240) and that dpjdt is zero, we find 




152 


THE PRINCIPLE OF VIS VIVA. 


[chap. V. 


2154. SS:Kampl 0 s. Ex. 1. An endless light string of length 2^, on which are 
threaded beads of masses M and m, passes over two small smooth pegs A and B 
in the same horizontal line and at a distance apart a, one bead lying in each of the 
festoons into which the string is divided by the pegs. The lighter bead m is raised 
to the mid-point of AB and then let go. Show that the beads will just meet if 

2 ( . [Math. Tripos, 1897.] 

itt d j 

We notice that only two positions of the system are contemplated in the 
problem, viz. (1) the initial position in which the bead m lies in AB, and (2) the 
position in which the beads are in contact. In both these cases the kinetic energy 
is zero. The principle of vis viva asserts that the change of kinetic energy is equal 
to the work. It immediately follows that the work done when the system passes 
from the first to the second position is zero. Let x be the depth below AB at 
which the beads meet. Then omitting the tension, Art. 248, we have 

7ngx-^M{x-,J{l^-al)]=0. 

We also have by geometry 4:X^+dP'z=l?. Eliminating x we obtain the result. 

The circumstances of the motion when the beads m, M are at any depths y, n 
below AB may also be deduced from the principle. We have 

§ {rnv^ -f- Mv'^) = mgy + Mg {n - sj [l^ - aX)} (1) . 

Since the sum of lengths joining m and M to A is Z, we have the geometrical 
equation 

+ + = ^ ( 2 ). 

Differentiating the second equation, we have 

+ ^ + 

Joining this to (1) we have the values of v, v' when y and yj have any values not 
inconsistent with (2). 

Ex. 2. A particle of mass m has attached to it two equal weights by means of 
strings passing over pulleys in the same horizontal line and is initially at rest half 
way between them. Prove that if the distance between the pulleys be 2a, the 

^^fZTTi/CL 

velocity of m will be zero when it has fallen through a space , — r; r. . 

, 4m- - 711^ 

[Coll. Exam.] 

Ex. 3, Two pails of weights W, w, are suspended at the ends of a rope which 
is coiled round the perfectly rough rim of a uniform circular disc of radius a 
supported in a vertical plane on a smooth horizontal axis, and the pails can descend 
into a well so that when one comes up the other goes down. If the pails be 
allowed to move freely under gravity, and, when the heavier has descended a 
distance b from rest, a drop of water be thrown off from the highest point of the 
rim of the disc, prove that this drop will strike the ground at a horizontal distance 
X from the axis of the disc given by 

W' + W+w)=4hb CJF- 2 V), 

where W' is the weight of the-disc, and h is the vertical distance above the ground 
of the highest point of the rim of the disc. [Math. Tripos, 1897.] 

The equation of vis viva gives 

^ +m) v-=2 (31- m) gb. 
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The theory of parabolic motion gives and h=^gt^. Putting w=:vla and 

we obtain the required value of x. 

Ex. 4, Two small holes A, JB are made in a smooth horizontal table, the 
distance apart being 2a. A particle of mass M rests on the table midway between 
A and B ; and a particle of mass m hangs beneath the table, suspended from M by 
two equal weightless and inextensible strings, passing through the two holes. 
The length of each string is a{l-h sec a). A blow J is applied to M in a direction 
perpendicular to AB; show that if J^:>2Mmag tern a, M will oscillate to and fro 
through a distance 2utana. But if is less than this quantity and equal to 
2M7nag (tan a - tan ^), the distance through which M oscillates will be 

{ P ( jP + 2) }^, where p = sec a - sec /S. [Coll. Ex. 1895.] 

The effect of the blow J is to communicate an initial velocity to the 

mass iiJ, leaving m initially at rest. 

Ex. 5. Two particles M, m are connected by a string passing over a smooth 
pulley, the lesser mass m hangs vertically, and M rests on a plane inclined at an 
angle a to the vertical. M starts without initial velocity from the point of the 
inclined plane vertically under the pulley. Prove that M will oscillate through a 

distance ^ hcosa ^ -g height of the pulley above the initial 

7n,^-3I^COS^a xr .r 

position of M, m is greater than M cos a but less than 31. [Coll. Ex. 1897.] 

Ex. 6. Two equal particles connected by a string are placed in a circular 
tube. In the circumference is a centre of force varying as the inverse distance. 
One particle is initially at rest at its greatest distance from the centre of force, 
prove that if v, v' be the velocities with which they pass through a point 90° from 
the centre of force, + [Coll. Exam.] 

Ex. 7. A thin spherical shell of mass M is driven out symmetrically by an 
internal explosion. Prove that if when the shell has a radius a the outward 
velocity of each particle be F, the fragments can never be collected by their 
mutual attraction unless [Coll. Exam.] 

The attraction of a thin spherical shell on an element of itself is the same as 
if half the mass of the shell were collected at the centre. 

Ex. 8. Three equal and similar particles repelling each other with forces 
varying as the distance are connected by equal inextensible strings and are at rest ; 
if one string be cut, the subsequent angular velocity of either of the other strings 

will vary as ^ angle between them. [Christ’s Coll.] 


Ex. 9. An elastic string of mass m and modulus E rests unstretohed in the 
form of a circle of radius a. It is now acted on by a repulsive force situated in 
its centre whose magnitude is p, (distance)"^. Prove that the radius of the circle 
when it next comes to rest is a root of the quadratic 7^ - ar=mplETr. [Coll. Exam.] 


Ex. 10. A circular hoop of radius &, without mass, has a heavy particle 
rigidly attached to it at a point distant c from its centre, and its inner surface is 
constrained to roll on the outer surface of a fixed circle of radius a (h being greater 
than a), under the action of a repelling force from the centre of the fixed circle 
equal to p times the distance. Prove that the period of small oscillations of the 


hoop will be 27r 


b + c 



a 
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Prove that when c=&, all oscillations large or small have the same period; 
and prove further that in the general case the hoop may be started so that it will 
continue to roll with uniform angular velocity equal to - u)}^. 

[Math- Tripos, 1886.] 

The following is a simple (but not necessarily the shortest) method of writing 
down the equation of vis viva in problems of this kind. Having selected some 
independent variable to fix the position of the system, say, the inclination $ of the 
straight line joining the centres C, O of the two circles to the vertical, we find the 
coordinates a?, y of the particle in terms of d by projecting 0(7, CP on the vertical 
and horizontal. The vis viva, being the sum of m {dxjdt)^ and m {dy/diY^ follows 
immediately. Equating the half of this sum to the force function . <70®+ 0 
we have an equation giving ddjdt in terms of $. 

It is then easily seen that, if the constant C be properly chosen, the value of 
d$jdt reduces to the constant given in the question. To find the small oscillations, 
we differentiate the equation of vis viva and reject the squares of 6. 

When c=a, the path of the particle is an epicycloid and the oscillations large 
or small are, by Art. 211, tautochronous. 


256. notating* field of force. When a particle moves in 
a jS.eld of force which rotates round the origin 0 with a uniform 
angular velocity n, an integral of the equations of motion can be 
found which reduces to that of vis viva when n = 0. 


Let 0|^, Or) be two rectangular axes which rotate with the 
field of force, and let X, Y be the component accelerating forces. 
We then have by Art. 227 


dt- 






( 1 ). 


Multiplying these by d^fdt and drjjdt and adding, we find 


d^ dr) d^Tj 




dt ^ dt 


dt 




. dr) 

dt 


••• l (S)’} - 1 -/<«f +r-*>) (2). 

We introduce the condition that the field of force rotates by 
making X, Y such functions of r] only that X ^dUjd^ and 
Y^dUfdrj, Then ?7 is a function of r) only and not of t. The 
equation then becomes 

\ — = J74- (7. (3), 

where v is the velocity of the particle relatively to the moving 
axes and r is the radius vector. 
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We may notice that if U be expressed in terms of the co- 
ordinates X, y referred to fixed axes, the expression will contain t 
also, except when the force is central and tends to 0. 

The equation, when written in the form (2), is a slight ex- 
tension of that given by Jacobi in the Comptes JRendus, Tome ill. 
p. 59, 1836. 

If V be the space velocity of the particle, A the angmar 
momentum about 0 referred to a unit of mass, then 


— 2nA = (4*). 

The equation of Jacobi then becomes 

= (5). 


To prove the relation (4), let p be the perpendicular from 0 on 
the tangent to the relative path. Since V is the resultant of v 
and (the latter being perpendicular to r), we have 
F® = + nV® ’j’ 2v . npy J. = vp + 

the second equation being obtained by taking moments about 0. 
The equation (4) follows at once. 

An example of a rotating field of force is met ^vith in 
astronomy. If the components of a binary star describe circles 
abo'ut their common centre of gravity, the force is always the 
same at the same point of the rotating plane. Jacobies integral 
will therefore apply to the motion of a satellite moving in that 
plane, provided it is of such insignificant mass that the motions of 
the primaries are undisturbed by its attraction. 


ase. When the particle moves in space of two dimensions and the field of 
force rotates about a perpendicular axis with a variable angular velocity 0' we may 
obtain an extension of the equations. 

We know that ^dV-Jdt is equal to the sum of the virtual moments of the 
forces divided by dt, (Art. 246), hence 


^dV^ldt=Xu^Yv 

But dAfdt^z^Y - niX by taking moments about the origin, hence 
2 dt ^ * dt'~~ dt 


(6), 


where Z7 is a function of the moving coordinates iy, z. When <f/ is constant, this 
can be integrated and we obtain the equation (5). 

When a system of particles moving in a given rotating field of force is under 
consideration, we have for -each an equation similar to (6). Multiplying these by 
the masses of the particles and adding the products, we have an extended equation 
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of vis viva. If 2T be the vis viva, A the angular momentum of the system, U the 
force function, this equation is 

T-~4>'A = U+G (7), 


where «p' is the angular velocity of the field supposed to be constant. In this form 
we may omit from U all the actions and reactions which disappear in the principle 
of virtual work. 

25^. CorioMa' theorem on relative vis viva. 'A system of particles is 
referred to moving axes 0|, Or}. Supposing the system at any instant to become 
fixed to the moving axes, let us calculate what would then be the effective forces on 
the system. If we apply these as additional impressed forces on the system, but 
reversed in direction, we may use the equation of vis viva to determine the relative 
motion as if the axes were fixed in space. 

Let m 2 , &c. he the masses of the particles; (Z;^, Yj), (Xg, Yg), <&c. the 
components of the inapressed forces. Let also p, q be the resolved velocities of the 
origin, then, including these as explained in Art. 227. the equations of motion of 
any representative particle m are 


}- 


{ 


[dt^ 




( 1 ). 


where <a=d<l>ldt. 

The left-hand sides of these equations measure the components of the effective 
forces on the particle m, Art. 227. The corresponding components on an imaginary 
particle of the same mass m attached to the moving axes and momentarily coin- 
ciding with the real particle are found by treating r} as constants. These are 

d(o . dp 




dt dt 


1 - 


„ . d(a dq 



( 2 ). 


These we represent by Zg, Yq for the sake of brevity. 

Transposing these terms to the other sides of the equations of motion, we have 




(»). 




These equations may also be used to supply another proof of the theorem in 
Art. 197. 


Multiplying these respectively by d^jdt, drijdt and adding, we have, as in Art. 255, 
, dri 


\dt dt^ dt dt^ 


i!=(x 


^o’dt 


ir- 




Summing this representative equation for all the particles and integrating 




dtj 




=2/{(z-x<,) df +(r- r„) d,} . 


.(4). 


If the axes rotate round a fixed origin with a uniform angular velocity, « is 
constant and p, q are zero. The equation of Coriolis then takes the simpler form 
I U+ ^ -f C (6) , 
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where r is the distance of the particle m from the origin and v is its velocity rela- 
tively to the axes. For a single particle this is the same as Jacobi’s integral. 

If the angular velocity 03 is not uniform and jp, q not zero, the system of 
additional forces (Xq, Fq) is not conservative and the integration in (4) cannot be 
effected except in special cases. The equation is however still important, for the 
first step in the integration of the equations (1) must be to eliminate the unknown 
reactions, if any such exist. Now the equation (4) is free from all the reactions 
which would disappear in the principle of vertical work, and that equation therefore 
supplies us at once with one result at least of the elimination. 

For the purposes of this proposition the forces measured by are called 

the forces of moving space. When the origin of coordinates is fixed, these take the 
simple form 

( 6 ). 

This theorenfcis due to Coriolis ; see the Journal PolytecJiniquef 1831. 

258. Zialsant^s theorem. Ex. A particle moves under the action of a force 
whose Cartesian components are ^ velocity. 

Prove that the equation of vis viva is 772 ”**= (2 -n) U-hC. 

See the Bulletin de la Societe Mathematiquet 1893, vol. xxi. 


Moments and Resolutions. 


259. The equation of Moments. If P, Q are the com- 
ponents of the force on a single particle resolved along and 
transverse to the radius vector, it is clear that Qr is equal to 
the moment of the forces about the origin. Eepresenting this 
moment by ilf, the transverse polar equation of motion becomes 


d 


m 


dt 



.^ 1 ). 


260. When a system of mutually attracting particles moves 
under the action of external forces we have by adding together 
the transverse polar equations of each particle 




( 2 ). 


If R be the attraction of on the reaction of on mi is 
— P, and the sum of the moments of these two must disappear 
from the right-hand side. If then the external forces are such 
that their resultant passes through the origin, we have SM=0, 
and therefore by integration 

^ .dO jj. 

= 

dt 


( 3 ), 
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'' where H is & constant. This equation expresses the proposition 
that when a system of mutually attracting particles moves under 
the action of eccternal forces such that the sum of the moments 
about a fixed point is zero, the sum of the angular mo'inenta of all 
the particles about that point is constant For example, if any 
number of mutually attracting planets move under the influence 
of a fixed sun, the sum of their angular momenta is constant. 
See also Art. 93. 

Since xdy — ydx^r^d6 (Art. 7), the equation (3) of moments 
when written in Cartesian coordinates takes the form 

•; 

261. Rigid system. When a system of particles is rigid it 
is useful to have an expression for the resultant angular mo- 
mentum about the origin. Let (x, y) be the coordinates of the 
centre of gravity, <f> the angle a straight line fixed in the body 
makes with a straight line fixed in space, and M the mass. The 
angidar momentum of the whole mass is then 

where MJ{^ is the moment of inertia about the centre of gravity. 
See Art. 241. 

To prove this, let (a?, y) be the coordinates of the particle m, 
then = y=^y + 7]. Remembering that Smf5=0, 2mi7 = 0 
as in Art. 239, we find by substitution that 

Since dxjdt, dpjdt are the components of the velocity of the 
centre of gravity, the first term is the moment of the velocity 
of a particle of mass M placed at the centre of gravity and 
moving with it. The equation therefore asserts that the angular 
momentum about any point is equal to that of the whole mass 
collected at the centre of gravity together with the angular mo- 
mentum round the centre of gravity of the relative motion. 

To introduce the condition that the system is rigid we change 
to polar coordinates by writing ^dr) ^ rfd^^ p^d6. The second 

dO 

term then becomes Remembering that dOJdt is the 
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same for every particle and equal to d^jdt (Art. 240), this term 

becomes Mk^ ^ . 

at 

It follows that, when a rigid body is acted on by any forces 
whose moment about the origin is (?, the equation of moments is 


aea. Ex, l. A particle moves in a field of force defined by the force function 


Show how to find the coordinates r, $ in terms of the time. 

The force transverse to the radius vector is Q=:dUfrd$, The equation of 

moments therefore becomes ~ ^ ^ • Multiplying by i^ddjdt, the inte- 

gration can be effected and we find 

( 1 ). 

where A is an arbitrary constant. This integral is equivalent to a result given by 
both Jacobi and Bertrand. 


The equation of vis viva is 

■ «■ 

Eliminating ddfdt by the help of (1) we arrive at an equation giving dtjdr as a 
function of r. The determination of t in terms of r has thus been reduced to an 
integration. The relation between 6 and t may then be found from (I) by another 
integration. 


Ex, 2. 


U—m 


a*x 

W 


A particle is placed at rest at the point a;=0, r=uina field defined by 
Show by writing down the equations of vis viva and moments that the 


path is a circle. 


263. The equation of resolution. If a system of particles 
moves under the action of external forces, we have by resolving 
parallel to the axis of co, (Art. 236), 

2m^ = 2mX, 

where X is the t 3 rpical accelerating force on the particle m. In 
this equation we may omit the mutual attractions of the particles, 
for the action and reaction being equal and opposite, these dis- 
appear in the resolution. 

If any direction fixed in space exist such that the sum of the 
components of the impressed forces in that direction is zero, we 
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can take the axis of so parallel to that direction. We then have 

= 0, . 2m ^ = ud, 

where is a constant. This result is the same as that alread} 
arrived at, and more fully stated, in Art. 92. 

264. Summary of methods of iiitegratioii» When the 
system of particles moves in a given field of force the equation 
of vis viva in general supplies one integral of the equations of 
motion. If the system has only one degree of freedom, this 
integral is sufficient to determine the motion. 

When another integral is required, there is no general method 
of proceeding. We usually search if there is any direction fix:ed 
in space in which the sum of the resolved parts of the forces is 
zero, or any fixed point about which the sum of the moments is 
zero. In either of these cases an additional integral is supplied 
by the methods of Arts. 263 and 260. The first case usually 
occurs when the acting force is gravity, the second when the 
force is central. 

When these methods fail we have recourse to some artifice 
suited to the problem. Suppose that we have some reason for 
believing that a particle describes a certain path, we constrain 
the particle by a smooth curve. If the pressure can be made 
zero by the proper initial conditions, the constraint may be 
removed and the particle will describe the path freely, Art. 193. 

iaes. ZSxamples. Ex. 1. Two particles, of masses m, M, placed on a smooth 
table, are connected' by a string of length a-hb^ which passes through a fine ring 
fixed at a point 0 on the table. The particles are projected with velocities U and 
V perpendicularly to the portions of the string attached to them, and the initial 
lengths are respectively a and b. Eind the motion. 

Let (r, tf), (p, <f>) be the polar coordinates of m and M at the time t. By the 


principles of angular momentum and vis viva, we have 



“ ( 2 )- 

We have also the geometrical equation 

r+p=a+6 (3). 

Eliminating p, &, we find 

./'dry mU^a^ MV%^ ... 

(iW+m) (4). 
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In this differential equation, the variables can be separated and thus t can be 
expressed in terms of r by an integral. The integration cannot be generaEy 
effected. 


If the system oseiBate, the extreme positions are determined by putting dr/dt=0. 
We thus have 


mU^a^ 

r2 


MV^h^ 


(5). 


Since the left-hand side is positive when r=0 and r=a-t-& and vanishes when 
r=a there is a second positive root less than a + b. This second root may be 
proved to be greater or less than a according as is greater or less than 

MV^jb. These values of r detearmine the extreme positions of the system. We 
notice that if V be very small, the second root is very nearly equal to 5. 


If F=0 the particle M arrives at the origin, but the appearance when T=a+h 
of the singular form 0/0 in the eqnatioiji (5) is a warning that the motion changes 
its character in this case. In fact if the third term on the left-hand side of (4) is 
removed, the velocity of arrival at O is finite instead of being infinitely great. 

To find the tension T of the string, we use the radial equation of motion for 
one of the particles. This gives 


dt^ ^ \dt / ~' m' 

Differentiating (4) we find drjdt in terms of r and after some slight reductions 

r» ■'■(o + 6-r)V' 

The string therefore does not become slack. 


mx, 2. Two particles whose masses are in the ratio 1 : 2 lie on a smooth 
horizontal table, and are connected by a string that passes through a small ring in 
the table: the string is stretched and the particles are equidistant from the ring: 
the fighter particle is then projected at right angles to its portion of the string. 
Prove that the other particle will strike the ring with half the initial velocity of 
the first particle. [Coll. Ex. 1896.] 

JSx. 3. One A of two particles of equal mass, without weight, and connected 
by an inelastic string moves in a straight groove. The other B is projected parallel 
to the groove, the string being stretched. Prove that the greatest tension is four 
times the least. 

Reduce A to rest, then B is acted on by T and T cos d, the latter being parallel 
to the groove, where $ is the angle AB makes with the groove. The particle B now 
describes a circle, and the normal and tangential resolutions give the angular 
velocity and the tension. 

Ex. 4. Two particles w, Mr are connected by a string, of length a+b, which 
passes through a hole in a smooth table; M hangs vertically at a depth b below 
the hole, m is projected horizontally and perpendicularly to the string with velocity 
V from a point on the table distant a from the hole. Prove that if M just rise to 
the table, [2<ib 6®) = 2Mgb (a + bf. Prove also that if M oscillates, 

mr^+2Mga>B 

What is the motion if mV^=^Mga*i 
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JSx. 5, Two sTnall spheres of masses m and 2m are fixed at the ends of a 
weightless rigid rod AB which is free to turn about its middle point O ; the heavier 
sphere rests on a horizontal table, the rod making an angle 30° with it. If a sphere 
of mass m falling vertically with velocity u strike the lighter sphere directly, prove 
that the impulse which the heavier sphere ultimately gives to the table is 
■|mw(l + e), where e is the coefiS.cient of restitution between the two spheres, the 
table being perfectly inelastic. [Coll. Ex. 1893.] 

At the first impact we take moments for the two particles m, 2m about O to 
avoid the reaction at O. We therefore have Ra cos a, m (w' - w) = - JK where 

a =30°. At the moment of greatest compression the velocity of approach of the 
oejitres is zero, u'stj'cosa, and R=^^mu, Since the complete value of B is 
found by multiplying this by 1 + e, the velocity of either end of the rod after impact 
is ^ucoB a (1 + e). The balls m and 2m rotate with the rod round O through some 
angle, and 2m finally hits the table with a velocity Taking the same equation 
of moments as before R'a cos a=^mv'a, R'=^mu (1 + e). 

JBx. 6. One end of a string of length I is attached to a small ring of mass m 
which can slide freely on a smooth horizontal wire, and the other end supports a 
heavy particle of mass If this particle be held displaced in the vertical plane 
containing the groove, the string being straight and then let go, prove that the 
path of m' is part of an ellipse whose semi-axes are Z, Zm/(7»+w'), the major axis 
being vertical. [Coll. Ex. 1896.] 

Only the horizontal resolution and the geometrical equation are required. 

Bx, 7. A rectangular block of wood of mass 31 is free to slide between two 
smooth horizontal planes, and in it is inserted * a smooth tube in the shape of a 
quadrant of a circle of radius a, one of the bounding radii lying along the lower 
plane, and the other being vertical. A particle of mass m is shot into the tube 
horizontally with velocity F, rebounds from the lower plane, and leaves the tube 
again with a relative velocity F', prove that 

F'2 = - 2ga (1 > e^) (ih + 

where e is the coefficient of restitution for the lower plane. [Coll. Ex. 1895.] 

Bx. 8. If in the case of three equal particles the units are so chosen that the 
energy integral is ^ ^ Ji ^ where is the distance 

^ ^23 ^12 

between the particles whose velocities are Vj and and if r is a positive constant, 
the greatest possible value of the angular momentum of the system about its 
centre of inertia is ^jJ(2r). [Math. Tripos, 1893.] 

Bx. 9. Two equal particles are initially at rest in two smooth tubes at right 
angles to each other. Prove that whatever be their positions and whatever their 
law of attraction, they will reach the intersection of the tubes together, 

[Coll. Ex.] 

Bx. 10. Three mutually attracting particles, of masses ?Wi, mg* mg, are placed at 
rest within three fixed smooth tubes Ox, Oy, Oz at right angles to each other. The 
attraction between any two, say Wg, is where is the distance. If 

the triangle joining the particles always remains similar to its initial form, prove 
that the initial distances satisfy the equations 

mg -f- WI3 - nij W3 + mi — Wg ~ + mg - * 



ART. 267 .] 


EXAMPLES. 


163 

26®. Double aaswers. JSx. A cube, of mass Af, constrained to slide on 
a smootli horizontal table, has a fine tube ACB cut through it in the vertical plane 
through its centre of gravity, the extremities A, £ being on the same horizontal 
line and the tangents at A, R horizontal A particle, of mass m, is projected into 
the tube at A with velocity F, deduce analytically from the equations of linear 
momentum and vis viva that the velocity of emergence at B is also V. 

Let w, V be the velocities of the cube and particle at emergence. The principles 
referred to give 

Mu+mv~tfiV, Mu^-hmv^=mVK 

These give two solutions, viz. (1) m= 0, v=F, and (2) u=2mVJS, v — {m-M)VIS^ 
where S=m+M. To interpret these we notice that there are two sets of initial 
conditions which give the same linear momentum and vis viva. These are 
determined by the values of w, v just written down. We have therefore really 
solved two problems and have thus obtained two results. 

To distinguish the solutions, we investigate the intermediate motion. Let P he 
any point in the tube and let p be the tangent of the angle the tangent makes with 
the horizon. If u, v now represent the horizontal velocities at P, the same two 
principles give 

3Iu 4- 7UV — mV, Mifi -h m (v^ = m V 

where x'=iv-u is the relative velocity. These give 

Nowi; = F initially whenp=:0, hence the radical must have the positive sign and 
must keep that sign until it vanishes. On emergence therefore, when p is again 
zero, u = F. The negative sign of the radical evidently gives the initial conditions 
of the other problem, 

267. Bodies without mass. Ex, 1. A heavy bead is free to slide along a 
rod whose ends move without friction on a horizontal circle ; prove that when 
the mass of the rod is negligible compared with that of the bead, the bead wOl, 
when started, continue to slide along the rod with an acceleration varying inversely 
as the cube of its distance from the middle point. [Math. Tripos, 1887.] 

The reaction between the rod and the particle is zero because the rod has no 
mass. To prove this, let R be the reaction, M the mass of the rod, then, taking 
moments about the centre O of the circle, we have MK^dwjdt^Bp, where us is the 
angular velocity of the rod. Hence P=0 when lf=0. 

The particle P, being not acted on by any horizontal force, describes a straight 
line in space with uniform velocity h. If a; be the distance of P from the middle 
point C of the rod ; a, c, the perpendiculars from O on the path and on the rod, we 
have ips ^ _ OP^= a® + 

This gives d^xjdt^ = {a^ — c^) fxK 

Ex. 2. A rigid wire without mass is formed into an arc of an equiangular spiral 
and carries a heavy particle fixed in the pole. If the convexity of the wire be 
placed in contact with a perfectly rough horizontal plane prove that the point 
of contact wiE move with a uniform acceleration equal to g cot a, where a is the 
angle of the spiral. [Math. Tripos, I860.] 
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26S. Bqnatiom of patli. Let P, Q be the resolved accelerating forces 
acting on the particle respectively along and perpendicular to the radius vector. 
Let P he regarded as positive when acting towards the origin. The equations of 
motion are 



To find the path we eliminate t. The second equation, after multiplication by 
r^d&ldt and integration, as in Art. 262, becomes 


( 2 ). 

For the sake of brevity we represent the right-hand side by Putting also 
w=l/r, we find d$ldt=Hu^, We then have 
dr _ 1 du dd _ 

" dt^ de\ de) 


Substituting in the first equation of motion 

A. 

de 

( dhi 


Hu^-. 




)+4“' 


, du dH^ 

‘ de de 


=P. 


Replacing by its value given in (2), 


(^+“) 


This is Laplace^s differential equation of the path of the particle. The forces 
P, Q being given in terms of the coordinates of the moving particle, this 
equation, when solved, will determine w as a function of 6, and thus lead to the 
equation of the path. To find the motion along the path we use equation (2). 
Substituting in that equation the value of n in terms of 0 we find by integration the 
time t at which the particle occupies any given position. 


The polar differential equation of the path cannot be integrated except for 
special forms of the forces P, Q. If Q=0, the equation takes the form 


(Pu __ P 


(4). 


This can be integrated when P is a function of u alone, a case which is considered 
in the chapter on central forces. It can also be integrated when P=v^F{0)y the 
method of solution being that shown in Art. 122, 

When P=u^F{d) the equation is linear. If one solution of the differential 
equation is known, say u=4> (^), the general integral may he determined by substi- 
tuting u=zfp (0). After integration we find z=A + B (^)]~- de. 


200. When P=‘iPF{0)y Q=^u^f' (6), the differential equation of the path takes 
the linear form 

(g+«){ft=“+2/(9)}+/'(9)^-P(fl)«=0 (5). 

The various cases in which this equation can be integrated are enumerated 
in treatises on Differential Equations. 
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By multiplying the equation by the proper factor we can make the left-hand 
side a perfect differential. Conversely choosing any factor, we can find the relation 
between P and Q that this may be the proper integrating factor. If we wish 
the relatioTi between P, Q to he independent of the initial conditions, the terms 
containing as a factor must be made a perfect differential independentiy of the 

remaining terms. The coefficient of is and this is made a perf^t 

differential by either of the factors sin^ or cos^. The remaining terms must 
therefore also become a perfect differential by the same factor. The condition that 

L ,+ AT ~ 4- Nu is a perfect differential is N ~ 4 - ^^=^9 the integral is 

known to be P — 4 - f M - u. 

dd \ dd J 

Multiplying equation (5) by sin^, the product is a perfect differential if 

A A2 

{2/ id) - p (d) } sin d - ^ {sin Of' (d)} 4 - 2 — , { sin ef{d)} =0, 


which reduces at once to 


dd 


The integral, since/' (d)=Q/w®, becomes 




. du 

sm d ~ - cos du 
(Iff 




where <7 is a constant. This is a linear equation of the first order and can be 
integrated a second time when QJu^ is given as a function of d. The determination 
of the path can therefore he reduced to integration when the relation (6) is satisfied. 

In tie same way, if we multiply (5) by cosd, we find that the product is 

a perfect differential if ^ ^ ^ ^ “s 


and the integral is ^h^+2 j ~ dd^ ^cosd ~ 4- sin dw^ - ^ cos dw= C' ... ...(9), 

which is linear and can be integrated a second time. 

Another case in which the integration of (3) can be effected may be deduced 
from Art. 262. The equation (3) is 

Bihen 

|a“+ 2 =2 j/(a) udu+ 2 «!‘ j§,de+G (10). 

270. Ea, 1. If P=u^F{$) and <2=Ptand, prove that w=Asmd is a par- 
ticular solution of the linear equation (5). Thence obtain the general int^ral 
by putting u=zsm 0 , where is a function of 6 which is determined by solving 
a linear equation of the first order. 

Bx, 2. A particle moves under the forces 

(34-5 cos 2d), Q=fir^ sin 2d ; 
prove that an integral of its motion is 

h^ sin d - w cos d| 4-/* (sin d - sin 3d) ^ 4 - cos 3dw|. = C. 
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Obtain also a similar integral if 

P=/xw3 cos nd [n + sin nd, 

[CoH. Exam. 1892.] 

Ex, 3. If the Cartesian accelerating forces X, Y are unrestricted, prove that 
the differential equation of the path is 

(^+2j2r*;)3+x|-r=o, 

where is a constant depending on the initial conditions. 

Prove also that the determination of y as a function of a? can be reduced to 
integration when both X, Y are functions of x only. 

Ex, 4. If X and Yfij are functions of x only, the differential equation of the 
path is linear. Prove that it can be integrated when F=y and that the first 

integral is {A + 2 j Xdx) ^--Xy — C, 

Prove also that when ~ = ^ + , the differential equation can be integrated 

y dx X 

and that the first integral is 

(4 + 2 jXdx) a: ^ - (4 + 2 jXdx +xX)y=:C. 

Ex, 5. Prove that the Cartesian equations of motion can be completely 
integrated when the force function satisfies 

dx^ dy^ ~~ ^ dxdy ’ 

To prove this we notice that U=:<p(y+ ax) + f{y + a' x ) , 

where a, a' are the roots of a® -Ka=l, We then change the variables to ^=y-hax 
and 7j=y-i-a'x, The new coordinates tj are also rectangular. The equations 
of motion become dmdt^=z<p' d^jdt^^zf' { tj), which may be solved as in 
Art. 122. 

Ex. 6, If the direction of the acting force is always a tangent to the direction 
of motion, as in the case of a resisting medium, prove that the path is a straight 
Hne. Consider the resolution along the normal. 

Ex, 7. If the direction of the force is always perpendicular to the path, prove 
that the velocity is constant. 


Superposition of Motions, 

271. A particle is constrained to describe a fixed curve. When 
projected from a point A with a velocity'll under the action of 
any forces the velocity and pressure at any point P are and Pi. 
When projected with a velocity from the same point A under 
a second system of forces the velocity and pressure at P are 
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and jRa- When the particle is projected from A with a velocity 
tt such that = and moves under the action of both 

systems of forces, the velocity and pressure at P are v and i2. 
It is required to prove that 

P = Pi + P2. 

To prove this we write down the two equations for each of 
the three types of motion. Ilepresenting for the sake of brevity 
the normal components of accelerating force by iV^i, 
we have 

= 2 i{X^dx + Y,dy\ = W, + P,/m, 

= 2 ^{X^dx + Ydy\ vi\p - -r BJm, 

^ -2^^ =2J{(X,-hX,)dx + (Y,^ Y,)dyl v^jp =P; + iV; + P/m, 

the limits of integration being always from the point A to P. 

The results follow at once by subtracting from the third 
equation the sum of the other two. 

272. The following corollary will be found useful. 

A particle can describe a curve freely under the action of 
certain forces, the velocity at some point A being Ui, If the 
particle is now constrained to describe the same curve the velocity 
at A being changed to Wa, then the pressure at any point P is 
Cjp, where p is the radius of curvature at P, and 0 is the 
constant m {u^ ~ uf). 

To prove this we notice that when the velocity at jd is and 
the forces act on the particle, the pressure is i^ = 0. If the 
velocity at A were u' and no forces acted on the particle, the 
pressure at P would be mu'^jp. Superimposing these two states 
and putting u'^ = the theorem follows at once. 

378 . We may also deduce the following theorem due to Ossian Bonnet. If a 
particle can freely describe the same curve under two different systems of forces, 
the velocities at some point A being respectively % and Wg, then the particle can 
describe the same path under both systems of forces provided the velocity at A is Ut 
where ^ 2 *. Since any point may be taken as the point of projection this 

relation between the velocities holds at all points of the curve. Liouville's 
JonmaZi Tome ix. page 113. 

37 -*. The following example of Ossian Bonnet’s theorem* is important. It 
will be shown in the chapter on central forces that a particle P will describe an 
ellipse heely about a centre of force in one focus whose law of attraction is 
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provided the velocity of projection at any point A is given by 





The same ellipse can also be described about a centre of force in the other focus 
H 2 whose law of attraction is provided the velocity ha^ the corresponding 

value. It immediately follows that t?ie particle can describe the ellipse freely about 
both centres of force acting simultaneously, provided (1) the velocity v at any point 
A is given by 




and (2) the direction of projection at A bisects externally the angle between the 
focal distances. 


According to this mode of proof both the centres of force should be attractive, 
for it is evident that an ellipse could not be freely described about a single centre 
of repulsive force situated in either focus. But the law of continuity shows that 
this limitation is unnecessary. Supposing and have arbitrary positive 

values, it has been proved that the equations of motion of a particle moving freely 
under both centres of force become satisfied when this value of is substituted in 
them. The equations contain only the first powers of 

can be satisfied only by the vanishing of the coefficients of these quantities. They 
will therefore still be satisfied if we change the signs of either 

In the same way we may introduce other changes into the theorem, provided 
always we can obtain a dynamical interpretation of the result. 


275. Ex. 1. Prove that a particle can describe an ellipse freely under the 
action of three centres of force ; one in each focus attracting as the inverse square 
and the third in the centre attracting as the direct distance. Find also the velocity 
of projection. 

Ex. 2. Particles of masses nii, m^, <fcc. projected from the same point in the 
same direction with velocities u^, u^, &c. under the action of given forces F-^, F^, 
&c. describe the same curve. Show that a particle of mass M projected in the 
same direction with a velocity V under the simultaneous action of all the forces 
Fi, jl? 2 , &c. will also describe the same curve, provided 
MV^ = + ^2^2® + 

Ossian Bonnet, Note iv. to Lagrange’s Micanique. 

Ex. 3. A head is projected along a smooth elliptical wire under the action of 
two centres of force, one in each focus, and attracting inversely as the square of 
the distance. If TP, TQ be any two tangents to the ellipse, prove that the pressure 
when the bead is at P : pressure when the bead is at Q : : TQ^ : TP\ 


Initial Tensions and radii of Curvature. 

276 . F articles, of given masses, are connected together hy in-- 
elastic rods or strings of given lengths and are projected in a7iy 
given manner .consistent with these constraints. It is required to 
find the initial values of the tensions and the radii of curvatures of 
the paths. 
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The peculiarity of the problems on initial motion is that the 
velocities and directions of motion of all the particles are known. 
It will thus not be necessary to integrate the differential equations 
of motion, for the results of these integrations are given. 

Supposing that there are n particles, we shall require besides 
the 2n equations of motion a geometrical equation corresponding 
to each reaction. 

To show how the geometrical equations may be formed, let 
us suppose that two particles mi, are connected by a rod or 
straight string of length 1. The component velocities of the 
two particles in the direction of the string being necessarily equal, 
their relative velocity is the difference of their component velocities 
perpendicular to the rod ; let these he Fj, Fa. If ^ he the angle 
the rod makes with some fixed straight line, the geometrical 

equation is Z ^ = Fg — Fi. 

The simplest method of obtaining the relative equations of 
motion is perhaps to reduce mx to rest. To effect this we apply to 
both particles (1) an acceleration equal and opposite to that of TYh , 
and (2) an initial velocity equal and opposite to that of Wj. The 
path of being now a circle whose centre is at rux and whose 
radius is Z, the relative accelerations are those for a circular 
motion. (Art. 39.) 

Let Xi, Xg be the components along the rod of junction of all 
the, forces and tensions which act on mi, mg respectively. We 
then have (Art. 35) 

^^/cZ<^Y^ — ^1). 

\dt) ~ Z mg mi 

In this way we may form as many equations as there are re- 
actions, By solving these the initial values of the reactions become 
known. 

If the angular accelerations of the rods are also required, let 
Fi, Y 2 be the component forces perpendicular to the rod which 
act on mi, mg. Then 

7 Fi ^ 2 \ 

dt^ mi 

277 . To find the curvatures of the paths, we refer to the equa- 
tions of motion in space. The velocity and direction of motion of 
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each particle being known, we may conveniently use the tan- 
gential and normal resolutions. We thus have 2n equations of 
the form 

= = r (3). 

p Cut 

where T are linear functions of the forces and tensions which 
act on the particle m. 

These reactions having been found by considering the relative 
motion, we substitute in (3). The first of these determines the 
radius of curvature p of the path of m, and the second the tan- 
gential acceleration, if that be required. 

When any one of the particles is constrained to desc'i'ibe a given 
curve, the initial pressure of that curve is one of the unknown 
reactions. This pressure will be determined by the normal resolu- 
tion of (3) since the radius of curvature of the path is the same 
as that of the constraining curve. 

278. If some or all the particles start from rest, the equations 
of relative motion are simplified, for we then have ^' = 0 where the 
accent denotes djdf. Since however the direction of motion of a 
free particle at rest is not given, the tangential and normal resolu- 
tions are then inappropriate. We can however use the Cartesian 
or polar resolutions in space. Since 0' = 0, the polar resolutions 
reduce to r" and 7'0" which are very simple forms. We must 
however bear in mind that if we require to differentiate the 
equations of motion this simplification must not be introduced 
until all the differentiations have been effected. Art. 281. We 
may also use Lagrange’s equations, when the curvatures and not 
the tensions are required. These modifications of the general 
method are more especially useful in Rigid Dynamics and are 
discussed in the first volume of the author’s treatise on that 
subject. 

279. Bxamples. Ex. 1. Particles are attached to a string at unequal 
distances, and placed in the form of an unclosed polygon on a smooth table. The 
particles are then set in motion without impacts and are acted on by any forces. It 
is required to find the initial tensions and curvatures. 

Let ABCD &o. any consecutive particles, and let the tensions of AB, BC, &q. 
be Tj, Tg, &c. Let the given forces be F^, <fec. and let them act in directions 
making angles a, &Q. with AB, BG, &c. Let l 2 d<l>^ldt, &c. stand for 

the known difference of the velocities of the consecutive particles resolved perpen- 
dicular to the rod or string Joining them. 
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Tile particle B being reduced to rest, C is acted on by along CD, T^lm^ 

along CB, TJttiq along CB, TJni^ parallel to AB. Besides these there are the 



impressed accelerating forces FJm.^ and Since C describes a circle 

relatively to B, we have for the particle G 


— cos C + r« ^ + ^cosB+^^cos (C4-7)-l-— cos/3, 

‘\dt J OTg - \Wl3 W3/ TWg " Wj 

d^4> 


2 ^ ^ — 
dt^ - 


^ sin C~ ^ sinB + — sin (C+y)+~ sin 

7?2g Wig Wig 


where B, C, &c. are the internal angles of the polygon. The second resolution 
may be omitted if the angular accelerations of the several portions of string are 
not required. 

An equation, corresponding to the first of these, can be written down for each 
of the n particles, beginning at either end, except the last. We thus form (n - 1 ) 
equations to find the {n - 1) tensions. 

To find the initial radius of curvature of the path in space of any particle C 
we resolve along the normal to the path. Let the directions of motion of the 
particles be AA\ BB', &c. and let w^, Wg, <fec. be the velocities of the particles. Then 


t. sin DCC + Ta sin BCC - sin (DCC' - -y). 

Ps 


If the particle wig is initially at rest, ^3=0 and the last equation fails to deter- 
mine /jg. The initial tensions may still be deduced from the first equation. The 
initial direction of motion of the particle coincides with the direction of the 
resultant force and is therefore known when the initial tensions have been found. 
The tangential acceleration is also known for the same reason. The determination 
of the radius of curvature requires further consideration. 


Fx. 2 . Heavy particles, whose masses beginning at the lowest are wi^^, wig, <fec., 
are placed with their connecting strings on a smooth curve in a vertical plane. 
Bind the initial tensions. 

In this problem the arc between any two particles remains constant, so that 
the tangential accelerations of all the strings are equal. Let this common accelera- 
tion be /. Taking all the particles as one system, the tensions do not appear in the 
resulting equation, we have therefore 

(wti -I- wig +<feo.)/= - wiiP sin - wigp sill ^2 ~ <fec., 

where ^1, angles the tangents at the particles make with the 

horizon. 

Considering the lowest particle, we have 

wii/= - m^g sin + T, . 
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Considering the two lowest, 

(nil + mQ)/= ■- miff sin - ni^g sin 
and so on. Thus all the tensions Tj, Tg, &c. have been found. 

If any tension is negative, that string immediately becomes slack. We also 
notice that the initial tensions are independent of the velocities of the particles. 

To find the initial reactions, we use the normal resolutions. If i> be the initial 

velocity of the particle we thus find = ~ mg cos jB. 

P 

Ex. 3. Three equal particles are connected by a string of length a 4- b so that 
one of them is at distances a, b from the other two. This one is held fixed and 
the others are describing circles about it with the same angular velocity so that the 
string is straight. Prove that if the particle that was held fixed is set free the 
tensions in the two parts of the string are altered in the ratios 2a + 6 : 3a and 
2b + a: 3&. [CoU. Ex. 1897.] 

Ex. 4. Three equal particles tied together by three equal threads are rotating 
about their centre of gravity. Prove that if one of the threads break, the curva- 
tures of the paths instantaneously become 3/5, 6/5, 3/5ths respectively, of their 
former common value. [Coll. Ex. 1892.] 

Ex. 5. Two particles are fastened at two adjacent points of a closed loop of 
string without weight which hangs in equilibrium over two smooth horizontal 
parallel rails. Prove that when the short piece of string between the particles is 
cut the product of the tensions before and after the cutting is equal to the product 
of the weights of the particles. [Coll. Ex. 1896.] 

Ex. 6. Two particles of equal weight are connected by a string of length I 
which becomes straight just when it is vertical. Immediately before this instant 
the upper particle is moving horizontally with velocity and the lower is 
moving vertically downwards with the same velocity. Prove that the radius of 
curvature of the curve which the upper particle begins to describe is 

[Coll. Ex. 1897.] 

Just after the impulse the upper particle begins to move in a direction inclined 
tan~^ 1/2 to the horizon. 

Ex. 7. Two equal particles A, By are connected by a string of length Z, the 
middle point G of which is held at rest on a smooth horizontal table. The particles 
describe the same circle on the table with the same velocity m the same direction, 
and the angle ACB is right. The point 0 being released, prove 4hat the radii of 
curvature of their paths just after the string becomes tight are 5 ^5^/4 and infinity. 

Ex. 8. Four small smooth rings of equal mass are attached at equal intervals 
to a string, and rest on a smooth circular wire whose plane is vertical and whose 
radius is equal to one-third of the length of the string, so that the string joining 
the two uppermost is horizontal, and the line joining the other two is the horizontal 
diameter. If the string is cut between one of the extreme particles and the nearer 
of the middle ones, prove that the tension in the horizontal part of the string is 
immediately diminished in the ratio 9 : 5. [Coll. Ex. 1895.] 

Ex. 9. Six equal rings are attached at equal intervals to points of a uniform 
weightless string, and the extreme rings are free to slide on a smooth horizontal 
rod. If the extreme rings are initially held so that the parts of the string 
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attached to them make angles a with the vertical, and then let go, the tension in 
the horizontal part of the string will be instantaneously diminished in the ratio of 
cos^a to l-fsin^a. [Coll. Es, 1889.] 

Ex. 10. Three particles jB, <7 are in a straight line attached to points on a 
string and are moving in a plane with equal velocities at right angles to this line, 
their masses being m, m*, m respectively. If B come in contact with a perfectly 
elastic fixed obstacle, prove that the initial radius of curvature of the paths which 
A and C begin to describe is where AB=BG—a. [Coil. Ex. 1892.] 

The particle B rebounds with velocity v. By considering the relative motion of 
A and B we have 4v^la=Tlm. By considering the space motion of A, v^lp=iTfm. 

Ex. 11. A tight string without mass passes through two smooth rings A, B, 
on a horizontal table. Particles of masses p, q respectively are attached to the 
ends and a particle of mass to to a point O between A and B. If m be projected 
horizontally perpendicularly to the string, the initial radius of curvature p of its 
path is given by (to +p + q)(p~pla - qjb, where OA = a, 0B = b. [Coll. Ex. 1893.] 

Ex, 12. A circular wire of mass M is held at rest in a vertical plane, on a 
smooth horizontal table, a smooth ring of mass m being supported on it by a string 
which passes round the wire to its highest point and from there horizontally to a 
fixed point to which it is attached. If the wire he set free, show that the pressure 

of the ring on it is immediately diminished by amount ^ , where $ is 

ilf+4TOsm2|^ 

the angular distance of the ring from the highest point of the wire. 

[OoU, Ex. 1897.] 

Ex. 13. Two particles P, P' of masses to, to' respectively are attached to the 
ends of a string passing over a pulley A and are held respectively on two inclined 
planes each of angle a placed back to back with their highest edge vertically 
under the pulley. If each string makes an angle jS with the plane, prove that the 
heavier particle will at once pull the other' off the plane if 

m^jm < 2 tan a tan - 1. [Coll. Ex. 1896.] 

Ex. 14. Two particles of masses to, M are attached at the points B, (7 of a 
string ABC, the end A being fixed. The two portions AB, BC rest on a smooth 
horizontal table, the angle at B being a. The particle M has a velocity communi- 
cated to it in a direction pei-pendicular to BG. Prove that if the strings remain 
tight, the initial radius of curvature of the locus of M is a (1-f 'Msiu^a), where 
n=Mlm and BC=a. [Coll. Ex. 1895-] 

280. To find the initial radius of curvature when the particle 
starU from rest. In this problem it may he necessary to use 
differential coefficients of a higher order than the second. Let 
X, y be the Cartesian coordinates of a particle, then representing 
differential coefficients with regard to the time by accents 

P - a;y"-y'x" ’ 

which takes a singular form when the component velocities x\ y* 
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are zero. Putting ti = x'y'' — t/V', we have after differentiation 

— y'sc”, 

d- 2 {^'V" ~ 

For the sake of "brevity let the initial value of any quantity be 
denoted by the suffix zero, thus x” represents the initial value 
of'^". Using Taylor’s theorem and remembering that ^i?o'==0, 
y^^ 0, we have 

Similarly = («o"" + yo"“)* ^ + &c. 

If the particle start from rest the initial radius of curvature 
is therefore zero. But if the circumstances of the problem are 
such that x^'yi” — Xo'y^' = 0, the radius of curvature is given by 

^%{<^±yl± 
p x:'yr-<y:’ 

This is the general formula when the axes of x^ y have any 
positions. 

If the axis of y be taken in the direction of the resultant 
force — 0, and if we then also have x^'' = 0, the expression for 
the radius of curvature takes the simple form 



If Yo be the initial resultant force on the particle, X the trans- 
verse force, the formula when Xq = 0, Xq = 0 may be written 

^ p-’ o . 

The corresponding formula for p in polar coordinates may be 
obtained in the same way. We have when r = 0 

initially, 

P 

where the letters are supposed to have their initial values. If the 
initial value of r" = 0, this takes the simpler form 
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281. Let n particles P^, P^, &c. at rest, be acted on by given 
forces and be connected by k geometrical relations. To find the 
initial radius of curvature of the path of any one particle P we 
proceed in the following manner, though in special cases a simpler 
process may he used. We differentiate the dynamical equations 
twice and reduce each to its initial form by writing for all the 
coordinates (aji, yi), (a;^, y^), &c. their initial values, and for 
yi), &c. zero. We differentiate the geometrical equations 
four times and reduce each to its initial form. We then have 
sufficient equations to find the initial values of x". aP', &c., 
R, R , It , &c. where R is any reaction. Lastly solving these for 
the coordinates of the particular particle under consideration we 
substitute in the standard formula for p. 

This process may sometimes be shortened by eliminating the 
tensions (if these are not required) before differentiation. We 
thus avoid introducing their differential coefficients into the 
work. 

3821. Sliorter IMtAtlioda. We can Bometimes simplify the geometrical rela- 
tions by introducing subsidiary quantities, say 6, &c. In this way we can 

express all the coordinates y^), &c. in terms of tf>, Sso, by equations of the 
form 

<fec.), 4>, &c.) (1), 

where B, 0, &c. are independent variables. Substituting in the dynamical equations 
and eliminating the reactions, we have 2n-<c equations of the second order to 
determine 0, <fcc. in terms of t. These eliminations may he avoided and the 
results shortly written down by using Lagrange^s eqtuitions. Lagrange’s method is 
described in chap, vii. 

These equations, however obtained, contain B, B', B"\ 0, 0', 0'', &c. and by 
differentiation we can find as many higher differential equations as are required. 

Since 6\ 0’, &c. are zero, we find by differentiation 

=3 + 2/^^' V' + .. .) 

where sufiixes as usual indicate partial differential coefficients, thus f^^dfldB. 
There are similar expressions for the differential coeffiqients of Substituting in 
the standard form for />, we obtain the required radius of curvature. 

388. We notice that if the partial differential coefficients /^, «fec. ^re zero 
the initial value of x^^ does not depend on any higher differential coefficients of 
d, 0, <fec., than the second, and these are given at once by the equations of motion. 
Since when the axis of y is taken parallel to the resultant force on 

the particle, the radius of curvoiture can then be found without diferentiating the 
equations of motion. 
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Since 


dx 






the geometrical meaning of the equations /^=0, /^~0» clearly is that dxjdt=zQ 
for every geometrically possible displacement of the system. The point, whose 
initial radius of curvature is required, must begin to move parallel to the axis of y 
however the system is displaced. 


284;. HacaxixFles. Ex, 1. A particle is placed at rest at the origin and is 
acted on by forces A, Y parallel to the axes. If X, Y are expanded in powers of t 
and the lowest powers are X-ft, r=: 5 ^,.show that the path near the origin is 
y^=zmx^ and that the radius of curvature is zero. If Y—g^ the path is a 

parabola whose radius of curvature is We notice that in the first of these 

cases Z' is finite, in the second zero. 

Ex. 2. A particle is at rest on a plane, and forces X, Y in the plane begin to 
act on it. If these forces are functions of the coordinates x, y only, prove that the 
initial radius of curvature of the path is 


[Coll. Ex. 1895.] 

This result follows from Art. 280. » 


Ex, 3- Two heavy particles are attached to two points <7 of a string, one 
end A being fixed. Prove that if the string ABC is initially horizontal, the initial 
radii of curvature of the paths of B and C are equal. 

Prove also that if there are n particles on the horizontal string, all the initial 
radii of curvature are equal. If AB, BC were two equal heavy rods, hinged at 
B, and having A fixed, prove that the initial radii of curvature at B and G are 
unequal. 

In this problem we see beforehand that it will be unnecessary to differentiate 
the equations of motion. Take the angles $, tp, which the strings make with the 
initial position ABC as the independent variables, Art. 283. 

Ex. 4. Two heavy particles P, Q, are connected by a string which passes 
through a smooth fixed ring 0, the portions OP, OQ of the string making angles 
0, with the vertical. If the masses m, Jlf of P, Q, satisfy the condition 
mcos d=Arcos the initial radius of curvature of the path of P is given by 

M+m siu^ 0 ^ sin^ 0 sin^ <f> 

M p ~ r ^ l-r ’ 
where r= OP and I is the length of the string. 

Take the polar equations of motion, eliminate the tension and differentiate 
twice. We thus find the initial values of 0^\ r"^ since r"=0 the polar formula 
for p is much simplified. 


Ex. 5. A uniform rod, moveable about one end O which is fixed, is held in a 
horizontal position by being passed through a small ring of equal weight; show 
that if the ring is initially at the middle point of the rod, when it is released 
the initial radius of curvature of its path is 9 times the length of the rod. 

[CoU. Ex. 1887.] 

Taking O as origin, the polar equation of motion of the particle shows that the 
initial values of r"' are zero, while that of T^''=gd'' +2r0^'K Taking moments 
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about O, Art, 261, we Lave + $^==(Ma+mr) geos 6. This the 

initial value of 0"=z%gjla. The length of the radius of curvature follows bj the 
differential calculus, Art. 280. 

Ex, 6. Three particles whose masses are m^, m^,7n^ are placed at res? at the 
comers of a triangle ABC, and mutually attract each other with forces which mrj 
according to some power of the distance. If m^m^bF^ are the 

forces, prove that the initial radius of cinwature p of the path of C is given by 

3R2 

— = _ m^a sm 0 {- + jn^F^ (F^ - Fj) - PF/} 

+%& sin d {- {F^ - F ^ - <3F/}, 

where 6, 4* the angles CA, CB make with the resultant force on <7, 

FjSzdFjJda, F^'=zdF^dh, 

P= (mj+mg) aPi+TOj (F^c cos B + F^b cos C), i 
Q={mi+m^ hF^+ni^ {F^ cos A +Pia cos C), 
and B is the resultant force on C. 

Deduce that the initial radii of curvature of the three paths are infinite when 
the triangle is equilateral. 


Small oscillations with one degree of freedom. 

286. The theory of small oscillations has already been dis- 
cussed in the chapter on Rectilinear Motion so far as systems 
with one degree of freedom are concerned. In this section a 
series of examples will be found showing the method of proceeding 
in cases somewhat more extended. 

The particle, or system of particles, is supposed to be either 
in equilibrium or in some given state of motion, A slight 
disturbance being given, we express the displacements of the 
several particles at any subsequent time t from their positions 
in the state of equilibrium or. motion by quantities x, y, &c 
These are supposed to be so small that their squares can be 
neglected. If required, corrections are afterwards introduced 
for the errors thus caused. 

We form the equations of motion either by resolving and 
taking moments or by Lagrange’s method. By neglecting the 
squares of the displacements these equations are made linear in 
X, y, z, &c. They are also linear in regard to the reactions be- 
tween the several particles. Eliminating the latter we obtain 
linear equations which can in general be completely solved. The 
solution when obtained will enable us to determine whether the 
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system oscillates about its undisturbed state or departs widely 
from it on the slightest disturbance. 

The principle of vis viva supplies an equation which has the 
advantage of being free from the unknown reactions, but it has 
the disadvantage that its terms contain the squares of the velo- 
cities, that is, the terms may be of the order we neglect. Being 
an accurate equation, it may sometimes be restored to the first 
order by differentiating it with regard to t and dividing by some 
small quantity. Generally the solution is more easily arrived at 
by using the equations of motion which contain the second 
differential coefficients with regard to t. 


286 . Examples. Ex. 1. Two particles whose masses are m, m' are con- 
nected by a string which passes through a small hole in a smooth horizontal table. 
The particle m' hangs vertically, while m is projected on the table perpendicularly 
to the string with such a velocity thai m/ is stationary. If a small disturbance is 
given to the system so that m' makes vertical oscillations, prove that the period is 

^TT . / g lg mean radius vector of the path of m. 

V 


Let r, d be the polar coordinates of w, z the depth of m', I the length of the 
string and T the tension. The equations of motion after the disturbance are 





r-^z = l. 


The second equation gives i^ddjdt = A, where A is a constant whose magnitude 
lepends on the disturbance. Eliminating T, z and ddidt we find 




Liet r=c + | where c is a constant which is as yet arbitrary except that the variable 
^ is so small that its square can be neglected. 




Let us now choose c to be such that the right-hand side of the equation is zero ; 
then mh^=szm'c^g. Substituting for h we find 

1=^ sin(7it + a), — , 

m + m' c 

Since | is wholly periodic and has no constant term, its mean yalue is zero, 
when taken either for any long time or for the period of oscillation. It follows 
that r=c is the mean radius vector of the path of m after the disturbance. This 
is not necessarily the same as the radius of the circle described before disturbance ; 
whether it is so or not depends on the nature of the disturbance given to the 
system. 

Let the particle m before disturbance be describing a circle of- radius a with 
velocity F, then each being the tension of the string; and the angular 
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momentum of m is mVa, If the disturbance be given by a vertical blow B ap- 
plied to the particle m\ this reacts on w by an impulsive tension, and, the moment 
of this about O being zero, the angular momentum of m is unaltered. In this 
case we have Ji = Va and we find c=ai. If the disturbance be given by a transverse 
blow B applied at w, the velocity of m is changed to V' where F'— V^Bfm. In 
this case h= V'a and c is not equal to a. 

Ex. 2. A particle of mass m is attached to two points A, B by two elastic 
strings each having the same modulus E and natural length 1. If the particle be 
displaced parallel to this line, prove that the time of oscillation is 27 r^/{mll 2 E), 

[CoU. Ex. 1895.] 

Ex. 3. A heavy particle hangs in equilibrium suspended by an elastic string 
whose modulus is three times the weight of the particle. The particle is slightly 
displaced in a direction making an angle cot“i4 with the horizontal and is then 
released. Prove that the particle will oscillate in an arc of a small parabola 
terminated by the ends of the latus rectum. [Math. Tripos, 1897.] 

Ex, 4. A straight rod AB without weight is in a vertical position, with its 
lower end A hinged to a fixed point, and a weight attached to the upper end B. 
To B are attached three similar elastic strings equally stretched to a length k times 
their natural length and equally inclined to one another, their other ends being 
attached to three fixed points in the horizontal plane through B. Show that, when 
the strings obey Hooke’s law, the condition for stability of equilibrium is that the 
weight must not exceed that which, when suspended by one of the strings, would 
cause an increase of length equal to |•(2 - 1/A:) AB. Show that, when this condition 
is fulfilled, the system can perform small vibrations parallel to any vertical plane. 

[Math. Tripos, 1888.] 

Ex. 5. A smooth ring P can slide freely on a string which is suspended from 
two fixed points A and B not in the same horizontal line. If P be disturbed, find 
the time of a small oscillation in the vertical plane passing through A and B. If 
T be the time, (r/2ir)2^ = 4 (rr')^l{r -h O { (^ + where r, r' are the distances 

AF, BP in equilibrium and AB = 2c. 

Ex. 6. A rod of mass M hangs in a horizontal position supported by two equal 
vertical elastic strings, modulus X and natural length a. Prove that if the rod 
receive a small displacement parallel to itself, the period of a horizontal oscillation 

is 2®- + 1^)^ . [CoIL Ex. 1897.] 

Ex. 7. A particle of mass m is attached to an elastic string stretched between 
two points fixed in a smooth board of mass M, and the board is free to slide on a 
smooth table. Prove that the period in which the particle oscillates is less than 
it would be if the board were fixed in the ratio 1 : fJil+mjM). [Coll. Ex. 1895.] 

Keduce the board to rest. 

Ex. 8, A ring of mass nm is free to slide on a smooth horizontal wire, and a 
string tied to it passes through a small ring vertically below the wire at a depth A, 
and supports a particle of mass m. Prove that if the first mass be released when 
the upper part of the string makes an angle a with the vertical, and if $ be the 
inclination after a time t, the equation of motion is 

h (ro + sin^^>) {d9ldt)^= 2g cos^^ (sec a — sec 6). 

Prove hence that the small oscillations about the position of equilibrium wiH be 
synchronous with a simple pendulum of length nh. [CoU. Ex. 1896.] 

10 o 
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Ex, 9. A crane is lowering a heavy body and the chain is paid out with a 
uniform, velocity F. Prove that the small lateral oscillations of the body are 
determined by 


where r is the length of the chain at any time and 9 its inclination to the vertical, 
the weight of the chain being neglected. 

Also if 0i^r=y, 2^gr=xV, prove that 




i)*/=0. 


This equation can be solved by the use of Bessel’s functions. See Gray and Mathews^ 
Treatise on BesseVs Functions. [Coll. Ex. 1895.] 


Ex. 10. . A gravitating solid of revolution is cut by a plane perpendicular to 
the axis. A particle is fastened by a fine string of length Z to a point in the prolon- 
gation of the axis, so that when the string is perpendicular to the plane section 
the particle just does not touch the plane at its centre O. Assuming the conditions 
such that when the particle is slightly disturbed the motion is that of a simple 
pendulum, prove that the time T of a small oscillation is given by Z(27r/T)^= JR + ^IR'' 
where R is the force exerted by the solid on a unit mass at O and R' is the space 
variation of the force at O, taken outside the solid, along the axis. [Coll. Ex. 1892.} 


Small oscillations with two or more degrees of freedom. 

287. Oscillations about equilibrium. A particle is in 
equilibrimn under the action of forces X, Y which are given func- 
tions of the coordinates. A slight disturbance being given, it is 
required to determine whether the particle oscillates and the nature 
of the motion. 

Let a, b be the coordinates of the position of equilibrium, 
a + zp, b + y, the coordinates at anytime t. We shall assume as 
the standard case that x and y are small throughout the motion. 
Solving the equations of motion we shall express x, y in terms 
of t. By examining the results we shall determine whether and 
how nearly the subsequent motion follows the standard form. 

We shall suppose that the forces X, T can he expanded in 
integer powers of x, y, viz. 

X = Ax + By, Y = B'x + Gy (1), 

where we have rejected the higher powers in our first approxima- 
tion. There are no constant terms because X, Y vanish in the 
position of equilibrium. Taking the mass of the particle as unity,, 
the equations of motion are 


( 2 ). 
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To solve these we let S represent d/dt. 

Eliminating we have the two forms 

% = (4). 

The first of these is a differential equation with constant co- 
efficients. Its solution can be written down by the usual rules 
given in treatises on differential equations. The solution contains 
four arbitrary constants, and the value of y follows from that of 
without the introduction of any new constants. 

The usual method is to assume as a trial solution x = 
Substituting we arrive at the biquadratic 

+ O) ~ = 0 (5) ; 

.-. + (7 ± s/{(A Cy -i- 4BB'}1 

Assuming that no two roots are equal, let the four values of n 
be ± m, ±n; then 

X = -f (6), 

where Zj, Lo &c. are four arbitrary constants and the values of m 
may be real or imaginary. 

It is at once obvious, if m be positive or of the form r ±p*^ — 1, 
where r is positive, that the value of ^ ^vill become large by efflux 
of time. It is therefore necessary for an oscillatory motion thed 
all the real roots and the real parts of the imaginary roots of the 
determinantal equation (5) should he negative. 

Since the sum of the four roots of (5) is zero, some of the real 
parts must be positive unless the four roots are of the form 
+ jpV*~l* It is therefore necessary for an oscillatory motion that 
both the roots of the quadratic (5) should he real and negative. 
The algebraical conditions for this are, that both {A — Oy + 4iBBf 
and AG — BB' should be positive and A + G negative. 

As our solution represents the motion only when x and y 
remain small, it is unnecessary for us here to consider any case 
except that in which the roots of (5) take the forms 
n^ = — q\ The motion is then given by 

x^L sin(pt4"a)-bilf shi{qt + 
y = Z'sm(p^ + a)4-i¥'sin(5i-l-^)J 
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■where BL' = — {p- + A)L and BM' = — {q^ + A)M. The quantities 
P‘, (p are the roots of 

{P‘ + A){p‘+G)-BB'=^0..: (8). 


28S. If B, jB' have the aame sign, the roots of the quadratic (8) are separated 
hij each of the values - A, p^= - C. To prove this, it is sufficient to notice 
that the left-hand side of that equation is positive when _ i co and is negative 
when p^ has either of the separating values- 

It is also sometimes useful to notice that the roots cannot be equal unless the 
two separating values A and C are equal and that the equal roots are then 
p^=: - A = - C, If AC - BB^ the biquadratic (6) has two equal zero roots, 
though the roots of the same equation regarded as a quadratic are unequal. 

2S9. To find the four arbitrary constants L, M, a, jS, we solve the equations (7) 
loith regard to the trigonoynetrical teynns. We thus find 

By + (q-+A)x= X, sin (p* + a) ^ 

By-i-{p^-i-A)x= (p2-gr2^ ilfsin (g't-f/d)} ^ 

Putting t=0, we at once have the values of Z/Sina, If sin /5 in terms of the 
initial values of the coordinates- Differentiating with regard to t and again putting 
f = 0, we find L cos a, 31 eos/3 in terms of the initial velocities. 

2dO. ZSqtial roots. The ease in which the equation (5) has equal roots has 
been excepted. This occurs when either (A — C)^-i-4:BB'=0 or AC-BB'=:0, 
When B, B' have the same sign the first alternative requires A=:C and either B or 
B' equal to zero. In the second alternative the equation has two zero roots. 

Excepting when both B and B' are zero, the solution of the dynamical equations 
(2) is known to contain terms of the form (Lt-hL') e’"^ If ni is positive or zero 
(or has its real part positive or zero), this term will increase indefinitely with t. 
If however the real part of yn is negative and not zero, say equal to - r, the maxi- 
mum value of Lte~^ is Ljre. Since L is so small that its square can be neglected, 
this term in the solution will always remain small except when r also is small. 
The existence of equal I'oots in the detemiinantal equation (5) does not therefore 
necessarily imply that the oscillation becomes large. 

29 1. Before disturbance the particle P was in equilibrium at the origin under 
the influence of the forces X, Y given by (1) Art. 287. When AG=BB\ the 
equations X=0, r=0 are satisfied by values of x, y other than zero. These lie 
on the straight line Ax + By = 0. The dynamical significance of the condition 
ACsnBB' is therefore that there are other positions of equilibrium in the immediate 
neighbourhood of the origin. The roots of equation (8) being q^=^ —A~ G, 

the values of x, y take the form 

x=Ljt+LQ+Msin (qt+fi), 

By — --A (jL^t -t-io) - CM sin {qt+^). 

The first terms represent a uniform motion along the line of equilibrium, 
while the trigonometrical terms represent an oscillation in the direction By ~ - Cx. 
Whether the particle will travel far or not along the line of equilibrium will depend 
on the nature of the forces when x, y become large. 
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292. Principal oscillation®. Let the type of motion be 
that represented by such equations as (7). By giving the particle 
the proper initial conditions it may be made to move in either 
of the ways defined by the following partial solutions 


x^L sin (pe -h a), p = L' sin (piS 4- a) (10), 

iz? = if sin {qt + p = if' sin {qt-\- ff) (11). 


Each of these is called a principal oscillation and all the modes 
of oscillation included in (7) are compounded of these two. Tim 
dynamical peculiarity of a principal oscillation is the singleness 
of the period. 

The solution (10) is sometimes taken as the trial solution instead of the 
exponential used in obtaining (5). Practically we then begin the solution by 
finding the principal oscillations and finally combine these into the general 
solution (7). 

The paths of the particle when describing the principal oscil- 
lations are the two straight lines 

Ly — Lx, My — M'x •..(12). 

In each oscillation the ratio of the coordinates, being equal to 
LjL or M'lM, is constant throughout the motion. We have by 
(7), using the values of p^ + g®, p^q^, given by the coefficients of 
the quadratic (8), 

L'M' {p^ + A)i<f + A) B' 

LM~ ~ B 

It follows that when B, B' have the same sign, the ratios LjL, 
M'jM have opposite signs. In one principal oscillation, the co- 
ordinates Xy y increase together ; in the other, when' one increases 
the other decreases. 

We also notice that when B' = By the two straight lines (12) 
ire at right angles. 

The directions of these rectilinear oscillations may be obtained without inves- 
tigating the motion. The lines must be so placed that if the particle be displaced 
along either, the perpendicular force must be zero. The lines are therefore 
given by 

Xy-Ya}=0; By^+(A~Cf)xy-B'x^=0. 

These lines are real when (A - C)^+4:BB' is positive. This condition is 
satisfied when the roots of the determinantal eq,uation (5) are real or of the form 


293. When the coordinates are such that only one varies along 
each principal oscillation, they are called principal coordinates^ 
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Referring to the equations (9), we see that if we put 
By q- {f 4- By ^ A) x ir), 

^ will be the principal coordinates. This transformation of 
coordinates is always possible, so long as and are real and 
unequal. 

We may also discover the principal coordinates without previously finding the 
values of q^. We deduce from the equations (2) 

(« + = (^ + XB') (* + 1^, 2/) • 

hy using an indeterminate multiplier X. If now we write {B + XC)/(A+Xj5')=X, 
we see that ^c-fXy will be a trigonometrical function with one period. We have a 
quadratic to find X; representing the roots by Xj , X^, the principal coordinates are 
|=x+Xi 2 /, + or any multiples of these. 


294. Conservative forces. WTien tiie forces which act on 
the particle are conservative, the solution admits of some simplifica- 
tions. Let 17 be the force function, then, since dU/dx and dUldy 
vanish in the position of equilibriuna, we have by Taylor's theorem, 

U:^Uo + i (Ax^ + 2Bxy (1). 

It follows that the equations of motion are 

g-r-& + Cj, (2), 

Comparing these with the former values of X, Y, we see that 

B' = B. 


If we turn the axes round the origin we know by conics that 
the equation (1) can be always cleared of the term containing the 
product xy. Representing the new coordinates by f, rj, let the 
expression for U become 

Z7=f7o + iU'r + (7V) + (3), 

where A' -¥0' = A A'C' ^ AG— The equations of motion 

are then 






dh] 
dt^ '' 


■ G'v 


(4). 


The motion is oscillatory for all displacements or for none 
according as A\ 0' are both negative or both positive. If A' is 
negative and G' positive, the motion is oscillatory for a displace- 
ment along the axis of f and not wholly oscillatory for other 
displacements. 
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Th^ level curves of the field of force are obtained by equating 
IT" to a constant ; in the neighbourhood of the position of equili- 
brium, these become the conics 

Aa^ + ^Bayy + Gy^ = N, or -h C'rf = N, 

The lines of the principal oscillations are the directions of the 
principal diameters of the limiting level conic, and the periods 
of the principal oscillations are proportional to the lengths of the 
diameters along which the particle moves. 

295. Tbe representative partite. The inyestigation of the small oscilla- 
tions of a particle in a given field of force has a more extended application to 
dynamical problems than appears at first sight. Suppose, for example, that a 
system, consisting of several particles connected together by geometrical relations, 
has two degrees of freedom. Let the position of this system be defined by the 
two coordinates a;, y. The equations giving the small oscillations, after the elimi- 
nation of the reactions, take the form 

^^Ax+By, ^=B'x+Cy, 

because the squares of x and y are neglected. If B=:B' these are the equations of 
motion of a single particle moving in the field of force defined by 
^ {Ax^’h2Bxy+Cy^). 

The investigations given in Art. 292 and Art. 294 apply therefore to both problems. 

To exhibit the motion of an oscillating system to the eye, we take its coordi- 
nates Xt y to be also the Cartesian coordinates of an imaginary particle which 
moves freely in the field of force JJ. We represent by a figure the level conics, the 
path of this representative particle, and sketch the positions of the principal 
oscillations. The special peculiarities of the motion will then become apparent in 
the figure. 

296. Test of stability*. Let the field of force in which 
the particle moves be given by the function ?7. Since dUldx and 
dU/dy vanish in the position of equilibrium, U must be at that 
point a maximum or a minimum. In the neighbourhood we have 
Uo^i(Aa^+2Bxy+Gf)+.,. 

If AC — B^ is positive, ?7 is a maximum or a minimum for all 
displacements according as the common sign of A and G is nega- 
tive or positive, and if AG — B^ is negative, CT is a maximum for 

The energy test of the stability of a position of equilibrium is given by 
Lagrange in the Micanique Analytique. He gives both, this proof and that in 
Art. 297. The demonstration for the general case of a system of bodies has been 
much simplified by Lejeune-Diiichlet in Crelle *9 Journal^ 1846, and LiouviUe^s 
Journal, 1847. See the author’s Rigid Dynamics, vol. i.; the corresponding test 
for the stability of a state of motion is in vol. n. 
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some and a minimum for other displacements. It follows from 
Art. 294 that the motion of the particle, when disturbed from its 
position of equilibrium, will he wholly oscillatory if U is a real 
maximum at that point. The particle will oscillate for some dis- 
placements and not for others if U has a stationary value, and will 
not oscillate for any displacement if U is a real minimum. 

We have here assumed that all the coefficients A, B, 0 are 
not zero. When this happens the cubic terms in the expression 
for U govern the series. The equations of motion (2) of Art. 295 
will then have terms of the second order of small quantities on 
their right-hand sides. 

Besides this if AC — = the quadratic terms of the ex- 

pression for JI take the form of a perfect square, viz. (Ax + ByYj A. 
In this case the forces X ^ dJIldx and Y dUjdy contain the 
common factor Ax + By so that there are other positions of 
equilibrium in the neighbourhood of the origin, see Art. 291. To 
determine the motion, even approximately, it is necessary to take 
account of the powers of x, y of the higher orders. 

The geometrical theory of maxima and minima has a cor- 
responding peculiarity, for it is shown in the Differential Calculus 
that further conditions, involving the higher powers, are necessary 
for a maximum or minimum. 

The following investigation shows how far this correspondence 
extends. 

297. Let a particle be in equilibrium at a point whose 
coordinates are x^^y^, and let U ==f(x, y) be the work function. 
Let the particle be projected with a small velocity Vx from a point 
Pi, whose coordinates are Xx^yx, very near to Pq. The equation of 


vis viva gives (Art. 246) 

v^^Vx^^2{V^Ux) ( 1 ), 

= ^;o^ + 2(P~Cro) (2), 

where v^^ = 4- 2 ( Po — (3). 


Let P be a maximum at the point Pq for all directions of 
displacement, then 27i< Uq and is a small positive quantity. 
As the particle recedes from Po, TJ^ — U increases, but the equation 
(2) shows that the particle cannot go so far that becomes 
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greater than the small quantity The equilibrium is therefore 

stable for displacements in all directions. 

Let 17 be a minimum at Pq for all directions of displacement, 
then as the particle moves from Pq the difference U — Uq increases. 
So far as the principle of vis viva is concerned, there is nothing 
to prevent the particle from receding indefinitely from P^. 

Let 27 be a maximum for some directions of displacement 
and a minimum for others. The particle cannot recede far from 
Po in the directions for which 27" is a maximum, but there is 
nothing to restrict the motion in the other directions. 


298. JBx. A particle P is in equilibrium imder the action of a system of 
fixed attracting bodies situated in one plane, the law of attraction being the 
inverse /cth power of the distance. Prove that, if /o 1, the equilibrium of P cannot 
be stable for all displacements in that plane, though it may be stable for some and 
unstable for other displacements. If /c < 1, the equilibrium cannot be unstable 
for all displacements in that plane. 


To prove this let be any particle of the attracting mass, coordinates f, 
let X, y be the coordinates of P. The potential of % at P is by definition 

jj = '‘Jh where is the distance of m-, from P. We then find by a partial 

differentiation 

(PU^ (k-I) 
dx^ ^ dy^ ““ 

Summing this for all the particles of the attracting mass and writing 17=2171, we 


find 


€PUdW_. 7 » 


The right-hand side is positive or negative according as k>1 or kcI, 

Taking the equilibrium position of P for the origin and the principal directions 
of motions for the axes, Art. 294, we see by Taylor’s Theorem 

where A' = d^Ujdx^^ C'=cPUIdyK It is evident that U cannot be a maximum for 
all displacements in the plane of xy if A^ + C' is positive and cannot be a minimum 
for all displacements in the plane if this sum is negative. The result also follows 
from Art. 296. 


299. Barrier curves. It is clear that this line of argument 
may be extended to apply to cases in which there is no -given 
position of equilibrium in the neighbourhood of the point of 
projection. Let the particle be projected from any point with 
any velocity Vi in any direction. Throughout the subsequent 
motion we have 

v~ == Vi + 2 { 27-“ 27i), 
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where 17 is a given function of y and Ux is its value at the 
point of projection. 

If we equate the right-hand side of this equation to zero, we 
obtain the equation of a curve* traced on the field of force at 
which the velocity of the particle, if it arrive there, is zero. 
This curve is therefore a harrier to the motion, which the particle 
cannot pass. 

If the barrier curve be closed as in Art. 297, the particle is, 
as it were, imprisoned, and cannot recede from its initial position 
beyond the limits of the curve. Some applications of this theorem 
will be given in the chapter on central forces. 

The right-hand side of the equation will in general have 
opposite signs on the two sides of the barrier. When this is 
the case the particle, if it reach the barrier in any finite time, 
must necessarily return, because the left-hand side of the equation 
cannot be negative. 

If the right-hand side of the equation have the same sign on 
both sides of the barrier, that sign must be positive, and U must 
be a minimum at all points of the barrier. The particle is 
therefore approaching a position of equilibrium and arrives there 
with velocity equal to zero. The particle therefore will remain 
on the barrier, see Ai't. 99. 

The barrier is evidently a level curve of the field of force 
and, as the particle approaches it, the resultant force must be 
normal to the barrier. Just before the particle arrives at its 
position of zero velocity, the tangential component of the velocity 
must be zero, for this component cannot be destroyed by the 
force. The path cannot therefore touch the barrier, but must 
meet it perpendicularly or at a cusp. 


300. ISsEaxaples. Ex. 1. Two heavy particles of masses m, m', are attached 
to the points A, n of a light elastic string. The upper extremity O is fixed and 
the string is in equilibrium in a vertical position. A small vertical disturbance 
being given, find the oscillations. 

Let X, y be the depths of m, m' below 0; a, b the unstretched lengths of OA, 
AB,E the coefficient of elasticity. The equations of motion reduce to 



JE 

jy = mg 


E 



(!)• 
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To solve these we put 


x-h=L8m{pt + a), y-k=z3I sin {pt + a) (2), 

the constants hy k being introduced to cancel the right-hand sides of the equations 
of motion. Since a; = /i, y=:k make d^xjdt^^O, <Pyfdt^=0y these constants are the 
equilibrium values of x,y. We then find 





m'b 

~E 




(B). 


One principal oscillation is given by (2) and the other by using instead of 
the other root of the quadratic. It follows that in one oscillation the two particles 
are always moving in the same directions, that is both are moving upwards or both 
downwards. In the other when one moves upwards the other moves downwards. 


lElx. 2. Two heavy particles, of masses m, AT, are attached to the points A, B 
of a light inextensible string, the upper extremity 0 being fixed. Prove that the 
periods of the small lateral oscillations are 2ir/p and ^Trjq where p and q are the 
roots of 

^ — 0 
p* g p2 M-\-7n g'^ ’ 

and OA = ay AB=^h* Prove also that the magnitudes of the principal oscillations 
in the inclinations of the upper and lower strings to the vertical are in the ratio 
(g -'bp^)lcLp^* Show that in one principal oscillation the two particles are on the 
same side of the vertical through 0 and in the other on opposite sides. 


Ex. 3. , Two particles AT, m, are connected by a fine string, a second string 
connects the particle m to a fixed point, and the strings hang vertically; (1) m 
is held slightly pulled aside a distance h from the position of equihbrium, and, 
being let go, the system performs small oscillations ; (2) AT is held slightly pulled 
aside a distance k, without disturbance of m, and being let go the system performs 
small oscillations. Prove that the angular motion of the lower string in the first 
case will be the same as that of the upper string in the second if Af& = (Af-f- w) h. 

[Math. Tripos, 1888.] 

Ex. 4. Three beads, the masses of which are m, w', m", can slide along the 
sides of a smooth triangle ABC and attract each other with forces which vary as 
the distance. Find the positions of equilibrium and prove that if slightly disturbed 
the periods 27r/p of oscillation are given by 

(p2 __ ^ ^^2 — -y) — (p® — a) cos^ A — m"m - fi) oo&^B 

- mm' (p2 - y) co 9 ^ C - cos A cos B cos C = 0, 

where a, ^3, y represent m+m", m'+m respectively. 

Ex. 5. A particle P of unit mass is placed at the centre of a smooth circular 
horizontal table of radius a. Three strings, attached to the particle, pass over 
smooth pulleys A, R, O at the edge of the table and support three particles of 
masses wig, 7 % ; the pulleys being so placed that the particle P is in equilibrium. 

A small disturbance being given, prove that the periods of the oscillations are 
2ir/p, where 

f p^(l + x))^ cm 

|p2+^/aJ p^+g}a ’ 

JEr=(Wi+7»s-ms)(^+m3-7Wi) (wi+TWa-TWa), 
o*=mi+m3+7?%. 
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Ex. 6. A heavy particle P is suspended by a string of length Z to a point A 
which describes a horizontal circle of radius a with a slow angular velocity n. 
Prove that the two periods of the oscillatory motion are Qtt/ti and 27rv^Z/p. 


Particle on a srsrjEace. Ex. 1. A heavy particle rests in equilibrium 
on the inside of a fixed smooth surface at a point 0, at which the surface has only 
one tangent plane. The particle being slightly disturbed, it is required to find the 
oscillations. 

Taking the point O as origin and the tangent plane as the plane of x^, the 
equation of the surface may be written 

z:::^l{ax^-hhy^) + ..., 

where the axes of r, y are the tangents to the principal sections and Ija, 1/6 are 
the radii of curvature of those sections. By the principles of solid geometry the 
direction cosines of the normal at any point P become (ax, "by, 1) when the squares 
of X, y are neglected. The equations of motion are therefore 

„ d^y d?z ^ 

+ 


Since z is of the second order of small quantities the third equation shows that 
Ii=mg, and the other two become 


dt^~ 


— agx, 


d^y 

dt^' 


-hgy. 


it a and 6 are positive, that is if both the principal sections are concave up- 
wards, the motion is oscillatory and the two periods of oscillations are ^vfijag 
and ‘^irjsjhg. The particle, by definition, performs a principal oscillation when its 
motion has but one period. This occurs when 

(1) x=0, y= sin (2) y=0, sin {v^apt + a). 

The directions of these oscillations are the tangents to the principal sections. 

Ex. 2. A particle rests on a smooth surface which is made to revolve with 
uniform angular velocity w about the vertical normal which passes through the 
particle. Show that the equilibrium is stable (1) if the curvature is synolastic 
upwards, and w does not lie between certain limits, or (2) if the curvature is anti- 
clastic and the downward principal radius is greater than the upward principal 
radius, and uj exceeds a certain limit. Find the limits of co in each case. 

[Math. Tripos, 1888.] 

Taking as axes the tangents to the principal sections, the equations of motion 
(Art. 227) reduce to 

d?x « rv dw d^y ^ ^ dx 


To solve these we put a;=L sin (pt + a), p=L'cos (pt-fa). We then obtain a 
quadratic for p® and the ratio L'jL. 

The path of the particle relatively to the moving surface when performing the 
principal oscillation defined by either value of p® is the ellipse + 

The two ellipses are coaxial. 


302. liutifficieiicy of tlie first aps^rosiiziation. In forming the 

, ^nations of motion in Arts, 287, 294, we have rejected the squares of and y. 
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But unless the extent of the osoaiation is indefinitely small, the rejected tenns 
have some values, and it may be, that they sensibly affect the results of the first 

approximation. See Art. 141. 

@©a. To find a second approximation we include in the equations (2) of Art. 
287 the terms of the second order. We write these in the form 

- JB'ir-f (32- O 2 /=Piar 2 + [ W- 

Taking as our first approximation 

x~L sin Cpt + a) + Jf sin(qt+p)| 

2/=X'8in (pt + tt) + ilf'sin{<?t-f /S)| 

we substitute these in the right-hand sides of (1), The equations take the form 
(52 - A) a; - J9p = SP sin (\t +p)) 

-P'an-(52~C7)y=S(3sin(Xt-hA)J 

where X may have any one of the- values 0, 2p, 2q, p±g and P, Q contain the 
squares of the small quantities L, M, L\ M\ To solve these. equations, we con- 
sider only the specimen term of (3) and assume 

x-L sm(pt+a)^M Bm(qt+^)+R Bm(X£+Ai)) - 

P = X' sin {pt -ira) + M' sin {qt-h ]3) + P' sin (X£ + p)| 

We find by an easy substitution 

P(X2-f A)+PP'= -P, B'R^R'{\i + C)=-Q; 

- V~ + + PB'-Q jX^+A) 

(X3 + A) (X2 + C)-PP'* {\^+A){\^+C)‘-BB’* 

It appears that P, JR' are very small quantities of the second order, except when 
X is such that the common denominator is small, and in this case P, JR' may 
become very great. The roots of the denominator axe \-==p\ X^=^q% and the 
denominator is small when X is nearly equal to either p or q. This requires either 
that one of the two frequencies p, q should be small or that one should be nearly 
double the other. 

If for example p is nearly equal to 2q and the numerators of P, JR', are not 
thereby made small, the terms defined by X=p — q and X=2q will considerably in- 
fiuence the motion, the other terms producing no perceptible efiect. If p = 2q exactly 
the denominator is zero and both P, R' take infinite values. The dynamical meaning 
of the infinite term is that the expressions (2) do not represent the motion with 
sufficient accuracy (except initially) to be a first approximation. The corrections 
to these expressions are found to become infinite and if we desire a solution we 
must seek some other first approximation. 

8M. Oscillation, about steady motton. Ex. 1. The constituents of a 
multiple star describe circles about their centre of gravity O with a uniform 
angular velocity n, the several bodies always keeping at the same distances fmm 
•each other. A planet P, of imignijicant mxiss, freely describes a circle of radius a, 
centre O, with the same angular velocity, under the attraction of the other bodies. 
It is required to find the oscillations of P when disturbed firom this state of 
motion. 

Let r=a(l-i-a;), B=:nt-^y he the polar coordinates of the planet P at any 
time t. Let the work function in the revolving fi^d of force be 

B^y + 1 (Aa^ -f 2Bxy + Cy^ + &o. 


( 1 ). 
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at all points in the neighbourhood of the circular motion. Since that motion is 
possible only in that part of the field in which the force tends to O and is equal to 
it is clear that Aq= —aV and 

Substituting the values of r, ^ in the polar equations 

dt^ ^\dt) adx* r dt\ dt) rdy 

we find the linear equations 

(a252 ^ ahi^ -- A) (2a%5 + J5) = 0^ 

{2aHd-B)x-^{a^^-C)y=^(i] ^ 


A principal oscillation is therefore given by 

a;=L cos pt + L' sin pt, y=Jf cospt + MT'sinpt (4), 

2ahipL'--BL ~2a%pL-BL' 

aV+G ' a^^+C 

(aV+^ (ay+(7)-B2-4a4nV=0 (6). 

The path of the particle when describing a principal oscillation relatively to 
its undisturbed path is the conic 

{a^^^A + arn^)x^ + 2Bxy + {a^^+C)y^=^~^iL^+L'^) (7), 


the ratio and directions of the axes being independent of the disturbance. In the 
limiting case in which «=0 the conic reduces to two straight lines. 

When the multiple star has two constituents A, P, whose masses are M% the 
planet P can describe a circular orbit only when sin APO =Jlf sin PPO, 
where pr=:^AP, p'—BP and the law of force is the inverse xth power of the distance. 
Since O is the centre of gravity of M, M' this proves that either the angle APO is 
zero or p=p', except when «= ~ 1. The planet P must therefore be either in the 
straight line AB or at the corner C of the equilateral triangle ABO. 


When the planet P is in the straight line AB at a point O such that the sum of 
the attractions of A and B on it is equal to .00 ^ the planet can describe a circle 
about O with the same periodic time as A and B. This motion is unstable. 


When the planet P is at the third comer G of the equilateral triangle ABC , the 

circular motion is stable when • 

MM* \S- K/ 


These two results may be obtained in several ways. Putting p, p* for the 
distances of P from the two primaries, the wort function is 




M' 

p«-i 


)■ 


Plxpressing this in terms of r, 0, and expanding in powers of Xj y, including the 
terms of the second order, the values of A, C in equation (1) become known. 
The periods are then given by (6). 


Instead of using the work function, we may determine the forces dU/adx and 
dU/rdy by resolving the attractions of the primaries along and perpendicular to 
the radius vector of P. This method has the advantage that the task of calculating 
the terms of the second order becomes unnecessary. 

Lastly, we may use the Cartesian equations referred to moving axes which 
rotate round O with a uniform angular velocity n, OC being the aiis of 
Art. 227. 
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In all these methods, the assumption that the mass of the planet F is insignifi- 
cant compared with that of either of the attracting bodies greatly simplifies the 
analysis. It does not seem necessary to examine these cases more fully here, as 
the results and the method of proceeding when this assumption is not made will be 
considered further on. 

Ex. 2. If in the last example the attracting prinoaries either coincide or are 
so arranged that the field of force is represented by U—Uq—AqX + ^Ax^; prove 
that other circular orbits in the immediate neighbourhood of the given one are 
possible paths for the particle P, Art. 291. Prove also that after disturbance the 
oscillation of P about the mean circular path is given by 

x==L cos {pt + a), py=: -2nLBUi{pt + a)i 
where p^=3n^- Aja^^ the oscillation having only one period. 

Ex. 3. Two equal centres of force R, S', whose attraction is rotate round 
the middle point O of the line of junction with a uniform angular velocity n. 
A particle in equilibrium at O is slightly disturbed, prove that the periods of the 
small oscillation are given by {p^ + n^~ {p^+n^- K^)=4tn^^ where j9=2)u6*”^ and 
SS'~26. Thence deduce the conditions that the equilibrium should be stable. 


Problems requiring Finite Differences, 

305 . Ex, 1. A light elastic string of length nl and coefficient of elasticity 
E is loaded with n particles each of mass m, ranged at intervals I along it begin- 
ning at one extremity. If it he hung up by the other extremity, prove that the 
periods of its vertical oscillations will be given by the formula 

TT • oosec \ » »=0, 1, 2 ... n - 1*. [Math. Tripos, 1871.] 

Let be the distance of the /cth particle from the fixed end O ; the tension 


above, that below, the particle. We then have 

+ ( 1 ). 

and by Hooke’s law for elastic strings 

= ( 2 ). 

The equation of motion is therefore 

x"-g=<^ K+l- (3). 

where c^^Ejlm, We assume as the trial solution 

sin ( p t + 6) (4) , 


where h^ and are two functions of k which are independent of t, and p, e are 
independent of both k and t. Substituting we find 

K+i-^K + K-i=-^9 



* The solution is given at greater length than is necessary for this example, in 
order to illustrate the various cases which may arise. 
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To solve the first of these linear equations of differences we follow the usual rules. 


Taking X^=Aa^ as a trial solution, where A and a are two constants, we get after 


substitution and reduction 


a-2+i= 

a 


it 

C2 


( 6 ). 




Let these values of a he called a and Then 

X^ = Aa‘^ + B^‘^ (8). 


We notice that when either ^ = 0 or 2c the equation (6) has equal roots ^ viz. a = l 
or - 1. The theory of linear equations shows that the terms depending on these 
values of p take a different form, viz. 

Z =(A+J5/c)(=i=ir (9). 

The complete value of may be written in the form 

x^=h^ + Ao+ B qK + ( a + Sqck) ( - 1)* sin (2ct + Coc) 

+ 2 (Apa'^ + Bp^"^) sin (pt + ep) (10) , 

where S implies summation for all existing values ofp. 

We have yet to examine the conditions at the extremities of the string. The 
formula (2) does not express the tension of the highest string unless we suppose 
that Xq = 0. Again the tension below the lowest particle must be zero and this 


requires that T^+i =0. The equation (3) will therefore express the motion of every 
particle from /c=l to /c=n only if we make 

®o=0, (11). 

Since Xq= 0 for all values of t, it follows from (10) that 

A2c—0j Ap-i-Bp = 0 (12). 

Since we see in the same way that 

K+i - hn Bo = I, B2 c= 0, + Bpl3^+^ = ApU *^ + (13) . 

Eliminating the ratio ApjBp we have 

an+i_^+i = a«-^ (14). 

If p>2c we see by (7) that both a and are real negative quantities. The equation 
(14) has then one side positive and the other negative, since the integers n, n + 1 
cannot be both even or both odd. Hence p must be less than 2c, let p=z2c sin 0^ 
hence a=cos20 + sin 2^,^ -1, /3=cos2^-sin2^*y-l (15). 

The equation (14) now gives sin(2w + 2) 0 = sin2n^, excluding p = 0 we have 


2reTl2’ 2 c“““2'k+12 


( 16 ). 


where ihas any integer value. It is however only necessary to include the values 
f=0 to t=?i-l. The values of $ indicated by i=i' and 2n-i' are supplementary, 
while the values of sin 0 indicated by and i' + 2?i + l are equal with opposite 
signs. The value is excluded because the value p — 2c has been already taken 
account of. 


The oscillations of the rih particle are therefore given by 

x^—R^-t XCp sin 2/cd sin (pt + ep) (17), 

where + Cp=^2Ap^-l, 
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The value of \ might he determined by solving the second equation of 
differences (5), using the rules of linear equations adapted to that equation. But 
it is evident that in the position of equilibrium of the system, when there is no 
oscillation, every <7^=0, and therefore that position is determined by 
This enables us to deduce from the elementary rules of Statics. 

We notice that in equilibrium, T^_-^=:2mg, &c., T^ = in-hl- k) mg. 

Hence by Hooke’s law 

= (71 + 1 - k) glc\ 

Adding these for all values of k from /c=l to k=k, and remembering thatjEr 0 =O 
by ( 12 ), we find 

( 18 ). 

The equation (17) shows that the motion of every particle is compounded of n 
principal or simple harmonic oscillations. The periods of these are unequal and 
are represented by 27r/jp where p has the values given in (16). 

Suppose the system to be performing the principal oscillation defined by the 
value of d=7rl2y. By considering the signs of sin2/c^ in (17) we see that all the 
.particles determined by K<y are moving in the same direction as the highest 
particle, those determined by /c> 7 but <27 are moving in the opposite direction, 
those given hy K>2y but <87 are moving at any time in the same direction, and 
so on. 

Ex, 2. A smooth circular cylinder is fixed with its axis horizontal at a height 
h above the edge of a table. A light string has a series of particles attached to it 
over a part of its length, the particles being each of mass m and distant a apart. 
The portion of the string to which the particles are attached is coiled up on the 
table, and the rest is carried over the cylinder, and a mass M attached to the 
further end of it. The system is held so that the first particle is just in contact 
with the table, the free portions of the string being vertical, and is then allowed 
to move from rest; prove that if v be the velocity of the system immediately after 
the Tith particle is dragged into motion {na<.Ji), then 

(n — 1 ) ga - n {2n - 1 ) w? 

v _ _ . . 

Supposing the string of particles to be replaced by a uniform chain deduce from 
the above result the velocity of the system after a length x of the chain has been 
dragged into motion. If Z be the length of the chain and p the mass, then, if Z be 
less than h, the amount of energy that will have been dissipated hy the time the 

chain leaves the table will he ^ * [Coll. Ex. X887.] 

If Vn represent the velocity required, we deduce from vis viva and linear 
momentum at the next impact the equation 

{ Ar+ («+ 1) mp - {M+nm}^v^„=2ga 

Writing the left-hand side ^ ( 71 + 1) - ^ ( 71 ), we find ^ (n+ 1) - ^ (1) by summing 
from 71 = 1 to 71 . Remembering that Vi=0, this gives* The energy dissipated is 

found by subtracting the semi vis viva, viz. | from the work done by 

gravity, viz. (31 ^9^ 
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Ex. 3. A train of an engine and n carriages running with a velocity is 
brought to rest by applying the brakes to the engine alone, the steam being cut oft'. 
There is a succession of impacts between the buffers of each carriage and the next 
following. Prove that the velocity v of the engine immediately after the rth impact 
is given by 

(AT 4- {v - u)^=:Mafr {231 + in (r - 1) } , 

where m is the mass of any carriage, 31 that of the engine, a the distance between 
the successive buffers when the coupling chains are tight, / the retardation the 
brake would produce in the engine alone. [Coll. Ex.] 

Ex. 4. A heavy particle falls from rest at a given altitude 7i in a medium 

whose resistance varies as the square of the velocity. On arriving at the ground 
it is immediately reflected upwards with a coefficient of elasticity Show that 
the whole space described from the initial position to the ground at the wth impact 

is ylog + -1)| 

If be the height described just after the nth rebound, we show 

To solve this equation of difterences we put 1 -j- The equation then takes 

a standard form with constant coefficients. The whole space described is found by 
taking the logarithm of the product 

This problem was first solved by Euler in his Mechanica, vol. i. prop. 58, for 
the case in which ^=1. An extension by Eordoni, Menione della Societa Italiana, 
1816, page 162, is mentioned in Walton’s 3Iechdnical Problems, chap. ii. page 247. 
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306. To find the polar equations of motion of a particle 
describing an orbit about a centre of force. 

Let the plane of the motion be the plane of reference and let 
the origin be at the centre of force. Let F he the accelerating 
force at any point measured positively towards the origin. Then 
by Art. 35, 



The latter equation gives by integration 

T^ddjdt ^h ( 2 ), 

where h is an arbitrary constant whose value depends on the 
initial conditions. 


This important equation can be put into other forms of which 
much use is made. Let v be the velocity of the particle, the 
perpendicular drawn from the origin on the tangent. Let A be 
the area described by the polar radius as it moves from some 
initial position to that which it has at the time t. Then (Art. 7) 
7^dd = 2d A =:pds. 

Remembering that v = dsjdt, we see that the equation (2) may be 
written in either of the forms 




The first of these shows that the velocity at any point of the orbit 
is inversely proportioned to the perpendicular drawn from the centre 
on the tangent The second, by integration between the limits 
^ = ifg to t, shows that the polar area traced out by the radius vector 
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is proportional to the time of describing it. We also see that the 
constant h represents twice the polar area described in a unit of 
time. Both these are Newtonian theorems. 

We also infer that in a central orbit, the angular velocity dOjdt 
always keeps one sign and never vanishes at a finite distance from 
the origin. The radius vector therefore continually turns round 
the origin in the same direction. 

307. Conversely, we may show that if-a particle so move that 
the radius vector drawn from the origin describes areas propor- 
tional to the time the resultant force always tends to the origin 
and is therefore a central force. To prove this let F and Q be 
the components of the accelerating force along and perpendicular 
to the radius vector. Taking the transversal resolution, we have 



As already explained if^d6 = 2dA, and if the area A bear a constant 
ratio to the time, say A =at, we have at once rH6ldt—2a and 
therefore ff = 0. 

308. If m is the mass of the particle, its linear momentum 
is mv and this being directed along the tangent to the path, the 
moment of the momentum about the centre of force is mv,p. 
The moment of the momentum is called the angular momentum 
(Art. 79) and we see that in a central orbit the angular momentum 
about the centre of force is constant and equal to mh. When we 
are concerned only with a single particle its mass is usually taken 
to be unity, and h then represents the angular momentum. 

309, To find the polar equation of the orbit we must eliminate 
t from the equations (1). Let r = 1/w, then, as in Art. 268, 

dr _ 1 du dO ^ ^du 

dt u^ dd dt^ dd^ 

^ = 

d0^dt~ de^' 

Substituting this value of d^r/dt^ and the value of d0ldt = hu’‘ 
given by (2) in ^ = — F, we have 
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When the polar equation of the path is given in the form 
u = f{&) the equation (4) determines F in terms of u and 0, 
Since the attractive forces of the bodies which form the solar 
system are in general functions of the distance only we should 
eliminate 0 by using the known polar equation of the path. We 
thus find jP as a function of n only. 

Strictly this expression for F only holds for points situated on 
the given path, but if the initial conditions are arhitrary, the path 
may be varied and the law of force may be extended to hold for 
other parts of space. 

When the force F is given as a function of r or lju, the 

d^u 

equation (4) is a differential equation of the form ^ = f(u). 
This differential equation has been already solved in Art. 97. 

It is evident from dynamical considerations that when the 
central force is attractive, i.e. when F is positive, the orbit must 
be concave to the centre of force, and when F is negative the 
orbit must be convex. By looking at equation (4) we immediately 
verify the theorem in the differential calculus that a curve is 

concave or convex to the origin according as ^ is positive or 
negative. 

310. To ccpply the tangential and normal resolutions to a 
central orbit. 

Eeferring to Art. 36 we have the two equations 

y^=z — F cos (b, ~==Fsin(b — (5), 

as p 

where is the angle behind the radius vector when the particle 
moves in the direction in which s is measured. Writing dr/ds for 
cos (f> and integrating we have 

v^=G-2JFdr ..(6), 

where (7 is a constant* whose value depends on the initial con- 
ditions. This equation is obviously the equation of vis viva, 
Art. 246. The integral has a minus sign because the central force 
is, as usual, measured positively towards the origin, while the 
radius vector is measured positively from the origin. 
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If we substitute for v its value hjp given by (S) and differentiate 
we deduce 



This expression for the central force F is very useful when the 
orbit is given in the form p =f(r), 

311. Considering the normal resolution (5), we have an ex- 
pression for V which is useful when both the law of force and the 
path are known. It has the advantage of giving the velocity 
without requiring the previous determination of either of the 
constants G or h. If % is one-quarter of the chord of curvature of 
the path drawn in the direction of the centre of force we may 
write the equation in either of the forms 

= Fp sin ^ (8). 

This is usually read ; the velocity at any point is that due to one- 
quarter of the chord of curvature. 

When the particle describes a circle about a centre of force 
in the centre sin<^= 1 and p is the radius r. The velocity given 
by the normal resolution, viz. v^jr = F, is often called the velocity 
in a circle cut a distance r from the centre of force. 


312. The velocity acquired by a particle which travels from 
rest at an infinite distance from the centre of force to any given 
position P is called the velocity from infinity. Referring to the 
equation of vis viva (6), let 




^2==C7 + 


2/4 


n — 1 r"^-^ * 

Now = 0 when r = oo ; hence, if n is greater than unity, we 
have 0=0. The velocity from infinity to the distance r = jR is 
2/6 1 


therefore given by tP = 




See Art. 181. 


If n is less than unity the value of C is infinite. Instead 
of the velocity from infinity we use the velocity acquired hy the 
particle in travelling from rest at the given point P to the origin 
under the attraction of the central force. ^ In this case v = 0 when 

2x6 

r = R; hence (since n<l) (7 = . The velocity to the 

2/6 

origin (where r = 0) is then given by v^ = 
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When the force varies as the inverse cube of the distance, 
i.e. jP==/u./ 9^, we notice that the velocity in a circle and the velocity 
from infinity are equal When the force varies as the distance, 
i-e. the velocity in a circle is equal to that to the origin. 

When the force varies inversely as the distance, i.e. F = ft/r, both 
the velocity from infinity and the velocity to the origin are infinite. 

313. The constants* The two constants h and C may be 
determined from the initial conditions when these are known. 
Let the particle be projected from a point P at an initial distance 
It from the origin with a velocity F", let be the angle the 
direction of projection makes with the initial radius vector. The 
tangent at P makes two angles with the radius vector OP, respec- 
tively equal to and ir-- When a distinction has to be made 
it is usual to take yS equal to the angle behind the radius vector 
when P travels along the curve in the positive direction (i.e. the 
direction which makes the independent variable increase). The 
angle ^ is called the angle of projection. We evidently have 

h — vp— YR sin If P== we have ^ . 

x' r- r-i f n — 1 r^~^ 

It follows that, if 7^>l and the velocity from infinity is Fi, 
(7 = F* — Fi^ ; if n< 1, 0 = F® -h Fo" where Fo is the velocity to the 
origin. 

We may obtain another interpretation for the constant O. 
Selecting any standard distance r^a, the potential energy at a 
distance r is 

p , fi ( 1 1 \ At G 

See Art. 250. It follows that 1(7 plus - -- is equal to the 

whole energy of the motion. Sence by taJdng the standard position 
at infinity or the origin according as n is greater or less than unity, 
we may mahe ^ G equal to the whole energy. 

314. When a point P on the orbit is such that the radius 
vector OP is perpendicular to the tangent, the point P is called 
an apse. 

When OP is a maximum the apse is sometimes called an 
apocentre, and when a minimum a pericentre. 
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315. Summary. As the formulae we have arrived at are 
fche fundamental ones in the theory of central forces, it is useful 
to make a short summary before proceeding further. There are 
three elements to be considered : (1) the law of force, (2) the 
equations of the path, (3) the velocity and time of describing 
an arc. Any one of these elements being given, the other two 
can be deduced by dynamical considerations. There are therefore 
three sets of equations; firstly, equations (4) and (7) connect the 
force and path, so that either being known the other can be 
deduced ; secondly, equation (6) connects the force and velocity ; 
thirdly, equations (2) and (3) connect the path with the motion 
in that path. 

The equations of one of these sets are mere algebraic trans- 
foraiations of each other, any one being given the others can 
be found from it by reasoning which is purely mathematical. 
But an equation of one set cannot be deduced from an equation 
of another set in this manner, because each set depends on different 
djmamical facts. 

316. Dimensions. It is important to notice the dimensions 
of the various symbols used. The accelerating force F, like that 
of gravity, i.e. y, is one dimension in space and — 2 in time. We 
see this by examining any formula which contains F or y, say 
5 = Jyj 2 Qr —F cos (}> — (PsJdt\ The force F will in general vary 
as some power of the distance from the centre of force, say 
F = where y. is a constant which measures the strength of 
the central force. The quantity jm = Fr^ is therefore n + 1 dimen- 
sions in space and — 2 in time. The velocity v = dsjdt is one 
dimension in space and — 1 in time. The constant h = vp is 2 
dimensions in space and ~ 1 in time. See Art. 151. 

317- rcMTce gi'jren, find tine orbit. Ex, 1. The force being 
F = fiU^(2ahL^ + l), 

a particle is projected from an initial distance a, with a velocity which is to the 
velocity in a circle at the same distance as to ;>/3, the angle of projection being 
45°. Find the path described. 

Putting a=pl/c the differential equation of motion is, by Ar" '^9, 
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When tt=c, the conditions of the question give v^=^F/€ and 7i=v sin ^jc where 
sin^^rrj, see Arts. 311, 313. We therefore have <7=0, h^=/u.. The equation now 
reduces to 


\d6 J 


c 


Replacing by l/r and measuring S from the initial radius OA in such a direction 
that r and 6 increase together, this leads to r=a (l + d). 

From the equation we infer that the time from a distance a to r is 


Ex, 2. A particle moves under the action of a central force fi{u^ the 

velocity of projection being and the angle of projection sin'^^. Prove 

that the polar equation of the path is Sa^={4T^-~a^) (B + C)\ [Ooll. Ex. 1892.] 


Ex, 3. When the central acceleration is jx{u^+a^u’^) and the velocity at the 
apsidal distance a is equal to prove that the orbit is r—acnd (mod 

[Ooll. Ex. 1897.] 


Ex, 4. The central force being F=2(jiU^{l~aH% the particle is projected 
from an apse at a distance a with a velocity s/fija. Prove that it will be at a 

distance r after a time -|a.^log . [Math. Tripos.] 

Ex, 5, A pEurticle, acted on by two centres of force both situated at the origin 
respectively and is projected from an initial distance a with a 

velocity equal to that from infinity, the angle of projection being tan'“^Ay2. If 
the forces are equal at the point of projection, the path is ad—(T-a),J2. 

Ex, 6. A particle, acted on hy the central force F=u^f {&), is initially projected 
in any manner. Prove that the radius vector can he expressed as a function of & 
if the integrals of cos 6 f {6) and smd/(d) can be found. [Use the method of 
Art. 1220 


318. Orbit given, find the force. Ex. 1. A particle describes a given 
circle about a centre of force on the circumference. It is required to find the law of 
force and the motion. Newton’s problem. 


Let 0 be the centre of force, G the centre of the circle, P the particle at the 
time t. Let a be the radius of the circle, OP=r. If p = OF be the perpendicular 
on the tangent, we have (since the angles OPT, OAF are equal) p=zr^fta. Hence 
using (7) of Art. 310, we have 




If we suppose the magnitude of the force to be given at a unit of distance firom 
the centre of force we write this in the form , where ^ is a known constant 

sometimes called the magnitude or strength of the force. The constant h is then 
determined by the equation 

( 2 ). 


The velocity at any point P is found by the normal resolution, Art. 310, 



By Art. 312 this velocity is egoal to thst tcom infinity. 


.(»)• 
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To find the time of describing any arc AJP, where A is the extremity of the 
diameter opposite to the centre of force, we use the equation A = ^htf Art. 306. 
Since the area A OF is made up of the triangle OOP and the sector A CP, we have 

^ht=A=ia^(2e + sin20), 
where & = the angle A OP. Substituting for h 

t= 2 a» ^|( 2 e + 8 iii 2 ») (4). 

It appears from this that the particle will arrive at the centre of force after 
a finite time obtained by writing d=^ir. The particle arrives with an infinite 
velocity due to the infinite force at that point. 

Let the force at all points of space act towards the point 0 and vary as the 
inverse fifth power of the distance from O. It is required to find the necessary and 
sufficient condition that a particle projected from a given paint P in a given direction 
FT with a given velocity V may describe a circle passing through O. It is obvious 
from (3) that it is necessary that where r=^OP; we shall now prove that 

this is also suflScient. 

Describe the circle which passes through 0 and touches PT at P, The particle 
which describes this circle freely satisfies the given conditions at P. If then the 
given particle does not also describe the circle we should have two particles 
projected from P in the same direction, with equal velocities, acted on by the same 
forces, describing different paths ; which is impossible ; Art. 243. 

We notice that a change in the direction of projection PT affects the size of 
the circle described, but not the fact that the path is a circle. 

Pw. 2. A particle moves in a circle about a centre of force in the circum- 
ference, the force being attractive and equal to jxr”. Prove that the resistance of 
the medium in which the particle moves is (n-h 5) r’^sin where cos 6^rl2a, 

Use the normal and tangential resolutions. [QoH* Ex.] 

Px. 3. A particle of unit mass describes a circle about a given centre of force 
0 situated on the circumference. If the particle at any point P is acted on by an 
impulse 2v cos ^ in a direction making an angle 7r — <f> with the direction of motion 
PT, show that the new orbit is also a circle and prove that the ratio of the radii is 
cos 20 + sin 20 cot 6, where 6 is the angle OPT, 

Px. 4. The force being P= pu^, a particle when nrojected from a p<^int P with 
an initial velocity F, equal to that from infinity, describes the circle , —2acosff; 
investigate the path when the initial velocity is V(l+y)j where y is so small that 
its square can he neglected. 

Proceeding as in Art. 317, we find 

The conditions of the question give 

where c~l/2a and 0=a initially. Putting w=csecd+<j 97 and neglecting the 
squares of tj and 7 , we arrive at 

cos^ & drj cos^ 6-2 cos ^ 7 cos^ d 

sin d d$^ sin*^ 6 ^ ^ cos** a sin® $ ' 
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Each side being a perfect differential, we find 

cos- $ y 

’)=<c+ 7 Oot 0 -— ,-^{cot 0 + Jfl + ism9cosfl), 

and K is determined from the condition that 77=0 when d = a; 

^ cot a + — ^ - (cot a + f a + ^ sin a cos a). 

Putting M= 1/?’, we have r=: 2a cos d (1 - 77 cos 6), 

T . V 

— COS ^ — /rsin d*- 7 C 0 sd-f — . (cos ^+5^sind + :?r sin-<? cos<9). 

aCl COS'* a “* ' 

It has been assumed that cos a is not small, the point P must therefore not be 
close to the centre of force. It easily follows that when 

^=:^7r — K -h § Try Bec^ a, 

the distance of the particle from the centre of force is of the order of small 
quantities neglected above. 

5, Any number of particles are projected in all directions from a given 
point P each with the velocity from infinity, the central force being F=pt.u^, Prove 
that their locus at any instant is {$ being measured from OP) 

(?“ 4- - 2cr cos r . (? 2 + c^) cos 0 - 2cr) . 

Sin*^d ( r-*+c2~ 2crcos d J ’ 

where 0P=c and A is a constani depending on the time elapsed. 

319. Ex. 1. A 'particle describes an equiangular spiral of angle a under the 
action of a centre of force in the pole, prove that 

P=~, /i=sina^yLt, v=:'^-y , 2cos 

where t is the time of describing the arc bounded by the radii vectores ?’i. Con- 
versely, a particle being projected from any point in any direction will describe an 
equiangular spiral about a centre of force whose law is provided the 

velocity of projection is pjpjr, i.e. is equal to that from infinity. 

Assuming p=rsma we follow the same line of reasoning as in Ex. 1 of 
Art. 318. 

Ex. 2. A particle acted on by a central force moves in a medium in which the 
resistance is ic(vel.)®, and describes an equiangular spiral, the pole being the 

centre of force. Prove that the central force varies as where a is the 

angle of the spiral. [Math. Tripos, I860.] 

320. Ex* A particle describes the curve cos + b sin wd, under the 

action of a centre of force in the origin,. Prove that 

F--^ 4 . ^ 

— yjsm+i ^ ^ ,,14. 1 ^n-P2 ^ * 

We notice (1) that the exponents of r are independent of n, (2) that, when m+1 is 
positive, the velocity at any point is that due to infinity. Art- 312. 

Supposing the law of force and the velocity of projection to be given by these 
formulae, let the particle be projected from any point P in any direction PT. The 
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four constants /e'-, n, a, I are determined by 

{m 4 - 1 ) (a^ 4 * h-) = iJ.y == 

joined to the conditions that the curve must pass through P and touch FT. 

We find that and -ii- ~ cot^ 0 have the same sign, where 11 = OP and 
m-f - 1 

<p is the angle of projection. When the sign of nr thus determined becomes 
negative or zero the curve obviously changes into 

or r^^=a + h"d, 

where 4 a' 5 ' = a” - h- and h" is the limit of bn when h is infinite and n zero. 

It is useful to notice the following geometrical properties of the curve. If jp 
be the perpendicular on the tangent, <j> the angle the radius vector makes with the 
tangent 

m ^ 1 n^ m^ — n^ 1 

tan c& = cot nd, - 7 ; = — r> -i . 

^ n P“ w- r- 

This example includes many interesting cases. Putting ffi = 2, n=2, we see 
that the lemniscate of Bernoulli could be described about a centre of force in the 
node varying as the inverse seventh power of the distance. Putting m=n, we 
have the path when the force varies as the inverse { 2 m-f 3)th power and the velocity 
is that from infinity. Writing = n=^, we find the path is a cardioid when 

the central force varies as the inverse fourth power and the velocity is that from 
infinity. Writing m=l, n=l, the path is a circle described about a centre of force 
on the circumference. 

321 . Ex. 1. A jparticle describes a circle about a centre of force situated in 
its plane. It is required to find the law of force and the motion. 

I>et O be the centre of force, C the centre of the circle, a its radius and GO=c, 
Taking the equations of Art, 310, we have 

p ’ a r ’ a 

Since in a circle 2ap=r^->rar- c^y we can, by substitution, express F and v in 
terms of r alone. We have 

r - ’ 

\2) r=+B’ 

where 8aW=p and B=a^- c^. When P = 0, the law of force reduces to the inverse 
fifth power, and the velocity becomes the same as that found in Art. 318. 

If this law of force be supposed to hold throughout the plane of the circle, the 
values of p and B are given. In order that the orbit may be a circle it is necessary 
that the velocity of projection should satisfy the above value of v, i.e. should be 
equal to the velocity from infinity. The direction of projection being also given, 
the angulao* momentum h (Art. 313) is also known. The values of a and c follow 
at once from the equations given above and must be real. 

Hewton, when discussing this problem, supposes that the centre of force lies 
inside the circle. It follows that B is positive, and at no point of space can either 
the force or velocity he infinite. 

When the centre of force is outside the circle, one portion of the orbit is 
concave and the other convex to the centre of force. We must therefore suppose 
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that the force is attractive in the first and repulsive in the other part. Writing 
B = - we have = and therefore b is the length of either of the tangents 

drawn from the centre of force to the circle, and the force changes sign through 
infinity when the particle passes the circle whose radius is h. 


Sylvester, in the Phil. Mag. 1865, points out that the resultant attraction of a 
circular plate, whose elements attract according to the law of the inverse fifth 


power, at an external point P situated in its plane, is where (jl is the mass 

of the plate, b its radius and r the distance of P from the centre. The circle 
described by P under the attraction of this plate cuts the rim orthogonally. 


Let the particle P be constrained to move on a smooth plane under the action 
of a centre of force situated at a point C distant b' from the plane, the law of 
force being the inverse fifth power. The component of force in the plane is 


P=- 


fj.r 


- , where r is the distance of P from the projection 0 of the centre of 

force on the plane. Putting B = b'^, it appears from what precedes that, if the 
velocity of projection is equal to that from infinity, the path of the particle on the 
plane is a circle. The length of the chord bisected by the point 0 is constant for 
all the circles and equal to 2b'. ^ 


Ex. 2. A particle moves under the action of a centre of force F=jj,u^. Prove 
that all the circles which can be described either pass through a fixed point or have 
a fixed point for centre. 


322 . Ex. 1. A 2 ?o.rticle movea under the action of a centre of force whose 
attraction is velocity at any point is equal to that from infinity. 

It is required to find the path. 

The equation of vis viva {Art. 310) gives 


v"-=G-2lFdr = C+^. 


.( 1 ). 


Since this formula is independent of the path and it is given that v is zero when r 
is infinite we see that C=0. Substituting for v its value 7i/p, the equation of the 
path becomes 

r^ + B — ip\ ih^=fi (2). 


The curve required is therefore such that a linear relation exists between p^ and 
rK There are several species of curves which possess this property distinguished 
from each other by the values of B and i. 

One such curve is known to be an epicycloid. Supposing the radii of the fixed 
and rolling circles to be a and 6, we have at the cusp r=a, p = 0 and at the vertex 
p and r are each equal to a + 25. We thus find 


B=-a\ 


(a+25)^~u^ 


.(3). 


(a+ 26 P 

The law of force and the conditions of projection being given both B and h^ are 
known. If the force is attractive, B negative, and plh^ less than unity, the path is 
an epicycloid, the values of a and 5 being given by (3). 

Changing the sign of 5 the epicycloid becomes a hypocydoid and in this case 
we learn from (3) that i and p are negative. When therefore the force is repulsive, 
and B negative, the path is a hypocydoid. 
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The remaiDing species are more easily separated by putting the equation (2) 
into the form p=:fp, a result which follows at once from the identity p^rdrldp. 
Bemembering that p=p+ d?pjd^ the differential equation becomes 




-(z-l)p = 0., 


.( 4 ). 


When i is less than unity or is negative we easily deduce the cycloidal species given 
above. If = 1 - we find 

QvcL^-ip+M cos 

If the axis of x pass through the cusp, we have p = 0 when t^=0 and 
when jS^=^w. Hence Zr=:a4-26 and Ar=0. 

When i is greater than unity we have the forms 

p=Lc“'^ + irc~‘"^ (5), 

where a2=i-l and the second form occurs when i=l. Since in any curve the 
proiection of the radius vector on the tangent is dpfdxp^ we find by elementary- 
geometry 



where 4> is the angle behind the radius vector. Since <p=}p-e, we can in this 
way express the polar coordinates t and 6 in terms of the subsidiary angle 

Substituting in (2) we find that 4:a^LjScI=^JB, so that X» and M have the same or 
opposite signs according as the given quantity B is positive or negative. When 
B=0, either Lor Mis zero, and since, by (6), tan<^ is then constant the curve is 
an equiangular spiral. 

To trace the forms of the exponential spirals it is convenient to turn the axis 




of X round the origin so that the equation (5) may assume a symmetrical form. 
We then have 

^=4c (7), 

where the upper or lower sign is to be taken according as B is positive or negative. 
When B is positive there is an apse whose position is found by putting p=:r in (2), 
whence (i - 1) r®=B. When B is negative there is a cusp at the point determined 
by p = i.e. at -B. These spirals were first discussed by Puisseux (with a 
different object in view) in Liouville’s Journal, 1844. 

By using a proposition in the theory of attractions we may put some of the 
preceding problems in another light. It may be shown that the resultant attraction 
of a circular ring, whose elements attract according to the law of the inverse 

cube, at any point P in the plane of the ring is , where p. is the mass of 

the ring, c its radius and r the distance of P from the centre. The plus or minus 
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sign is to be taken according as P is without or within the ring, (see Townsend 
in the Quarterly Journal, 1879). The path of the particle P moving under the 
attraction of the ring has now been found provided the velocity of projection is 
equal to that from iniinity. 

Again, when a particle P is constrained to move on a smooth plane under the 
action of a centre of force C situated at a distance c from the plane, the law of 


fxr 


force being the inverse cube, the component of attraction in the plane is , ^ , 

where r is the distance of P from the projection O of the centre of force on the 
plane. 


Ex. 2. If s be the arc AP of any path measured from a fixed point A, show 
that s (i~ l)/i differs from the projection of the radius vector OP on the tangent at 
P by a constant quantity which is zero when A is an apse. 

Ex. 3. Show that the polar area traced out by a radius vector OP is equal to 
i times the corresponding polar area of the pedal. Thence show that the time of 
describing any arc is given by 


Parallel forces. Ex. 1. A particle describes a central conic under the 
action of a force F tending always in a fixed direction. It is required to find F. 
Let the conic be referred to conjugate diameters OA, OB; the force acting 



parallel to BO. Let the angle AOB^w, OA = a\ 0B=^b'. Let ON~x, PN=y be 
the coordinates of P. Then 


d2x/dt2=0, d^ldt^= - F. 

The first equation gives x—At, where A is the oblique component of velocity parallel 
to X. Hence A is the resultant velocity at B. "We then have 




*** dt^~ a'2 ys- 


The component of velocity at right angles to the force is constant. Representing 
this component by F, and remembering that the resultant velocity at B is A, we 
find F=A sin w. 


If a, h are the semi-axes of the conic the expression for the force becomes 

1 1 
sin® <a * 

It follows that the force tending in a given direction by which a conic can be 
described varies inversely as the cube of the chord along which the force acts. This 
result may also be obtained without difficulty by taking the normal resolution of 
force. 


Ex. 2. If the tangent to the conic at P intersect the conjugate diameters in T 
and XJ, prove that the velocity at P is v=zAx . TUfa'^. 



210 


LAW OF THE DIRECT DISTANCE. 


[chap. VI. 

Ex. 3. A particle describes the curve y-fix) freely under the action of a 
force F whose direction is parallel to the axis of y; prove F=A^dPyldx^, 

Ex. 4. Show that a particle can describe a complete cycloid freely under the 
action of a force tending towards the straight line joining the cusps and varying 
inversely as the square of the distance. Prove also that the square of the velocity 
varies inversely as the distance. 


02#. Ex. Two masses M, m are connected by a string which passes through 
a hole in a smooth horizontal plane, the mass m hanging vertically. Prove that 
M describes on the plane a curve whose differential equation is 



d^u , _‘ing 


Prove also that the tension of the string is ^ [Coll. Exam.] 


Law of the direct distance. 

325. -A particle is acted on hy a centi'e of force situated in 
the origin- whose acceleration is jP = fir where r is the radius 
vector. It is required to find the possible orbits. 

Taking any Cartesian axes, we notice that the resolved parts 
of the force in these directions are fix and fiy. The equations of 
motion are therefore 

d^xjdP- — — fix, d^yjdf" — — fiy ( 1 ). 

We observe that though the axes of coordinates are arbitrary, 
the equations (1) are independent; one containing only x, the 
other only y. We infer that the general principle enunciated for 
parabolic motion may also be applied here. The circumstances 
of the motion parallel to any fixed, direction are independent of 
those in other directions and may be deduced from the corresponding 
formvloe for rectilinear motion. 

Supposing that the force is attractive in the standard case, 
fjL is positive and the solutions of (1) are 

x^ A Gos a/ fd + A ' sin \/fit, y^ Boos a/ fit + J5' sin VM 

As there is nothing to prevent us from using oblique axes, let 
us take the initial radius vector as the axis of x and let the axis 
of y be parallel to the direction of initial motion. If R and V 
be the initial distance and velocity, we have when t.= 0, 
x^R, dxldt=^0; y = 0, dyjdt^V. 

These give R=^A, 0 = A", 0 — B, 



ART. : 326 .] THE PATH AND MOTION. 211 

The motion is therefore determined by 

x^R cos VM y = R sin 

where Y = R'\/ fi. Eliminating t, we obviously arrive at the 
equation of a conic having its centre at the centre of force and 
R, R for semi-conjugate diameters. 

If (j. is positive, the centre of force is attractive and the orbit 
must be at every point concave to the origin. The orhit is there- 
fore an ellipse. If p is negative, the central force repels, and the 
orhit, being convex to the origin, is a hyperbola. Since the centre 
of the conic is always at the centre of force the orbit can be a 
parabola only when the centre of force is infinitely distant. If the 
force at the particle is then finite, the coefificient p must be zero. 
The finite changes of r as the particle moves about do not affect 
the value of pr. The force on the particle is then constant in 
magnitude and fixed in direction. 

When p is negative, we put p=^ — p. The solution of the 
differential equations then becomes 

x=^\R y^^R 

where V = iR aJp and ^ = V — 1- It is evident that iR is real. 

326. Since any point of the orbit may be taken as the point 
of projection, we deduce from the equation V == ^JpR, that the 
velocity v at any point P of the ellipse is given hy v=- fpR where 
R is semi-conjugate of OP. If r be the radius vector of the 
moving particle this equation may also be written = /t (a^ + 6^ — r®) 
where a and h are the semi-axes. 

Since vp==h and pR ^ ah, we see that the constant h is h = f pah. 

If the principal diameters are taken as the axes of coordinates, 
we have x=-a cos y = b sin <p, where <f> is the eccentric angle of 
the particle. It immediately follows that the particle so moves 
that <f> = fpt When (f> has increased by 2'7r the particle has made 
a complete circuit and returned to its former position. The 
periodic time is therefore 2rrlfp. It appears from this that the 
periodic time is independent of all ike ‘ conditions of projection 
and is the same for all ellipses. It depends solely on the strength 
p of the central force. 

In general the time of describing any arc PR is the difference 
of the eccentric angles at P and P' divided hy fp. 
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When the orbit is a hyperbola we have 

x = ^a (e^' 4- y = i - e-^^'X 

where is an auxiliary angle. It immediately follows that 
= fit where pf is positive and equal to —/a. 


327. When the velocity V and angle ^ of projection as well 
as the initial distance R are given, the semi-axes a, b of the conic 
described may be deduced from the equations 


.y „ hr V^R^ sm^/3 

fi fi 






These give real values to a- and 6-. The angle 0 which the major 
axis makes with the initial distance is given by 


cos^^ sin^^ 1 X 2Z) 


Since F = ^/pR\ it is evident that the problem of finding the 
particular conic described when R and V are given is the same 
as the geometrical •problem of constructing a conic when two semi- 
conjugate diameters R, R' are given in position and magnitude. 
This useful construction is given in most books on geometrical 
conics. 


328 . Referring to the equations (1) of Art. 325 we see that the motion in an 
ellipse about a centre of force fir is the resultant of two rectilinear harmonic 
oscillations along two arbitrary directions Ox, Oy represented by 

X^-fix, Y=-fiy. 

The resultant of any number of rectilinear harmonic oschlations (performed in 
equal times) along arbitrary straight lines OA, OB, &c. may be found by resolving 
the displacements of each along two arbitrary axes and compounding the sums of 
the components- The resulting motion is therefore an elliptic motion with 0 for 
centre. 

Ex, Investigate the conditions that the resultant of two rectilinear harmonic 
oscillations, of equal periods, whose directions make an angle 0, shonld be (1) a 
rectilinear, (2) a circular motion. Prove that in the first case their angles or 
phases must be equal; in the second their amplitudes must be equal and their 
phases difier by ir - The radius is a sin 0, 


328. Ex'. 1. If OP, OQ are conjugate diameters of an ellipse, prove that the 
time from P to Q is one-quarter of the whole periodic time. This follows at once 
from the fact that the area POQ is one-quarter of the area of the ellipse. 

Ex, 2, Prove that in a hyperbolic orbit the time from the extremity of the 
major axis to a point whose distance from that axis is equal to the minor axis is 
the same for all hyperbolas. 
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Ex. 3. If the circle of curvature at any point P of an ellipse cut the curve 
again in Q, and A is the extremity of the major axis nearest to P, prove that the 
time from ^ to A is three times the time from A to P. 

Since fit, Art. 326, the theorems in conics which, like this one, are con- 
cerned with eccentric angles may at once be translated into dynamics. 

Ex. 4. Two tangents TP, TQ are drawn to an ellipse, prove that the velocities 
at P and Q are proportional to the lengths of the tangents. [For these tangents 
aie known to be proportional to the parallel diameters.] 

330. Foint to Foint. To find the directions in which a particle must he 
projected from a given point P loith a given velocity V, so as to pass through another 
given point Q. 

Let 9*1, be the distances of P, Q from the centre of force O. Let OP be 
produced to D where D is such that the velocity V of projection at P is equal to 



that acquired by a particle starting from rest at I> and moving to P under the 
action of the centre of force. Let OP—h. Then since F^ = ju,(a- + 6^- r^^), the 
sum of the squares of any two semi-conjugates of the trajectory is VA. 

Bisect PQ in JSf and let ON=x, NP~NQ = y. From the equation of the 
ellipse, 

Or — or ’ 

+ ( 1 ). 

Since x, y, k are given, this quadratic gives two values of a^, showing that 
there are two directions of projection which satisfy the given conditions. 

Let these directions of projection from P intersect ON produced in T and T\ 
then since a-=ON . OT, the quadratic gives the positions of T and T'. ’ We also 
have OT . or=k\ and NT . NT'=y-. 

The roots of the quadratic (1) are imaginary if x + y>k. Produce PO to P' 
where OP'^OP, the roots of the quadratic are imaginary unless Q lie within the 
ellipse whose foci are P, P' and semi-major axis k. This ellipse is the boundai'y 
of all the positions of Q which can he reached by a particle projected from P xoith the 
given velocity. It is also the envelope of all the trajectories. 

Ex. 1. If two circles be described having their centres at 0 and N and their 
radii equal to k and y respectively, prove (!) that their radical axis will intersect 
ON produced in the middle point It of TT' ; (2) that RT^ is equal to the product of 
the segments of any chord drawn from R to either circle. 
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Ex. 2. Show that the greatest range r=PQ on any straight line PQ making a 
given angle d with OP—fi is determined by (k^-r^)lr=k-T-^GOB d. 

Show also that in this case OT=ky and NT=rNP=NQ. Thence deduce that 
the common tangent at Q to the trajectory and the envelope intersects the direction 
of projection from P at right angles in a point T which lies on the circle whose 
centre is O and radius k. 

The first part follows from the focal polar equation of the ellipse and the second 
from known geometrical properties of the ellipse. 

331. Examples. Ex. 1. If the sun were broken up into an indefinite 
number of fragments, uniformly filling the sphere of which the earth’s orbit is a 
great circle, prove that each would revolve in a year. [Coll. Ex.] 

The attractions of a homogeneous solid sphere on the particles composing it 
are proportional to their distances from the centre. 

Ex. 2. A particle moves in a conic so that the resolved part of the velocity 
perpendicular to the focal distance is constant, prove that the force tends to the 
centre of the conic. [Math. Tripos.] 

Ex. 3. A particle describes an ellipse, the force tending to the centre ; prove 
that if the circle of curvature at any point P cut the ellipse in Q, the times of 
transit from Q to P through A and P to Q through P are in the same ratio as the 
times of transit from A to P and P to B, where A and B are the extremities of the 
major and minor axes and P lies between A and B. 

Ex. 4. A particle is attracted to a fixed point with a force fx. times its distance 
from the point and moves in a medium in which the resistance is k times the 
velocity; prove that, if the particle is projected with velocity v at a distance a 
from the fixed point, the equation of the path when referred to axes along the 
initial radius and parallel to the direction of projection is 

k tan“i 2any[{2vx - aky)-k-n log {x'^fa^+jxy^fv^ - kxyJav)—0, 
where - k^j^. [Coll. Ex. 1887.] 

Ex. 5. Three centres of force of equal intensity are situated one at each 
corner of a triangle ABC and attract according to the direct distance. A particle 
moving under their combined influence describes an ellipse which touches the sides 
of the triangle ABC. Prove that the points of contact are the middle points of 
the sides, and that the velocities at these points are proportional to the sides. 

[Math. Tripos, 1893.] 

Ex. 6. If any number of particles be moving in an ellipse about a force in the 
centre, and the force suddenly cease to act, show that after the lapse of (l/2T)th 
part of the period of a complete revolution all the particles will be in a similar 
eoncentrie and similjteiy situated ellipse. . [Math. Tripos, 1850.] 

Ex. 7. A particle moves in an ellipse under a centre of force in the centre. 
When the particle arrives at the extremity of the major axis the force ceases to 
act until the particle has moved through a distance equal to the semi-minor axis ; 
it then acts for a quarter of the periodic time in the ellipse. Prove that if it again 
cseases to act for the same time as before, the particle will have arrived at the other 
end of the major axis. [Art. 325.] [Math. Tripos, I860.] 



ART. 331.] 


EXAMPLES. 


215 


Ex. 8. An elastic string passes through a smooth straight tube whose length 
is the natural length of the string. It is then pulled out equally at both ends 
until its length is increased by ^2 times its original length. Two equal perfectly 
elastic balls are attached to the extremities and projected with equal yeiocities at 
right angles to the string, and so as to impinge on each other. Prove that the 
time of impact is independent of the velocity of projection, and that after impact 
each ball will move in a straight line, assuming that the tension of the string is 
proportional to the extension throughout the motion. [Math. Tripos, I860.] 

Ex. 9. A point is moving in an equiangular spiral, its acceleration always 
tending to the pole S ; when it arrives at a point P the law of acceleration is 
changed to that of the direct distance, the actual acceleration being unaltered: 
Prove that the point P will now move in an ellipse whose axes make equal 
angles with SP and the tangent to the spiral at P, and that the ratio of these axes 
is tan : 1 where a is the angle of the spiral. 

Ex. 10. A series of particles which attract one another with forces varying 
directly as the masses and distance are under the attraction of a fixed centre of 
force also varying directly as the distance; prove that if they are projected in 
parallel directions from points lying on a radius vector passing through the centre 
of force with velocities inversely proportional to their distances from the centre of 
force, they will at any subsequent time lie on a hyperbola. [Math. Tripos, 1888.] 
Ex. 11. A particle starting from rest at a point A moves under the action of a 
centre of force situated at S whose magnitude is equal to /x . (distance from S). It 
arrives at A after an interval T and the centre of force is then suddenly transferred 
to some other point S' without altering its magnitude. If the particle be at a point 
B at the termination of a second interval T equal to the former, prove that the 
straight lines SS' and AB bisect each other. If at this instant the centre of force 
be suddenly transferred back to its original position St prove that at the end of a 
third interval T the particle will be at S'. If at that instant the centre of force 
ceased to act, the particle will describe a path which passes through its original 
position A. 

Ex. 12. If the central force is attractive and proportional to u^l{cu + cos d)®, 
prove that the orbit is one of the conics given by the equation 

(ca + cos d)®=a+ 6 cos 2 (d + a). [Coll. Ex. 1896.] 

Patting cu-hcoa$=U, the differential equation of the path becomes the same 
as that for a central force vaxying as the distance 1/ P. The solution is therefore 
known to be the form given above. 

Ex. 13. A particle moves under a central force Find 

the orbit and interpret the result geometrically. [Math. Tripos,] 

Ex. 14. A smooth horizontal plane revolves with angular velocity <a about a 
vertical axis to a point of which is attached the end of a weightless string, 
extensible according to Hooke’s law and of natural length d Just sufficieut to reach 
the plane. The string is stretched and after passing tiirough a small ring at the 
point where the axis meets the plane is athiched to a particle of mass m which 
moves on the plane. Show that, if the mass be initially at rest relative to the 
plane, it will describe on the plane a hypooycloid generated by the rolling of a 
circle of radius ^ a {l — w(OTdX“^)^} on a circle of radius a, where a is the initial 
extension and X the coefficient of elasticity of the string. 


[Math. Tripos, 1887.] 
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Tlie acceleratiBg tension is Xrlmd^^ftr (say). The path in space is therefore 
an ellipse having a and h = 03 ajsjfj> for semi-axes. To find the path relative to the 
rotating plane we apply to the particle a velocity tar transverse to r backwards. If 
p' be the perpendicular from the centre on the resultant of v and we have by 
taking moments about the centre 

{v^ - Srop •¥ (oh^) p''- = (2?p - <ar^Y. 

Substituting for and vjp their values in elliptic motion we find 

&2(a2^r2) = p'2 (a 2 _ 52 ). 

This is a linear relation between and p'^ and the curve will be an epicycloid 
if the radii of the corresponding circles are real (Art. 322). To find the radius of 
the fixed circle, we put p' = 0; this gives the radius r=a. To find the radius 
e of the rolling circle, we put p' = r, and r — a-i-2e; this gives the required value 
of c. If c is negative the curve is a hypocycloid. 


Law of the inverse square of the distance. 

332. A particle is acted on hy a centre of force situated in the 
origin whose acceleration is F = where u is the reciprocal of the 
radius vector. It is required to find the possible orbits. 

We have the differential equation (Art. 309) 
dhb ^ F fM 



It = ” + A cos ($ — a), 

where A and a are the constants of integration. Comparing this 
with the equation of a conic 

lu=l e cos (0 — a) (2), 

where I is the semi-latns ectum, we see that the orbit is a conic 
having one focm at the centre of force. We also have h^ = 

Conversely, if the orbit is a conic with the centre of force in 
one focus, the law of force must be the inverse square. To prove 
this, we let (2) be the given equation of the orbit; substituting 
in the left-hand side of equation (1) we find F= pn\ where p has 
been written for the constant h^fL 

333. The velocity- The relations between the conic and 
the force are more easily deduced from the equation 

d 1 p 



217 


AET. 333.] THE PATH AND MOTION, 

the force being attractive in the standard case, 

K=^+g, 



where G is the constant of integration. The p and r equation of 
an ellipse having a focus S at the origin is 

p^ r a ’ 

where I = is the semi-latus rectum. Comparing these equations, 
we have the standard formulae 

C — t. (A). 

We change from the ellipse to the hyperbola by making the 
centre G pass through infinity to the other side of the origin 
we therefore put — a' for a ; also becomes — 6'^, the semi-latus 
rectum remaining positive and equal to We now have 

K-.iJ, C.|,. (E). 


In passing from that branch of the hyperbola which is concave 
to the centre of force to the convex branch, the radius vector r 
changes sign through infinity from positive to negative. Before 
comparing the equation of the orbit with that of the hyperbola 
we should write — r' for r in the latter. Also since this branch 
is convex to the origin the force is repulsive and p is negative, let 
us put ft = — Compaiing the formulae 


we have 


, ^ I 2 1 

^ “h > p2 r'^ a'* 


M = plf 


a' 



(C). 


In the parabola, a is infinite, and 

0=0, = .,(D). 
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All these formula may be included in the standard form (A) 
of the ellipse if we understand that on the concave branch of the 
hyperbola the major axis is by interpretation negative; on the 
convex branch, the radius vector being made positive, the major 
axis is positive while the semi-latus rectum I and the strength /a 
are negative. 

334. Constraction of the orbit. When the velocity V 

and the distance R are known at any point P of the orbit (say, 
the initial position), we may determine the curve in the following 
manner. Let the force he attractive. The orbit is now concave 
to the centre of force and {jl is positive. Comparing the formulae 
(A), (B) and (D) and remembering that the velocity from 
infinity to the initial position is given by (Art. 312), 

we see that the orbit is an ellipse, parabola or the concave branch 
of a hyperbola according as the velocity is less than, equal to, or 
greater than that from infinity. We notice that this criterion is 
independent of the angle of projection at P. Let the force be 
repulsive. Since the path is convex to the centre of force the 
orbit is the convex branch of a hyperbola. 

335. Having ascertained the nature of the orbit we have 
next to determine the lengths of the major axis and latus rectum. 
Supposing the ellipse to be the standard case, we have by (A), 
1 2 

a^R “ notice that the length a is independent of the 

angle of projection. If then particles are projected from the same 
point tvith equal velocities the major axes of the orbits described are 
equal. 

If be the angle of projection (Art. 313) we have p = Rsin.^ 
and h= Yp. The constant h and the semi-latus rectum I are 
therefore found from A = YR sin /3, A® = fd. 

336. The position ifi space of the major axis may be found in 
various ways. Let S be the focus occupied by the centre of force 
and A the extremity of the major axis nearest to S. 

We may find 0 from the analytical equation of the curve 
i/r = 1 4- e cos 9, 

where 9 is the angle the initial radius vector SP makes with SA. 
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We may also use a geometrical construction. The focus S 
and the tangent PT at P being known, we can draw a straight 
line PH so that SP, PH make equal angles with PT, the direction 
of PH depending on whether the curve is an ellipse or hyperbola. 
If the point H is then determined so that SP + PH = 2a, where 
a has been , already found, it is cleax that H is the empty focus. 
If the curve is a hyperbola, these lengths (as already explained) 
must have their proper signs. The position of the major axis 
is then found by joining S and H, and a being known the 
eccentricity e is equal to SHI2a. 


337. Ex, 1. The initial distance of a particle from the centre of force 
being r, and the* initial radial and transverse velocities being and Fo, prove 
that the latus rectum 21 and the angle $ which the radius vector r mahes 


I 

with the major axis are given by ^ = -- 


tan e = 




Ex, 2. Prove that there are two directions in which a particle can be projected 
from a given point P with a given velocity F, so that the line of apses may have 
a given direction Sx in space, and find a geometrical construction for these 
directions. 


Since F is given, a is known. With centre P and radius 2a -r describe a 
circle cutting Sx in H, The required directions bisect externally the angles 
SPM, SPJS'. 

Let /S be either of the angles the direction of projection at P makes with SP, 
Art. 313. The quadratic giving the two values of tan is 

cot^ j3 + ^2 - f ^ cot $ cot j8 - 1 = 0, 

where 0 is the angle PSx. This follows from Ex. 1 by writing F^ = F cos 
V 2 =V sin jS. The quadratic may also be written in the form 

tan 

Ex. 3. Three focal radii SP, SQ, SP of an elliptic orbit and the angles 
between them are given. Show that the ellipticity may be found from the equation 
bA=aA\ where A is the area PQP, A' the area of a triangle whose sides are 
2SQ^ - SR^ sin ^QSR and two similar expressions. ' [Math. Tripos, 1893.] 

Let P', Q', R' be the points on the auxiliary circle which correspond to P, Q, R. 
We first find by elementary conics the length of the side Q'R' in terms of SQ, SR 
and the contained angle. The result shows that the side Q'R' is equal to the 
corresponding side of the triangle A' after multiplication by a/b. Since the areas 
of the triangles PQR, P^Q'R' are known to be in the ratio hja, the result follows 
at once. 

Ex, 4. Two particles P, Q describe the same orbit about a centre of force O. 
Prove that throughout the motion the area contained by the radii veetores OP, OQ 
is constant. •. 
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Thence dedoce that if a ring of meteors (not attracting each other) describe t 
closed orbit, the angular distai^ce between consecutive meteors varies inversely ai 
the square of their distance from O. 

Ex, 5. Two particles P, Q describe adjacent elliptic orbits of small eccentricity 
in equal times, the centre of force being in the focus and the major axes coincident 
in direction. Supposing the particles to be simultaneously at corresponding 
apses, prove that the angle ^ which PQ makes with the line of apses is given by 
cot - 3 eosec 2nt -f- cot 2nt, and find when is a maximum. 

338. Elements of an orbit. To fix the position in space 
of an elliptic orbit described about a focus we must know the 
values of sia: constants^ called the elements of the orbit. 

These are (1) the angle which the radius vector from the 
given focus to the nearer extremity of the major axis makes with 
some determinate line in the plane of the orbit, the angle being 
measured in the positive direction; (2) the length of the major 
axis; (3) the eccentricity ; (4) a constant usually called the epoch 
to fix the longitude of the particle at the time t = 0. This con- 
stant will be considered later on. 

To determine the plane of the orbit we require two more 
constants. Taking the focus as origin, let some rectangular axes 
be given in position. Let the plane of the orbit intersect the 
plane of xy in the straight line N'SN, This line is called the 
line of nodes, and that node at which the particle passes to the 
positive side of the plane of xy is called the ascending node. We 
require (5) the angle the radius vector to the aiscending node 
makes with the axis of x, and (6) the inclination of the plane of 
the orbit to the plane of xy, 

339. Point to Point. To project a particle with a given 
velocity V from a given point P so that it shall pass thj'ough 
another given point Q. 



Let Vj, To be the distances SP, SQ. The velocity at P being given , 

the major axis 2a is also known from the formula F- = u 

- aj 
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Witjh centres P and Q, describe two circles of radii 2a — r-,, 2a — r>; 
these intersect in two points H, Either of these may be the 
empty focus. The three sides of the equal triangles PQH, PQH' 
are therefore known. 

There are two directions of projection which satisfy the given 
conditions. These directions are the bisectors of the supplements 
of the angles SPH, SPM'. Let be the angles of projection 
at P (measured behind the radius vector SP^ see Art. 313), then 
/? + is equal to the supplement of SPQ, and /3 — /3' is equal to 
the known angle HPQ. 

The range PQ on a given ^straight line is the greatest possible 
when jET, JEf' coincide and lie on the straight line PQ. We then 
have 

PQ — PH + QH — 4a — — r^. 

This equation requires that the semi-major axis should be one- 
quarter of the perimeter of the triangle SPQ. 

Since two consecutive trajectories whose foci are in the neigh- 
bourhood of PQ intersect in Q, the locus of Q as the range PQ 
turns round P is the envelope of all trajectories from a given point 
P with a given velocity. Since PQ 4- QS = ^a — rj this locus is 
another ellipse having its foci at P and S. Each trajectory touches 
the enveloping ellipse in the point where the straight line joining 
P to the empty focus of the trajectory cuts either curve. 

340. Ex. 1. Prove tliat the semi-major axis a', the eccentricity e' and the 
semi-la tus rectum V of the enveloping ellipse are given by 

2 a'= 4 a- 7 -i, e'=-r^, Z«= 2 a( 2 ct-r,). 

^ 4a — ^ 

Ex. 2. If the variation of gravity is taken account of and the resistance of 
the air neglected, prove that the least velocity with which a shot could be projected 
from the pole so as to meet the earth’s surface at the equator is about miles per 
second, and that the angle of elevation is 22^°. [Coll. Ex. 1892.] 

Ex. 3. If a particle when projected from passes through two other points 

Pg, P 3 , prove that the semi-latus rectum I is given by either of the equalities 

ZA= rjAj + 2 + “i “2 “ 3 » 

where r^, rg, are the distances jS'Pj, ^Pg, SP^; Ag? ^3 areas of the 

triangles PgSP,, P.^SP^, *3 angles at the focus S and A is the 

area of the triangle PjP^P^. Prove also that the eccentricity is given by 

(SA)2~S (A . sec a)- - 2S (JiA^ sec see agCOS 03 ). 

341. Time of describing any arc. Tbe time of describing 
the whole ellipse, usually called the periodic time, can be deduced 
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at once from the formula A = (Art. 306). Putting A = Trah 

27r 1 

and h-^fjLb-ja, (Art. 332), we find that the periodic time = 

It appears from this that the period is independent of the 
minor axis and depends only on the strength p of the centre of 
force and on the length of the major axis. 

If n be the mean angular velocity in the orbit, the mean being 
taken with regard to time, the period is 27r/?^. It follows that 



342 . To find the time of describing any arc AP of an elliptic 
orbit 

Let S be the focus occupied by the centre of force, AQA' the 
auxiliary circle and QP-A an ordinate. If A is the extremity of 
the major axis nearest to S, the angle ASP is called the true 
anomaly and is sometimes represented by the letter v, i.e. the 
angle ASP^v, The angle ACQ is the eccentric angle^ of P and 
in astronomy is called the eccentric anomaly ; it is usually repre- 
sented by Uy i.e. the angle ACQ = il Thus the true anomaly n is 
measured at the centre of force, the eccentric anomaly u at the 
centre of the orbit. 

When the particle is a planet the extremities A, A' of the 
major axis are called the perihelion and aphelion ; when the particle 
is the moon the same points are called perigee and apogee. They 
are also called the apses ^ Art. 314. 

Representing the time of describing the arc AP by ty and the 
mean angular velocity of the particle by n, the product nt is 
called the mean anomaly, and is generally represented by m, i.e. 
m = nt. To represent this angle geometrically we let a second 
particle describe a circle, having its centre at S, with a uniform 
motion in the same period as the given particle describes the 
ellipse. The actual angular velocity of this pailiicle is therefore 
n. If A and Q' are its positions at the times ^ == 0 and t==t, the 
angle ASQ' = nt 

The true and mean anomalies are the important angles in the 
theory of elliptic motion. The eccentric anomaly is introduced 
as an auxiliary angle because, hy its help, very simple expressions 
can be found for the other two anomalies and for the radius vector. 
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The differeEce between the true and the mean anomaly, or 
V — m, IS called the equation of the centre^ and is positive from the 
nearer apse to the farther and negative from the farther to the 
nearer. 

Using the geometrical theorem that the ratio of the area^iS^P 
of the ellipse to the corresponding area ASQ of the circle is 
constant for all positions of P and equal to 6/a, we have, if 
A = area ASP, 

A — ^ (area AOQ — area SCQ) 

1 6 

== -s; — sin u). 

2 ^ 

Since A = ^ht, this gives 

7it = u — € sin u (A). 

We may obtain this relation between u and t without using any figure. Taking 
the focus 8 for origin, we have 

x' = -ae+a cosu, y'=b sin u, 
hdt = 2dA =x'dy* - y'dx'. 

Substituting for a/ and y* we obtain t in terms of u by an easy integration. 



343. To find the relation between the true and eccentric 
anomalies we notice that GS = ae, CN = x, SP = r = a — 


/. 1 — cos V = 1 + 


1 + cos ?; = 1 


ae ^ X ^(1 + e) (a — x) 
a-- ex r ’ 

ae--x (1 —e)(a + x) 


a — ex r 

B.emembering that x = a cos u, these give at once 


\/a \/a ~ i’ 

V /lAre. U 

<®>- 


tan: 


EEminating u between (A) and (B) we have 

nt= 2 tan-» |j- “ eV(l “ «“) • 


smt^ 


1 4* « cos V ‘ 

The expression for the time in terms of the longitude 6 may also be found by 


integration. Since r^d0ldt=h, we have t 


- [ 
hj{ 


pd$ 

if + cos ey 


, where /= 1/e. But it 
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i. known that - 1) 9 ' 

this ivith regard to /, the value of t follows at once. 

Et. Prove that r^ = ^/(«Z), and r^~=an. 


344. Ex. 1. Prove that the mean distance of a planet from the sun is a oi 
a(l + |e^) according as the mean is taken with reference to the longitude or the 
time. [These means are respectively Jrdd/27r and where T is the periodic 

time.] 

Ex. 2. Prove that the mean value of r" with regard to time for a planet is 


(f2^1jn+3l2 

E(n + 1) V /)”"■'“ 


djn+l 




where /=l/e and L (/i) = l . 2 . 


Ex. 3. The earth’s orbit being regarded as a circle, prove that a comet, 


describing a parabolic orbit in the same plane, cannot remain within the circum- 


ference of the earth’s orbit longer than the (2/37r)th part of a year. [Coll. Ex.] 


Ex. 4. A particle is projected from the earth’s surface so as to describe a 
portion of an ellipse whose major axis is times the earth’s radius. If the 
direction of projection make an angle of 30° with the vertical, prove that the time 


of flight is I (Bajg)- + s/%] where a is the earth’s radius. 

[Coll. Ex. 1895.] 


345. Orbits of small eccentricity. The equations (A) and (B) of Arts. 342, 
343 determine the time of describing any given angle v in an elliptic orbit of any 
eccentricity, the equation (B) giving u when v is known while the equation (A) then 
determines t. The converse problem of finding the polar coordinates r and v 
when t is given is usually called Kepler's prohlevi. One solution by which u and v 
are expressed in terms of t by series arranged in ascending powers of e will be 
presently considered. It is enough here to notice that in a planetary orbit, where 
e is small, the value of u when t is given can be found by successive approxima- 
tion, The value of v then follows from (B) by using the trigonometrical tables. 

34®. To solve <p {u) = u- e sinu-m^O by Newton’s rule, when m, i.e. -af, is 
given. 

Supposing Uo to be two successive approximations to the value of u, that 
rule gives 

„ 

^ (zil) 1-CCOSMi 

where esmuj_. To find a first approximation we notice that u lies 

between m and mJ=e, the upper or lower sign being taken according as m is 
cir or > . We choose some value of u, lying between these limits, which is an 
integer number of minutes so that its trigonometrical functions can be foimd from 
the tables without interpolation. By Eourier’s addition to Newton’s rule this first 
approximation should be such that p (u) and (u) have the same sign. 

Substituting this first approximation for Uj , the formula gives a second approxi- 
mation. Substituting again this second approximation for , we obtain a third, 
and 80 on^ When e is very small the first computed value of the denominator is 
sometimes sufficiently accurate for all the approximations required. See Encke, 
Berliner Astronomisches Jahrhnch, 1838. Gauss, Theorta Motus &c., translated by 
(J. H. Davis. Adams’s Collected Worhs^ vol. i. p. 289. 
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JSa:. Prove that if we eliooae + e as the first approximation, the error of 

the value of is of the order e®. 


047. Ex, 1. 
prove 


Leverrier’s rule. If terms of the order e*^ can be neglected, 




e sinm 
1 - e cos m 


1 / e sin m 

2 oosm/ 


Glaisher remarks that if we replace the third term by - 1 (e sin mf (1 ~ e oos ml" ^ 
the formula is correct when terms of the order e® are neglected. He also gives a 
series for u correct up to e®. Monthly Notices of the Astronomical Society^ 1877. 


Ex, 2. Prove that cot u = cot m - ^ where 

f{u~m) 

® ^ 1 • f> 3 . . 15 . « 

Putting u=m+e on the right-hand side of the first equation we obtain an 
approximation for cot u whose error is of the order e®. This is Zenger^s solution 
of Kepler^s problem. He has tabulated the values of /(e) for the eight principal 
planets. Some improvements of the method have been suggested by 3, C. Adams. 
'Both papers are to be found in the Monthly Notices of the Astronomical Society, 
1882, Yol. xxn. p. 446, vol. xnm. p. 47- 

Ex, 3. Prove the following graphical solution of Kepler’s problem. Construct 
the curve of sines y=smx, measure a distance OM=m along the axis of x and 
draw MF making the angle FMx equal to cot"^ e. If MP cut the curve in P, the 
abscissa of P is the value of u. 

This method was described by J. O. Adams at the meeting of the B. Association 
in 1849- It is also given by See in the Astronomical Notices, 1895, who also refers 
to Klinkerfues and Dubois. Another graphical solution, using a trochoid, is given 
by Plummer, Astronomical Notices, 1895, 1896. 

Ex, 4, The equation u-eeinu=m has only one real value of u when m 
is given. 

This follows from the graphical construction. If the ordinate MP could cut 
the curve in a second point Q, move the straight line PQ parallel to itself until P 
and Q coincide. We should then have a tapgent to the curve making an angle 
taxT^lJe with the axis of x. But if e<l this is impossible, for in the curve of 
sines the greatest value of the angle is 45*^. 

Ex. 5, By using Lagrange’s theorem we may expand f(u) in a series of 
ascending powers of the eccentricity, the coefficients being functions of m. Prove 
that if the form of the function f{u) be so chosen that the coefficient of e® is zero, 
we obtain the series 

cot M = cot m “ c cosec m ^ c® sin m + <fcc. , 

which takes a very simple form, when the cubes of e can be neglected. This 
equation is due to Bob. Bryant, Astronomical Notices, 1886. 

Ex. 6. Prove that when can be neglected 

smi(tt~m)=|esinm+ie®siu2j7t+x\^s“3m+&o. pR. Bryant.] 

Ex. 7. If &' be the longitude of a planet seen from the empty focus and 
measured from an apse, prove that 

nt-hie^ sin 2nt -f dkc., 

the error being of the order e^. It follows that the angular velocity round the 
empty focus is very nearly constant. 
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We may apply the method of Art. 342 to find the time of describing 
an arc of the concave branch of the hyperbola. Taking the focus as origin the 
equation of a hyperbola may be "written 

x'=a«- 1 (/“+/-'•), 

where is an auxiliary quantity and / a constant which will be immediately 
chosen to be the base of the Napierian logarithms; 

/. hdt=i2dA:=^x'dy' -y'dx'=^ab (/“+/"“)- ij- du. 

Since h?=fjiJ»^la we have, putting fila^=n^t 

nt-=^’-u+e sinh u (A). 


Again, as in Art. 343, we have a:=C'iV=^(/“+/ “); 


itanh^ 


.(B), 


ae — x X ^ /' 

co8t?= ; tan 5 =./ 

ex -a 2 'V < 

where t?= z ASP. If we eliminate w, we have 

^”’^°^^/(e + l)+V(e-l)tan ^l + eeosv 

To find a geometrical interpretation for the auxiliary quantity w, let us 
describe a rectangular hyperbola having the same major axis and produce the 
ordinate NP to cut the rectangular hyperbola in Q. Then tan Q(7N=stanh w. 

JSx, A particle describes the convex branch of the hyperbola, and ~ is 
negative. Prove 

nt=u + e sinhw, tan? 

where t7=ANP, 


V /e-l , .u 

2 V « + l 2 * 


349 . The time in a parabolic orbit may be more easily found 
by using the equation T^dO = hdt. 

Putting 2/r = 1 + cos v where I is the semi-latus rectum, and 
A® = fd, we have 




dv 


(1 4- cos vf 


= |/(l + tan=|)dtan| 


This formula gives the time t of describing the true anomaly 

If c be the radius of the earth's orbit, and p the perihelion 
distance of the particle eocpressed as a fraction of c, we have 
I = 2 ^ 0 . To eliminate fi, let T = 27r^c^lfJt be the length of a year. 
Then 

If we write T= 365*256 this gives t in days. 
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When a formula like this has to he frequently used we 
eonstruct a table to save the continual repetition of the same 
arithmetical work. Let the values of {tan taa®|-t;} be 

calculated for values of v from 0 to 180^, with differences for 
interpolation. When p is known for any comet moving in a 
parabolic orbit, the table can be used with equal ease to find the 
time when the true anomaly is given or the true anomaly when 
the time is known. 

360. Etiler^s theorem. A particle describes a parabola 
under the action of a centre of force in the focus 8, It is required 
to prove that the time of describing an arc FP' is given by 
6 fpt = (r + r' + hf — (r q- r' — kf, 
where r,r' are the focal distances of P,P' and k is the chord joining 
P, P\ 

Let ir, y; y' be the coordinates of P, P\ then since y* = 4c3w?, 

k^ = {x- Xj + iy-yj = {y- yj |l + (^)] . 

As we wish to make the right-hand side a perfect square, we put 


y + y' = 4a tan 6, y--y' ^4ia tan .(1). 

We shall suppose that in the standard case y is positive and f 
numerically less than y ; then 6 and are positive, 

k = 4ia tan ^ sec 0 (2). 

Also r -h / = 2a + /r 4- = 2a (sec® 0 + tan® ; 

r + r' -h = 2a (sec 0 -i- tan ^ 
r -hr — 2a (sec 0 ~ tan j ’ 

(r-hr' + — (r + r' — ,^)^ 


= (2a)^ {(sec 0 + tan <f>y - (sec 0 — tan 
= 2 (2a)^ {3 + 3 tan®^ + tan*^} tan <f>. 

Drawing the ordinates PA, P'A', we see that 
area PSr = APA - AP'A' + SP'JI' - SPIT 

= I i (4J' ~ a) 3^' - f (^ - a) y 

= fa® tan if> {3 tan®^ + tan*^ + 3}. 

Since the area PSP' ^ iht = ^A/(2ap)t the result to be proved 
follows at once. 
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The arc PF' gradually increases as P' moves towards and past 
the apse. The quantity r + r' — k decreases and vanishes when 
the chord passes through the focus. To determine whether the 
radical changes sign we notice that this can happen only when it 
vanishes. We can therefore without loss of generality so move 
the points P, P\ that, when the chord crosses the focus, PP' is a 
double ordinate. We then have 

6 = (2»- + - (2r - 2y)^ = {(2a + yf ± (2a - yr]l(Mf. 

Comparing this with the ordinary parabolic expression for twice 
the area ABP it is evident that the last term should change sign 
where y increases past 2a and that the double sign should be a 
minus. The second radical in Euler^s equation must he taken 
positively when the angle PSP' is greater than 180°. 

351. Ex. 1. If the ordinate P'N' cut the parabola again in Q'\ prove that 
tfi are the acute angles made by the chords PP', PQ' with the axis of y. 

Ex, 2. Show that there are two parabolas which can pass through the given 
points P, P', and have the same focus. Show also that in using Euler’s theorem 
to find the time P to P', the second radical has opposite signs in the two paths. 

To find the parabolas we describe two circles, centres P, P' and radii iSP, iSP'. 
These circles intersect in S and the two real common tangents are the directrices. 
These tangents intersect on PP' and make equal angles with it on opposite sides. 
The concavities of the parabolas are in opposite directions, and the angles 
described are ESF* and S60° - PSF'. If then one angle is greater than 180°, the 
other must be less. 

Ex. 3, A parabolic path is described about the focus. Show that the squares 
of the times of describing ares cut off by focal chords are proportional to the 
cubes of the chords. 

35a. TSieorem*. If t is the time of describing any arc P'P of an 


ellipse, and k is the chord of the arc, then 

nt=:{<p- sin 0) ~ - sin <i>), 

where " ^ (A). 

Let u, u' he the eccentric anomalies of P, P', 

/. (cos u - cos w')^ 4 . a- (1 - e^) (sin u — sin u')^ 

=la^sin2^(w-'u') {l-c^cos®^ (w+u')} (1), 


* This proof of Lambert’s theorem is due to J. 0, Adams, Pn^^si^ Association 
Mepmt, 1877, or Collected Works, p. 410. He also gives the corresponding theorem 
for the hyperbola, using hyperbolic sines. In the Astronomical Notices, voL xxix., 
1869, Cayley gives a discussion of the signs of the angles <p, 4>'. The theorem for 
the parabola was discovered by Euler (Miscell. Berolin. t. vu.), but the extension 
to the other conic sections is due to Lambert. 
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r + /=2a - ae cos u-ae cos w' 

( 2 ), 

nt=:u~u' ^ 

=u-u' - 2 eG 08 ^(u+u') 8 m^(u-u') (S). 

Hence we see that if a, and therefore also w, are given, then r 4- r', and t are 
fnnctions of the two quantities u - -a', and e cos ^ {u+u'). Let 

u-w'=2a, ecos|(tt4'W')=cos]8 ( 4 ). 

.*. &=2asmasm]S ( 5 |, 

r4-r' + &=2a{i-cos(^4-a)} (6), 

T + r' -k=2a{l- cos a)} ( 7 ), 

nt=2a-2smacos/3 (8). 

If we put ^ + a=:<p, ^-a=<p% the equations (6) and (7) lead to the expressions 


for sin ^ 0, sin ^ given above, while (8) when put into the form 
nt = {/S + a~Bin(p + a)} - {jS-a-sin (/3~ a)} 
gives at once the required value of nU 

353. Let us trace the values of 4>, <f> as the point P travels round the ellipse 
in the positive direction beginning at a fixed point P'. We suppose that u increases 
from u* to 2‘7r+vf» 

The positive sign has been given to the square root k. Since k can vanish 
only when P coincides with P', and a begins positively, we see that both a and ^ 
lie between 0 and tt for all positions of P. The latter is also restricted to lie 
between cos""^c and 7r~cos*”^e, 

We have by differentiating (4) 

d<f> =dj3+da= {1+c cosec /3 sin ^ (w+a')}, 

d<t>=^d^ - da= - ^ da {1 - c cosec jS sin ^ (a+u')}. 

S nce 8in2j8=e2sin2^(a+u.')4-l-e*, and c^d, it follows that d0 is always 
positive and d^' always negative. If be the least value of p which satisfies 
eo8 j3 =e cos u't <f> continually increases from to 2x-/9o and 0' decreases from 
Po ~‘Po' 

When 4^=7r, r4*r'+&=4a, and the chord P'P passes through the empty 
focus If. Let it cut the ellipse in Q. It follows that <f> is less or greater than tt 
according as P lies in the arc T'Q or QF\ 

When 0'=O, r+r'-fc=0, and the chord F'F passes through the centre of 
force S. Let it cut the ellipse in JR, Then <f>' is positive or negative according as 
P lies in the arc P'R or PP'. 

The values of 0, 0' are determined by the radicals (A). Each of these gives more 
than one value of the angle, thus 0 may be greater or less than -r and 0' may be 
positive or negative. This ambiguity disappears (as explained above) when the 
position of P on the ellipse is known. Thus sin 0 and sin 4 / have the same sign 
when the two foci are on the same side of the chord PP' and opposite signs when 
the chord passes between the foci. 

354. Ex, 1. Prove that the time t of describing an arc P'P of a hyperbola is 
given by 

t “ 0 + 0 '+ sinh 0 ~ sinh 0', 
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where 


THE INVEESE »“* POWER. 


siah ; 




y+r' + fe 
4a * 



r+r' ~ h 
4a ’ 


and k is the chord of the arc. [Adams,} 

Ex, 2. The length of the major axis being given, two elHpses can be drawn 
through the given points P, P' and having one focus at the centre of force. 
Prove that the times of describing these ares, as given by Lambert^s theorem, aro 
In general unequal. 

To find the ellipses we describe two circles with the centres at P, P and the 
radii equal to 2a - SP, and 2a -- SF'. These intersect in two points H, JS% either 
of which may be the empty focus, and these lie on opposite sides of the chord PP',. 


355. Two centres of force. Ex, 1. An ellipse is described under the 
action of two centres of fpree, one in each focus. If these forces are (r^) and 

Eo (rg), prove that i ^ ^ force follow the Newtonian 

law, prove that the other must do so also. 

These results follow from the normal and tangential resolutions. 

Ex. 2. A particle describes an elliptic orbit under the influence of two equal 
forces, one directed to each focus. Show that the force varies inversely as the 
product of the distances of the particle from the foci. [OoU. Ex.}, 

Ex. 3. A particle describes an ellipse under two forces tending to the foci, 
which are one to another at any point inversely as the focal distances ; prove that 
the velocity varies as the perpendicular from the centre on the tangent, and that 
the periodic time is ir (a^ + b^)lkab, ka, kb being the velocities at the extremities of 
the axes. [Coll. Ex.]. 

Ex. 4. A particle describes an ellipse under the simultaneous action of two 
centres of force situated in the two foci and each varying as (distance)*"®. Prove 
that the relation between the time and the eccentric anomaly is 
^ ft 1 ^ 1 

\dt) {1-e cos w)® ^ {1 + e cos w)® * 

[Cayley, Math. Messenger, 1871.} 


The inverse cube and the inverse n^^ powers of the distance. 

366. The law of the inverse cube- A particle projected 
in any given manner describes an orbit about a centre of force whose 
attraction varies as the inverse cube of the distance. It is required 
to find th^ motion*. 

* The orbits when the force P=: fiu^ were first completely discussed by Cotes in 
the ffarmonia Mensurarum (1722) and the curves have consequently been called 
Cotes’ spirals. The motion for F=g,u”' when the velocity is equal to that from 
infinity is geierally given in treatises on this subject. The paths for several other 
laws of force are considered by Legendre {ThSorie des Eonctions EUiptiques, 1825), 
and by Stader (Grelle, 1852) ; see also Cayley’s Meport to the British Association^ 
1863. Some special paths when F=fiu\ for integer values of n from n=4 to 
«=9, are discussed by Glreenhill {Proceedings of the Mathematical Society, 1888),. 
one case when n=zS, being given in Tait and Steele’s Dynamics. 
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Let attiRction be taken as the standard case 
accelerating force be F=^fjLu\ We have 


and let the 


dhi 


F 




dhi, 


de^ 




The solution depends on the sign of the coefficient of u. Let V 
be the velocity of the particle at any point of its path (say the 
point of projection), the angle and R the distance of projection, 
then A =Fi^ sin (Art. 313). Let Y^ be the velocity from in- 
finity, then = It follows that is > ot <:}ju according 

as F sin /5 is > or <Fi; i.e. the coefficient of u is positive or 
negative according as the transverse velocity at any point is 
greater or less than the velocity from infinity. If the force is 
repulsive the coefficient is always positive. 

Case 1. Let > /x, we put 1— = then n<l or >1 
according as the force is attractive or repulsive. The equation of 
the path is (Art. 119) 

u=:a cos w (^ — a). 


The curve consists of a series of branches tending to asymptotes, 
each of which makes an angle tt/tx with the next. 

When the curve is given the motion may be deduced from the 
following relations (Art. 306), 




Also by integrating ddjdt = ku?, and putting a = 1/5, we find that 
the time of describing the angle 9 = ccto &, i.e. r* = 5 to r, is given by 


tann(^ — a) = 


hnt 


r^-y‘ = 


AW 

5 = ■ 


367. Case 2. Let y. be positive and > A®, we put 1 — ^/A* = — n’. 
The equation of the path is then m = + i5er»«. The values 

of the constants A, JB are to be deduced ftom the initial values of 
M and dujdB. Two eases therefore arise, according as A and B 
have the same or opposite signs. In the former case, u cannot 
vanish and therefore the orbit has no branches which go to in- 
finity; in the latter case there is an asymptote. If we write 
0 = 0^ + a and choose « so that Ae«“=T£6-*“, we may reduce 
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the equation to one of the three standard forms 

-16 = ~ ± e~^^\ u — A e^, 

where 2wa = log(± B/A), a=2\/(± AB), the upper or lower signs 
being taken according as A, B have the' same or opposite signs. 



The third case occurs when B^O; the orbit is then the equi- 
angular spiral already considered in Art. 319. 

When the curve is given the motion may be deduced from the 
following relations 



where G is determined by making t vanish when r has its initial 
value and 6 = 1/a. 

When A and B have the same sign the two branches beginning 
at the point 6i = 0, i. e. ^ = a, wind symmetrically round the origin 
in opposite directions. When A and B have opposite signs the 
two branches Degin at opposite ends of an asymptote, whose 
distance from the origin is y = llan, and then wind round the 
origin. As the particle approaches the centre of force, the convo- 
lutions of either branch become more and more nearly those of 
an equiangular spiral whose angle is given by cot = ± n, the 
upper or lower sign being taken according as ^ = ± oo . The 
particle arrives at the pole with an infinite velocity at the end 
of a finite time. 

358. Case 8. Let fju he positive and = hK The orbit is 

When the path is known the motion is given by 

+ a% t^/fjL == 6r, 

where t is the time from a distance r to the centre of force and 
b = 1/a. We notice that the radial velocity is constant. 
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Beginning at the opposite extremities of an asymptote the 
two branches wind round the origin and ultimately when 0 = + ao 
cut the radius vector at right angles. If OZ is drawn perpen- 
dicular to the radius vector OP to meet the tangent* at P in Z, 
we may show that OZ is constant and equal to 1/a. 

@5©. Ex,^ The motion for a force F=^f{u) being known, show how to deduce 
that for a force F=:f (u)+fxu^ and give a geometrical interpretation. [Newton.] 

The differential equations are 



These may be reduced to the forms used when F=^f{u) by writing c6 = d', 
ch=h', where c^=l - 

To construct the path u = (p (cd), when u=<p{d) is known, we make the axis of x 
together with the latter curve revolve round the centre of force with an angular 
velocity dojfdtj where ce=$-o). The axis of x therefore advances or regredes 
according as c is less or greater than unity. 


© 60 . taw of tli« inverse ntli power. It is required to Jind the path of a 
particle when the central force F^fxtt^, See Art. 320. We have 

d^u F iJt, „ „ 






( 1 ). 


except when n=l, for then the right-hand side takes a logarithmic form. 

The integration of this equation can be reduced to elementary forms when 
C=0; this requires that for otherwise would he negative. The equation 
then shows that at every point of the orhit the velocity is eqtuil to that from infinity, 
Art. 312. 

If V be the velocity, JR and the distance and angle of projection, we have 


72 


”71-1 \ r ) 


h—VRein^ . 


.(2). 


Representing 


2/i 


^nr-3 


{n ~ 1) sin^ ^ 


by we have 


du 


-= =Fd^.. 




u^{(eur-^-iy 

where the upper or lower sign is to be taken according as dujdB is initially negative 
or positive, i.e. according as the angle fi is acute or obtuse. 

To integrate this put cu^af where ic is to be chosen to suit our convenience. 
Taking the logarithmic differential we find duju^Kdxjx, and the int^ral equation 
(3) becomes 

. = zp d0* 


xdx 
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We now se^ if we put /c (?t - 3) = ~ 2 the integration can be effected at once, 
but this supposition is impossible if n=3. We find 

y»-3 

. /tOOS-'®==t{«-a), =cos^^(e-o). 

Conversely^ when the path is given, we have 


^2 = 


2/t 

n - 1 c**” 


2jU 1 

~7i — 1 


It appears that the orbit takes difierent forms according as n>- or <3. In the 
former case the curve has a series of loops with the origin for the common node 
and r=c for the maximum radius vector. In the latter case the curve has infinite 
branches, and r=(j for the minimum radius vector. 


361. If the force is repulsive, we write jP— - We then have 


If (7=0, we must have nd. The vehicity at every point is equal to that from 
rest at the centre of force. Proceeding as before, we have 

(f) - =co8^(9-a). 


362. Ex, The law of attraction being F=fjM^ 
describing a loop is 


show that the time t of 


V 2- 


-3r(s)’ 


where the limits are ^ = 0 to 7r/(w - 3) and 2 (n - 3) p = w + 1, (» - 3) gr = (n ~ 1). The 
integrations can be effected when and q—p= where i is any integer. 


363. Bxamples. Ex, 1. 

curve (r/c)’^= cos wid (Art. 320), 


Prove the following geometrical properties of the 


p= 


yW+l 



m$* 
m + 1’ 


where fp is the angle the radius vector makes with the tangent, and r\ d' are the 
coordinates of a point on the pedal curve. 

(n — 11 h^ 

Since equation (1) of Art. 360 becomes ^ — r^~~^ when (7=0, the 

second of these geometrical results enables us to write down the equation of the 
required path and thus to avoid the integration of (3). 


Ex. 2. A perpendicular OY is drawn from the origin 0 on the tangent at P 
to the lemniscate r2=a2 ^og If the locus of Y be described by a particle under 

the action of a central force tending to O, prove that this force varies inversely as 

[CoU. Ex.] 


Ex* 3. A particle is describing the curve (r/c)”l= cos wid under the action of 
the central force F=ipLU% where m=^(n-3). Prove that, if the velocity at the 
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point &=a is .suddenly increased in tlie ratio 1 to i+y wkere y is rery small, the 
subsequent path is ^ 

(r/c)”*= cos (cos 


(cos m^) cot mS 

(sinmd) m 


S>»4~2 

(cosffia) ^ 


2+^ 

Acosw^) 

I (sin 


where the limits are d=0 to a. 

Substitute r/c= (cos 7 nd)’^+^, in the differential equation of the path, Art. 309, 
and neglect the squares of 


364. TUe inverse fiM power. 

/^Y 

\dej 


The equation (1), Art. 360, has the form 



This can be reduced to elliptic integrals as explained in Cayley’s Elliptic 
Eunctions, Art. 400, or Greenhill, The Elliptic Functions, Art. 70. 

The integration can be effected in two cases : (1) when velocity of projection is 
equal to that from infinity, and (2) when the initial conditions are such that 
h*^2fiG, in the latter case the right-hand side of (1) is a perfect square. 

Ex, 1. Prove that the integration when h*=:2fMC leads to the curvea 
tSLrih{$U2)=rlc or cjr, which have a common asymptotic circle r=c where 
c=^plh. Prove also that the velocity V of projection is given (Art. 313) by 
r sin^ /3 2 r'2 { 1 db V(1 - sin^ /?) } , 

where F' is the velocity from rest at infinity, and the upper or lower sign is to be 
taken according as the path is outside or inside the asymptotic circle. 

Ex, 2. Prove that, if the central force F-jm^, the inverse of any path with 
regard to the origin is another possible path provided the total energy of the 
motion exceed the potential energy at infinity by a positive constant E reckoned 
per unit mass and also that for the two paths Eh'^^E'k*, 

Prove that when 7i^>4/njB>0 the path is of the .form r 

modulus Jc or the inverse form. 

According to the notation of Art. 313, 2E = €, 


[Math. Tripos, 1894.1 


365. Tba inverse fburth power. The equation (1) of Art. 360 is 


{dej 3A« V 


3^ 




SC'S 

2m J 


.( 1 ). 


This cubic can always be written in the form 

(sy ' 

and the integration can be reduced to forms similar to those in Art. 364 by writing^ 

The integration can be effected when the initial conditions are such that 
JfizszZi^G, In this case the right-hand side has the factor 

/i2coshd=fc2 .. 

Ex. Show that the integration leads to the curves «= - ^ upper 

signs being taken together and the lower together. These curves Iwve a common 
asymptotic circle r= u/7i®, one curve being within and the other outside. 
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Qf^vr Ex. If the force F=^p,u^, and the initial conditions 

are such that 2h^=^G^fi^ prove that the equation (1) of Art. 360 takes the form 

vP cosh ^6 =?: 1 , 

where h^=::hU/x, Thence deduce the integrals p = cosh 2^ i: 2 * ®’ common 

asymptotic circle. The Xiemniscate can also he described under this law of force, if 
the velocity is equal to that from infinity ; Arts. 320, 360. 

367. Hearly circular orbits. To find the motion approod- 
7 nat 6 ly, when the central force and the orbit is nearly 

circular. 


Beginning as in Art. 360 with the equation 




we put ^ = 0(1+^) where c is some constant to be presently 
chosen but subject to the condition that x is to be a small 
fmction. We thus find 


+ ^ ^ &c. 


We see now that the right-hand side of the equation will be 
simplified if we choose c so that the constant term is zero, i.e. we 
put The equation th^n becomes 

— q- iP = ('/2, ~ 2) ^ J (w — 2) (tz. — 3) + &c (3). 


As a first approximation, we assume 

x = M COB {p6 + a). (4), 

where Jf is a small quantity. Substituting and rejecting the 
squares of M we find 

(1 — p®) M cos ipd + a)=z{n — 2)M cos {p6 -f a) (5). 

The differential equation is therefore satisfied to the first order, 
if we put p® = 3 — TO. In this case we have as the equation of the 
path 

= c {1 H-if cos(p^q-a)} .. ..(6). 


If n < 3, the equation (6) represents a real first approximate 
solution of the differential equation (1). We notice that the 
particle oscillates between the two circles u = c(lq-if) and 
= c (1 — M). The meaning of the constant c is now apparent ; 
geometrically, 1 /c is the harmonic mean of the radii of the bound- 
ing circles; dynamically, 1/c is the radius of that circle which 
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would be described about the centre of force with the given 
angular momentum h. 

The positions of the apses are found by equatiog dujdO to 
zero. This gives p6 + a — iir^ the angle at the centre of force 
between two successive apses is therefore Trip. 

If n > 3, the value of p is imaginary, and the trigonometrical 
expression takes a real exponential form, Art. 120. The quantity 
X therefore becomes large when 6 increases, and the particle, 
instead of renaaining in the immediate neighbourhood of the 
circumference of the circle, deviates widely from it cm one side 
or the other. As the square of x has been neglected the expo- 
nential form of (6) only gives the initial stage of the motion and 
ceases to be correct when x has become so large that its square 
cannot be neglected. It follows from this that the motion of a 
particle in a circle about a centre of force in the centre is unstable 
ifn>d. 

368. Ex. If the law of force is F=:u^f(u), and the orbit is nearly circular, 
prove that a first approximatioa to the path is 

w = c {1+Af cos (p^ + a)}, . 

/ w) 

Thence it follows that the apsidal angle is independent of the. mean reHj^ocal 
radius, viz. c, only when F—/xu^\ i.e., when the law of force is seme power of the 
distaTtce. 

369. SL second approsciniation. The solution (6) is in any case only a 
first approximation to the motic»n, and it may happen that, when we proceed to a 
second or third approximation, 'she value of p is altered by terms which contain M 
as a factor. Besides this, we shall have x expressed in a series of several trigono- 
metrical terms whose general form is N cosfg^+jS), where N contains the square or 
cube of AT as a factor together with some divisor k introduced by the integration. 
Arts. 139, 303. 

Representing the corrected value of p by p + A, the error in p04-a, i.e. 0A, 
increases by 2irA afiser each successive revolution of the particle 3:ound the centre 
of force. The expression (6) will therefore cease to be even a first approximation 
as soon as has become too lArge to be neglected. On the other hand the 
additional term to the value of u may be comparatively unimportant. The 
magnitude of the specimen term m never greater than N and, urdess k is also 
small, we can generally neglect such terms. 

In preceding to a higher approximation we should first se^ for those terms in 
the differential equation which <x)ntain cos (pd+a) ; these being added to the terms 
of the same form in equation (5) will modify the first approximate \^ue of p. 

We should also enquire if any t€srm in the differential equation acquires by 
intainration a small divisor #c and thus becomes comparatively large in the solution. 
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To obtain a 8econ<i approximation we substitute the first approximation 
(6) in the small terms of the differential equation (S). Writing (3), for brevity, 
in the form 

^=(n-3) {x+^^+yx^+...} (7), 

■where 2), y=l{n-2) {n-i), &c., we find after rejecting the oubes.of M 

^=(n-3) {®+i|3iU-‘>(l + cos2j>S)} (8), 

where p$ has been written for pO-j- a for the sake of brevity. This equation shows 
(Art. 303) that the eecond approximate value of x has the form 

x=M cospS-i-M^iG+A cos2p^) (9), 

where G and A are two constants whose values may be found by substitution, and 
p has the same value as before. 

To obtain a third approximation, we retain the term in (7) and assume 

x^Mcospff’i'M^iG-hAcos 2p0) + M^B cos ZpB (10). 

To find the values of p, G, A and B we substitute in (7), express all the powers 
of the trigonometrical functions in multiple angles and neglect all terms of the 
order Equating the coefficients of cosp^, cos 2p6, cos BpS and the constants 
on each side, we find 

‘-Mp^-(n-3){M+2M^Gl5-hM^A^-h^M^y}, 

- = (« - 3) {M^A + 2^}, 

- 9MY^ = (n - 3) {U^B + MU^ + ^ M^y } , 

0=M^G + ^M% 

Solving these equations, and remembering that p^ differs from 3 - n by terms 
of the order AT®, we find 

(5=:-i{n~2), A=*(n-2), R=^(n-2) (n-S), 

p®=(3-^7i){l~t*a(7z-2)(n+l) Jf®} (11). 

’The three first aie correct when is neglected and the last when M* is neglected. 

We notice that up to and including the third order of approximation the terms 
G, Ay B m equation (10) do not contain any small denominators, so that if M be 
small enough all these terms may be neglected. The motion is then represented 


very nearly by 

tt=c {1+Af cos (p^4*(x)} * (12), 

p=V(3-«){l~^\{n~-2)(n-M)iaf®} (13), 


and this approximation holds until $ gets so large that cannot be neglected. 
We notice also that the additional term in the value of p vanishes only when the law 
offeree is either the inverse square or the direct distance. 


Disturbed Elliptic Motion. 

371. Impiilsive disturbance. When a particle is describing 
an orbit about a centre of force it may happen that at some 
particular point of that orbit the particle receives an impulse 
and begxDs to describe another orbit. We have to determine 



ART. 372.] 


IMPULSIVE DISTURBANCE. 


239 


how the new orbit differs from the old, for example how the 
major axis has been changed in position and magnitude, and in 
general to express the elements of the new orbit in terms of 
those of the undisturbed orbit. 

Let the unaccented letters a, I, &c. represent the elements 
of the undisturbed orbit, while the accented letters e\ V, &o. 
represent corresponding quantities for the new. We first express 
the velocity t? and the angle at the given point of the orbit in 
terms of the undisturbed elements. Thus v and are given by 





sin 


^ ^ ^ 


(IX 


when the undisturbed orbit is an ellipse described about the focus. 

We next consider the circumstances of the blow. Let m be 
the mass of the particle, mB the blow. The particle, after the 
impulse is concluded, is animated with the velocity B in the 
given direction of the blow, together with the velocity v along 
the tangent to the original path. Compounding these the particle 
has a resultant velocity v' and is moving in a known direction. 
Since the position of the radius vector is not changed by the 
blow we may conveniently refer the changes of motion to that 
line. If P, Q are the components of B along and perpendicular 
to the radius vector and yS' is the angle the direction of motion 
makes with the radius vector, we have 

cosy8' = t? cosyS + P, t;' shays' ==t;siny8 + Q (2). 

Having now. obtained the formulae (1), writing accented 

letters for the old elements, determine the new semi-major axis a' 
and the new semi-latus rectum V, The position in space of the 
major axis follows from Art. 336. 


372. We may sometimes advantageously replace the second 
of the equations (1) by another formula We notice that wh is 
the moment of the momentum of the particle about the centre 
of force. Since just after the impulse the velocity v is the 
resultant of v and P, the mornmt of tf is equal to that of tJ together 
with the Tnxmmt ofB, Hence 

h' = h^Bq .............(3), 

where q is the perpendicular on the line of action of the blow. 
Since ¥^fd, when the law of force follows the Newtonian law. 
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this equation leads to 

= ( 4 ). 

Thus the change in the latus rectum is very easily found. 

As a corollary, we may notice that when the blow acts along 
the radius vector^ the angular momentum mh and therefore the 
latus rectum of the orbit are unchanged. We also observe that if 
the magnitude of the attracting force or its law of action were 
abruptly changed, the value of h is unaltered. 

Mx. 1. Two particles, describing orbits about the same centre of force, 
impinge on each other. Prove 

where wij V, Wg/ia" are their angular momenta before and after impact. 

Ux. 2. A particle P of unit mass is describing an ellipse about the focus S, 
A circle is described to touch the normal to the conic at P whose radius PC 
represents the velocity at P in direction and magnitude. Prove that if the particle 
is acted on by an impulse represented in direction and magnitude by any chord AfP 
of the circle, the length of the major axis is unaltered by the blow. 

Since P=2vcos the velocity in the direction 3f the blow is simply reversed. 
Hence v'=sv and a'=a by Art. 335. 


374. If the direction of the blow does not lie in the plane of motion, the 
plane of the new orbit is also changed. Por the ?iake of the perspective, let the 
radius vector SF be the axis of x and let the plane of xy be the plane of the old 
orbit ; then v cos v sin are the components of velocity parallel to the axes of 
X and y. Let the components of the blow be mZ, mP, mZ ; then just after the 
blow is concluded the components of velocity parallel to the axes are v cos j8+Z, 
V sin /S+ P, and Z. The inclination i of the planes of the two orbits is therefore 


given by tan i= 


The partide begins to move in its new orbit with a 


"v sin /9 + P* 

velocity v' in 'a direction making an angle /S' with the radius vector SP given by 


v'co6^=vcoB ^-f-Z, (v'sin sinjS+ Y)^ + Z^. 

The problem is now reduced to the case already considered. 

If mh* is the angular momentum La the new oibit, its components about the 
axes of Xy z are 0, - mh' sin i, mh' co'S u Hence 

V cosi—Zt+PT, h'sm.i=Zr^ 

where r=zSP, 


375. Bacamsaes. Ex. 1. A paiiicle is describing a given ellipse about a 
centre of force in the focus, and when at the farther apse A', its velocity is suddenly 
increased La the ratio 1 : n. Find the changes in the elements. 

The direction of motion is unalter<^ by the blow and since this direction is at 
right angles to the radius vector from tihe centre of force, the point A' is one of the 
apses of the new orbit. 

Let a, e; a', e' be the semi-major axes and eccentricities of the orbits. Then 
since SA' is unaltered in length 

r=a' (l + e’)=a (!-{-«) 


,(i). 
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We have here chosen as the standard figure for the new orbit an ellipse having A' 
for the further apse. A negative value of the eccentricity e' therefore means that 
A’ is the nearer apse. 

Also since v'z=^nv, we have 






where a' must be regarded as negative if the new orbit is a hyperbola, Art. 33S. 
From these equations we find 

O/ 1 + e /I n / I \ 

-=Z~ 5— e). 

a 2 - 71^(1 ' '' 

The point A' is therefore the farther or nearer apse according as 
is < or > 1 ; if equal to unity the new orbit is a circle, if equal to - 1, a parabola. 
The new orbit is an ellipse or hyperbola according as (1 - c)<: or >2. 


Ex. 2. A particle describes an ellipse under a force tending to a focus. On 
arriving at the extremity of the minor axis, the force has its law changed, so that 
it varies as the distance, the magnitude at that point remaining the same. Prove 
that the periodic time is unaltered and that the sum of the new axes is to their 
difference as the sum of the old axes to the distance between the foci. 

[Math. Tripos, I860.] 

By Art. 325 the new orbit is an ellipse having the centre of force 8 in the 
centre. Let the new law of force be iifr. 

Then when rsra, the forces are equal, hence 

( 1 ). 

Measure a length SD parallel to the 
direction of motion at B, such that the 
velocity V at jB is sJfjJ . SD. Then SD is 
the semi-conjugate of SB in the new orbit. 

Equating the velocities at B in the old and 
new orbits, we have when r=a 

The conjugates SBj SD are equal diameters, the major and minor axes are 
therefore the internal and external bisectors of the angle BSD. Bepresenting the 
semi-axes by a', b', we have 

a'^+b^=SB^ASD^==2a^, a'h'=SB . SDsmBSD = ab ( 8 ). 

The internal bisector of the angle BSD is clearly the major axis. 

If the change in the velocity had been made at any point of the ellipse, we 
proceed in the same way. By drawing SD parallel to the direction of motion we 
arrive at the known problem in conics, given two conjugate diameters in position 
and magnitude, construct the ellipse. 

The periodic times in the two orbits are respectively and 2T^a^fix. 

The equality of these follows from the equation (1). The rest of the question 
follows from (3). 

Ex. S. A particle is describing an ellipse under a force / 4 /r® to a focus; when 
the particle is at the extremity of the latns rectum through the focus this oisntre 
of force is removed and is replaced by a force fiY at the centre of the ellipse. 
Prove that if the particle continue to describe the same ellipse j/b^=sfta. 

[Coa Exam. 1895.] 



SD = a (2). 
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Ez. 4. A planet moving round the sun in an ellipse receives at a point of its 
orbit a sudden velocity in. the direction of the normal outwards which transforms 
the orbit into a parabola, prove that this added velocity is the same for all points 
of the orbit, and if it be added at the end of the minor axis, the axis of the 
parabola will make with the major axis of the ellipse an angle whose sine is equal 
to the eccentricity. [Coll. Exam, 1892.] 

Ez* 5. A particle describes a given ellipse about a centre of force of given 
intensity in the focus S, Supposing the particle to start from the further extremity 
of the major axis, find the time T of arriving at the extremity of the minor axis. 
At the end of this time the centre of force is transferred without altering its 
intensity from S to the other focus E, and the particle moves for a second interval 
T equal to the former under the influence of the central force* in H. Eind the 
position of the particle, and show that, if the centre of force were then transferred 
bach to its original position, the particle would begin to describe an ellipse whose 
eccentricity is (Se - e®)/(l +e). [Math. Tripos, 1893,] 

Ez* 6. A body is describing an ellipse round a force in its focus S', and JEZ is 
the perpendicular on the tangent to the path from the other focus EC. When the 
body is at its mean distance the intensity of the force is doubled, show that EE is 
the new line of apses. [ColL Ex.] 

Ez. 7. A particle describes a circle of radius e about a centre of force situated 
at a point 0 on the circumference. When P is at the distance of a quadrant from 
O, the force without altering its instantaneous magnitude begins to vary as the 
inverse square. Prove that the semi-axes of the new orbit are f and 

Ez. 8. Two inelastic particles of masses describing ellipses in the 

same plane impinge on each other at a distance r from the centre of force. If 
aj, 02 , 1^; are the semi-major axes and semi-latera recta before impact, prove 
that in the ellipse described after impact 

(tt?^ + m ^) 

Ez* 9. A planet, mass if, revolving in a circular orbit of radius a, is struck 
by a comet, mass m, approaching its perihelion; the directions of motion of the 
comet and planet being inclined at an angle of 60°. The bodies coalesce and 

proceed to describe an ellipse whose semi-major axis is — r. Pxove 

^ ^ if {if+(4~A/2)m} 

that the original orbit of the comet was a* parabola; and if the ratio of m to if is 

small, show that the eccentricity of the new orbit is (7^ - 4-^2)^ (m/M). 

[Coll. Ex. 1895.] 


376. Oontinuoiis forces. We may apply the method of 
irt. 371 to find the effects of continuous forces on the particle. 
Let /, g be the tangential and normal accelerating -components of 
any disturbing force, the first being taken positively when in- 
creasing the velocity and the second when acting inwards. 

We divide the time into intervals each equal to ht and consider 
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the effect of the forces on the elements of the ellipse at the end 
of each interval. We treat the forces, in Newton's manner, as 
small impulses generating velocities fBt and gBt along the^ tangent 
and normal respectively. The effect of the tangential force is 
to increase the velocity at any point F from o to v + Sv, where 
Sv the direction of motion not being altered. To find the 

effect of the normal force we observe that after the interval St 
the particle has a velocity gZt along the normal, while the velocity 
V along the tangent is not altered. The direction of mo don has 
therefore been turned round through an angle 8/S = ghtjv. 

If the disturbing force were now to ceas€J to act, the particle 
would move in a conic whose elements could be deduced from 
these two facts, (1) the velocity at P is changed to -y + S-y, (2) the 
angle of projection is The conic which the particle would 

describe if at any instant the disturbing forces were to cease to act 
is called the instantaneous conic at that instant 

377. To find the effect on the major axis, we use the formula 



Since v is increased to 4* we see by simple differentiation 

2vhvr=—.ha, = ( 2 ). 

In differentiating the formula for we are not to suppose that 5v repretents 
the whole change of the velocity in the time dt. The particle moves along the 
ellipse and experiences a change of velocity dv in the time dt given by 

vdv=-^dr (3). 

Taking dt=5t, the change of velocity in the time dt is dv + dv^ tte part dv being 
due to the disturbing forces and the part dv to the action of the central force. 

378. To find the changes in the eccentricity and line of apses. 
We may effect this by differentiating the formulae 

l = a(l — e% h^ = fil, ~=l + ^cos^... (4). 

Since mh is the angular momentum, the increase of mh, viz. 
mhh, is .equal to the moment of the disturbing forcies about the 
origin (Art. 372). Let be the angle the direction of motion at 
P makes with the radius vector, 

Bl 

Sh =fr sin fi + gr cos 
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We deduce from equations (4) 

SZ = (1 - 6-) Ba - 2aeBe, j = cos 9 Be - e sin dB$, 


and the v’^alues of Be and B0 follow at once. 

S®!’©. Herschei has suggested a geometrical method of finding the changes of 
the eccentricity and the line of apses in his Outlines of Astronomy^. He considers 
the effect c>f the distn^bing forces/, g on the position of the empty focus. 

The effect of the tangential force / is to alter the velocity and therefore to 
alter a. Since NP+PjH=2a, the empty focus H is moved, durmg each interval 
along the straight line PH a distance HH'=:25a, where Ba is given by (2). 

The effect of the normal force g is to turn the tangent at P through an angle 
d^=gdtlv. Since NP, liP make equal angles with the tangent, the empty focus H 
is moved perpendicularly to PH, a distance HH ^=2PH. 5^. 



Consider first the tangential force/, we have SH = 2ae, SH' =2{ae + 8ae)^ Hence 
projecting on the major axis 


25 (ae) =HH' . cos PBS=^28a 


x+ae 


where /=HP=a+ea:, and x is measured from the centre ,* 
x~-^x da _ 2a (1 -e^) ^ 
a ~ 


de=- 


jfdU 


ri a y. r' 

Let tjr be the longitude of the apse line US measured from some fixed line 
through N, 

2ac5or=irfl’'BmPHS=2Ja^, 
r a fj. r 

Consider secondly the normal force g. We have 

NH=2ue. NH"=2(ae-t-5ae), 5u=0; 

2Hae)=-HI£"siaPHS=-2r'Sp^ 


ae= -i ^-gdt, 
a V 


^ Ix + ae _ 

e5tEr= gdt. 

a V 


* See al^ some remarks by the author in the Quarterly Journal, 

It should he noticed that Herschel measures the eccentricity by half the distance 
between the foci, a change from the ordinary definition which has not been followed 
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380. The expressions for Se, Sixr should be put into different forms according 
to the use we intend to make of them. Let ^ he the angle the tangent at P makes 

with the major axis, then tan • We easily find by elementary conics 


Also 




, , h X 

Bin\p=^ 

^ a sj{rr') 


008;// = 


b V(r/) * 


fir' 


It immediately follows that 


^ . 25 ^ 

= — ,r .fsmx^dL edw=-r, f 008 Ip Otj 


§5= -- 


br 


-gcos-pdt, ebm~ 


ar x-\-ae 


g sin ’p5t. 


aJifUL)"^ ^ ’ bJ{fMa) 

These formulas give the changes of e and is produced by any tangential or norms! 
force. 


381. Draw two straight lines OX, OY parallel to the principal diameters 
situated as shown in the figure. Since /cos -p, f sin p are the components of the 
tangential disturbing force parallel to the principal diameters, we see that when the 
force acts towards OX the eccentricity is increasedy and when towards OY the apse 
line is advanced ; the contrary effects taking place when the force tends from these 
lines. 

The same rule applies to the normal disturbing force so far as the eccentricity 
is concerned. It applies also to the motion of the apse except when the particle 
lies between the minor axis and the latus rectum through the empty focus, and the 

€» sixx 

rule is then reversed. When the eccentricity is small, — ^ very nearly 

when the particle is near the minor axis; so that the effects of the tangential 
force in this part of the orbit may be neglected and the rule applied generally. 

382. Examples. Ex, 1. The path of a comet is within the orbit of 
Jupiter, approaching it at the aphelion. Show that each time the comet comes 
near Jupiter the apse line is advanced. This theorem is due to Gallandreau, 1892. 

The comet being near the aphelion and Jupiter Just beyond, both the normal 
and tangential disturbing forces act towards OY; the apse therefore advances. 

Ex, 2. A particle is describing an elliptic orbit about the focus and at a 
certain point the velocity is increased by 1/wth, n being large. Prove that, if tbe 
direction of the major axis be unaltered, the point must be at an apse, and the 
change in the eccentricity is 2 (l±e)/7i. [Coll. Ex. 1897.] 

Ex, 3. An ellipse of eccentricity e and latus rectum I is described freely 
about the focus by a particle of mass ?», the angular momentum being mh. A 
small impulse mu is given to the particle, when at P, in the direction of its motion; 
prove that the apsidal line is turned through an angle which is proportional to the 
intercept made by the auxiliaiy circle of the ellipse on the tangent at P, and which 
cannot exceed lujeh. [Math. Tripos, 1893.] 

Ex, 4. A body describes an ellipse about a centre of force S in the foens. If 
A be the nearer apse, P the body, ftnd a small impulse which generates a velocity 
T act on the body at right angles to SF, prove that the change of direction of the 
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apse line is given approximately by ^ ( - + cosAS'P ) SP sin ASP, where e is the 

eccentricity of the orbit and h twice the rate of description of area about S. 

[Math. Tripos.] 

Bx. 5. A particle describes an ellipse about a centre of force in the focus S, 
When the particle has reached any position P the centre of force is suddenly moved 
parallel to the tangent at P through a short distance x, prove that the major axis 

of the orbit is turned through the angle ~ sin 4> sin (6 -<p) where G is the point at 

O 6r 

which the normal at P meets the original major axis, $ the angle SGP and «p the 
angle the tangent makes with SP. [Coll. Ex. 1895.] 


Ex. 6. A particle describes an ellipse about a centre of force ju,/r^ and is 
besides acted on by a disturbing force kt” tending to the same point. Prove that 
as the particle moves from a distance 7'q to r, the major axis and eccentricity 
change according to the law 


\a a^J n 


Thence deduce the changes in a and e when k is very small. 


a 


383. A resisting* medium. We may also use the formulse 
of Art. 380 to find the quantitative effect of a resisting medium 
on the motion of a particle describing an ellipse about a centre 
of force in the focus. 

The velocity of the particle being v, let the resistance be tcv. 
Then ^ = 0 and /= — /cdsfdt, and the equations of motion become 

dt s/ifJ'O) dt ’ dt dt ’ 

Usually /and g are so small that their squares can be neglected. 
Now the changes of the elements a, e, &c. are of the order of / 
and g, being produced by these forces. Hence in using these 
equations we may regard the elements of the ellipse, when multiplied 
by the coefficient k of resistance, as constants. 

Supposing then that we reject the squares of k, we have by 
an easy integration 

2h/c . 2hK 

where A, B are two undetermined constants. Since after a com- 
plete revolution, the coordinates cc, y return to their original values, 
both the eccentricity and the position of the line of. apses must 
also be the same as before. There can therefore he no permanent 
change in either. The greatest change of the eccentricity front 
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its mean value is ^fclfjna^y while the apse oscillates about its 
mean position through an angle ^Khlnea, where — Art. 341. 

384. Ex. A comet moves in a resisting meditim wiiose resistance is 

/= - kV^ where V is the velocity, r the distance from the sun and j?, q are 

positive quantities. When the true anomaly 0 is taken as the independent 
variable (instead of t as in Art. 380), prove that 


1 da — 

-^ = :i-^^(l+2ecosd+e2) 2 {i + eeosd)«-^ 

CL CLtf i ““ 6^ 

de ^ 

■jr = -2A (cos d + e) (l-i-2e cos d + e®) {1 + e cos 6)^-\ 


dm ^j=} 

e-^= ~2Asin^(l + 2ecosd + <?2) 2 (i + e cos 0)^~^, 

where A = Kn^~^ . (1 - e^f ^ ^ and jx—n^a^. 

When the right-hand sides of these equations are expanded in series of the form 
A + Rcos d-l- <7cos 20+ ... 


it is obvious that the only permanent changes are derived from the non-periodical 
terms. Prove (1) that the longitude of the apse has no permanent changes, 
(2) that the eccentricity at the time t is e-Aent(p + q-l)f (3) the semi-major axis 
is a - 2Aant. These results are given, by Tisserand, M€c. CSleste, 1896. 


When the law of resistance is such that p + q = l, it follows that neither the 
eccentricity nor the line of apses have an% permanent change. For any values of 
p and not satisfying this relation the eccentricity will gradually change and 
continue to change in the same direction. When the changes of any of the 
elements have become so great that their products by the coefficient k of resistance 
can no longer be neglected, the equations given above must be integrated in a 
different way. 


886- Sncke’s Comet. The general effect of a resisting medium on the 
motion of a comet is to diminish its velocity and therefore also the major axis of 
its orbit. Art. 377. The ellipse which the comet describes is therefore continually 
growing smaller and the periodic time, which varies as continually decreases. 

Encke was the first ,who thoroughly investigated the effect of a resisting 
medium on the motion of a comet. This comet has since then been called after 
his name. After making allowance for the disturbance due to the attraction of the 
sun and the planets, he found by observation that its period, viz. 1200 days, was 
diminished by about two hours and a half in each revolution. This he ascribed to 
the presence of a medium whose resistance varied as (v//*)® where v is the velocily 
of the comet and r its distance from the sun. 

The importance and interest of Enoke’s result caused much attention to be 
given to this comet. The astronomers Von Asten of Pulkowa and afterwards 
Backlund* studied its motions at each successive appearance with the greatest 


* In the Bulletin Astronomiquer 1894, page 473, there is a short account of the 
work of Backlund by himself. He speaks of the continue decrease of the accd.era- 
tion, the law of resistance, and gives references to his memoirs and particularly to 
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attention. TLe acceleration of tiie comet’s mean motion appears to Lave been 
uniform from 1819, wben Encke first took up the subject, to 1858. It then began 
to decrease and continued to decrease until the revolution of 1868 — 1871 when its 
magnitude was about half its former value. Prom 1871 to 1891 the acceleration 
was again nearly constant. 

Assuming the law of resistance to. be represented by BacMund found 

tbat 71 is essentially negative. This would make the density of the resisting 
medium increase according to a positive power of the distance from the sun; a 
result which he considered very improbable. He afterwards arrived at the 
conclusion that we must replace 1/r*^ by some function / (r) having maxima and 
minima at definite distances from the sun. In Laplace’s nebular theory the 
planets are formed by condensations from rings of the solar nebula. In this 
formation all the substance of each ring would not be used up and some of it 
might travel along the orbit as a cloud of light material. It is suggested that 
Bncke’s comet passes through nebulous clouds of this kind and that the resistance 
they offer causes the observed acceleration. 

It is known tbat comets contract on approaching the sun, sometimes to a very 
great extent. Tisserand remarks that when the size of the comet decreases the 
resistance should also decrease, and that this may help us to understand how the 
resistance to any comet might vary as a positive power of the distance from the 
sun. The size of Encke’s comet also is not the same at every appearance and this 
again may have an effect on the law of resistance. 

It is clear that if Encke’ a comet does meet with a resistance, every comet of 
short period which approaches closely to the sun must show the effect of the same 
influence. In 1880 Oppolzer thought he had discovered an acceleration in the 
motion of another comet. Tins was the comet Winnecke having a period of 2052 
days. Further investigation showed that this was illusory, so that at present the 
evidence for the existence of a resisting medium rests on Encke’s comet alone. 


dSe. Does the evidence aforded by JEjicke's comet prove a resisting medium t 
Sir G*. Stokes in a lecture* on the luminiferous medium says he asked the highest 
astronomical authority in tha country this q^uestion. Prof. Adams replied that 
there might be attracting matter within the orbit of Mercury which would account 
for it in a different way. Sir G. Stokes then goes on to say that the comet throws 
out a tail near the sun and that this is equivalent to a reaction on the head towards 


the eighth volume of his Calculs et Itecherches sur la com^te d’Eucfee. In the 
Cmnptes Bendm^ 1894, page 545, Callandreau gives a summary of the results of 
BacHund, In the TraiU de MScanique Celeste, vol. iv. 1896, Tisserand discusses 
the influence of a resisting medium. In the History of Astronomy by A. M. Olerke, 
1885, examples of the contraction of comets near the sun are given. M. Valz in 
a letter to M. Arago quoted in the Comptes Bendus^ voL vni. 1838, speaks of the 
great contraction of a comet as it approached the sun. He remarks that as it was 
approaching the earth at that time, it should have appeared larger. See also 
Hewcombe’s Poptdar Astronomyr 1883. 

* Presidential address at the anniversary meeting of the Victoria Institute^ 
Jtme 29, 1893: reported in Mature, July 27, page 307. 
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tile snn. There is therefore an additional force towards the snn. The effect of 
this would, be to shorten the period even if there were no resisting medium. In 
the course of his lecture he discusses the question, “ must the ether retard a comets^* 
and decides that we cannot with safety infer that the motion of a solid through it 
necessarily implies resistance. 


Kepler’s Laws and the law of gravitation. 

387. Kepler^s laws. The following theorems were dis- 
covered hy the astronomer Kepler after thirty years of study. 

(1) The orbits of the planets are ellipses, the sun being in 
one focus. 

(2) As a planet moves in its orbit, the radius vector from 
the sun describes equal areas in equal times. 

(3) The squares of the periodic times of the several planets 
are proportional to the cubes of their major axes. 

The last of these laws was published in 1619 in his Harmonice 
Mundi and the first two in 1609 in his work on the motions of 
Mars. 

388. From the second of these laws, it follows that the 
resultant force on each planet tends towards the sun; Art. 307. 

From the first we deduce that the accelerating force on each 
planet is equal to where r is the instantaneous distance of 
that planet from the sun, and is a constant ; Art. 332. 

It is proved in Art. 341 that when the central force is 
the periodic time in an ellipse is T = 2wa^jfp, where a is the 
semi-m^or axis. Now Kepler*s third law asserts that for all the 
planets is proportional to a® ; it follows that p is the same for 
all the planets. 

Laws corresponding to those of Kepler have been* found to hold 
for the systems of planets and their satellites. Each satellite is 
therefore acted on by a force tending to the primary and that 
force follows the law of the inverse square. 

It has been possible to trace out the paths of some of the 
comets and all these have been found to be conics having the 
sun in one focus. These bodies therefore move under the same 
law of force as the planets. 



250 


LAW OF GRAVITATION. 


[chap. VI. 


389. The laws of Kepler, being founded on observations, are 
not to be regarded as strictly true. They are approximations, 
whose errors, though small, are still perceptible. We learn from 
them that the sun, planets and satellites are so constituted that 
the sun may be regarded as attracting the planets, and the 
planets the satellites, according to the law of the inverse square. 
We now extend this law and make the hypothesis that the 
planets and satellites also attract the sun and attract each other 
according to the same law. Let us consider how this hypothesis 
may be tested. 

Let w-i, ms, &c. be certain constants, called the masses of the 
bodies; such that the accelerating attraction of the first on any 
other body distant is the attraction of the second is 

and so on. Let fju be the corresponding constant for the 

sun. 

Assuming these accelerations, we can write down the differen- 
tial equations of motion of the several bodies, regarded as particles. 
For example, the equations of motion of the particle 7 % may be 
obtained* by equating &c., to the resolved accelerating 

attractions of the other bodies. The equations thus formed can 
only be solved by the method of continued approximation. Kepler s 
laws give us the first approximation ; as a second approximation 
we take account of the attractions of the planets, but suppose 
that Wi, Wa, &c. are so small that the squares of their ratio to ^ 
may be neglected. This problem is usually discussed in treatises 
on the Planetary theory. The solution of the problem enables 
us to calculate the positions of the planets and satellites at any 
given time and the results may he compared with their actual 
positions at that time. The comparison confirms the h 3 q)othesis 
in so extraordinary a way that we may consider its truth to be 
established as far as the solar system is concerned. 

390. Extension to other systems. The law of gravitation 
being established for the solar system, its extension to other 
systems of stars may be only a fair inference. But we should 
notice that this extension is not founded on observation in the 
same sense that the truth of the law for the solar system is 
established^. The constituents of some double stars move round 

* Villarceau, Cpnnaissance des temps for tlie year 1852 published in 1849: A. 
Hall, Gould^s Astronomical Journal^ Boston, 1888. 
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each other in a periodic time sufficiently short to enable us to 
trace the changes in their distance and angular position. We 
may thus, partially at least, hope to verify the law of gravitation. 
What we see, however, is not the real path of either constituent, 
but its projection on the sphere of the heavens. We can deter- 
mine if the relative path is a conic and can verify approximately 
the equable description of areas ; but since the focus of the true 
path does not in general project into the focus of the visible 
path, an element of uncertainty as to the actual position of the 
centre of force is introduced. 

We cannot therefore use Kepler’s first law to deduce from 
these observations alone that the law of force is the inverse 
square. 

®91. Besides tliis, there are two practical difficulties. First, there is the 
delicacy of the observations, because the errors of observations bear a larger ratio 
to the quantities observed than in the solar system. Secondly, a considerable 
number of observations on each double star is necessary. Five conditions are 
required to fix the position of a conic, and the mean motion and epoch of the 
particle are also unknown. Unless therefore more than seven distinct observations 
have been made, we cannot verify that the path is a conic. These difficulties are 
gradually disappearing as observations accumulate and instruments are improved. 

3&2. Besides the motions of the double stars we can only look to the proper 
motions of the stars in space for information on the law of gravitation. Some of 
these velocities are comparable to that of a comet in close proximity to the sun 
and yet there is no visible object in their neighbourhood to which we could ascribe 
the necessary attracting forces. At present no deductions can be made, we must 
wait till future observations have made clear the causes of the motions. 

@9®. Other reasons. The Jaw of gravitation is generally deduced from 
Kepler’s Jaws, partly for historical reasons and partly because the proof is at once 
simple and complete. It is however useful and interesting to enquire what we may 
learn about the law of gravitation hy considering other observed facts. 

Ex» 1. It is given that for all initial conditions the path of a particle is a 
plane curve : deduce that the force is central. 

Consider an orbit in a plane P, then at every point of that orbit the resultant 
force must lie in the plane. Taking any point A on the orbit project particles in 
all directions in that plane with arbitrary velocities, then since the plane of motion 
of each must contain the initial tangent at A and the direction of the force at A, 
each particle moves in the plane 'P. It follows that at every point of the plane P 
traversed by these orbits the resultant force lies in the plane. If these orbits do 
not cover the whole plane we take a new point B on the boundary of the area 
covered, and again project particles in all directions in that plane with arbitrary 
velocities. By continually repeating this process we can traverse every point of 
the plane, provided no points are separated from A by a line along which the 
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force is infinite. It follows that at every point of the plane P the force lies in 
that plane, 

Next let ns pass planes through any point A of one of these orbits and the 
direction AC of the force at A. Then by the same reasoning as before the 
direction of the force at points in each plane must lie in that plane and must 
therefore intersect AC. Thus the force at every point intersects the force at 
every other point. It follows that the force is central. 

An observer placed at the sun, who noticed that aU the planets described great 
circles in the heavens, would know from that one fact that the force acting on 
each was directed to the sun. Halphen, Comptes Bendus, vol. 84, Parboux’s Notes 
to Pespeyrous’ Micaniqiie. 

Ex. 2. If all the orbits in a given plane are conics, prove that the force is 
central. 

If a particle P be projected from any point A in the direction of the force at A, 
the radius of curvature of the path is infinite at A. Since the only conic in which 
the radius of curvature is infinite is a straight line, the path of the particle P is a 
straight line and therefore the force at every point of this straight line acts along 
the straight line. The lines of force are therefore straight lines. 

These straight lines could not have an envelope, for (unless the force at every 
point of that curve is infinite) we could project the particles along the tangents to 
the envelope past the point of contact so as to intersect other lines of force. The 
directions of the force would not then be the same at the same point for all paths. 
Bertrand, Comptes BenduSt vol. 84. 

Ex. 3. If the orbits of all the double stars which have been observed are 
found to be closed curves, show that the Newtonian law of attraction may he 
extended to such bodies. 

Bertrand has proved that all the orbits described about a centre of force (for 
all initial conditions within certain limits) cannot be closed unless the law of force 
is either the inverse square or the direct distance. By examining many csrses of 
double stars we may include all varieties of initial conditions, and if all these 
orbits are closed the law of the inverse square may be rendered very probable. See 
Arts. 370, 426. Bertrand v'hen giving this theorem in Comptes Bendtis, vol. 77, 
1873, quotes Tchebychef. 


The Hodograph. 

394. A straight line OQ is drawn from the origin 0 parallel 
to the instantaneous direction of motion and its length is propor- 
tional to the velocity of a particle P, say OQ — lev. The locus of- 
Q has been called by Sir W. R. Hamilton the hodograph of the 
path of P. Its use is to exhibit to the eye the varying velocity 
and direction of motion of the particle. See Art. 29. 

By giving k different values we have an infinite number of 
similar curves, any one of which may be used as a hodograph. 
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It follows from xirt. 29 that, if s' he the arc of the hodograph, 
ds' I dt represents in direction and magnitude the acceleration of P. 

395. If the force on the particle P is central and tends to 
the origin 0, it is sometimes more convenient to draw OQ per- 
pendicularly instead of parallel to the tangent. If OY he a 
perpendicular to the tangent, the velocity v of P is hjOY; hence 
if OQ = kv, we see that the hodograph is then the polar reciprocal 
of the path with regard to the centre of force^ the radius of the 
auxiliary circle being If F be the central force at P, the 

point Q travels along the hodograph with a velocity kF, 

3©e. i:s:ampl«8. Ex. 1. The path being an ellipse described abont the 
centre (7, and OQ being drawn parallel to the tangent, prove that the hodographs 
are similar ellipses. 

Let GQ be the semi-conjugate of (7P, then v = . CQ, Art. 326. Hence if 

the hodograph is the ellipse itself. The point Q then travels with a 
velocity . CP. 

Ex. 2. The path being an ellipse described about the focus S, prove that a 
hodograph is the auxiliary circle, the other focus if being the origin and HQ 
drawn perpendicularlj’’ to the tangent at P. 

Let SYi HZ be the two perpendiculars on the tangent, then v = hlSY=HQIky 
also SY .HZ=1P, HQ=HZ if h^JPjh. Since the locus of Z is the auxiliary 
circle the result follows at once. 

Ex. 8. The path being a parabola described about the near focus 8, prove 
that a hodograph is the circle described on AS as diameter, where A is the vertex 
and SQ IB drawn perpendicularly to the tangent. 

Ex. 4. The hodograph of the path of a projectile is a vertical straight line, 
the radius vector OQ being drawn parallel to the tangent. 

If the tangent at P make an angle f with the horizon, the abscissa of Q is 
kv cos This is constant because the horizontal velocity of P is constant. The 
point Q travels along this straight line with a uniform velocity kg. 

Ex. 5. An equiangular spiral is described about the pole, show that a hodo- 
graph is an equiangular spiral having the same pole and a supplementary angle. 
See Art. 30. 

Ex. 6. A bead moves under the action of gravity along a smooth vertical 
circle starting from rest indefinitely near to the highest point. Show that a polar 
equation of a hodograph is r'= 6 sin^d', the origin being at the centre. 

Ex. 7. The hodograph of the path of a particle P is given, show that if the 
path of P is a central orbit, the auxiliary point Q must trav^ along the ho^graph 
with a velocity t;'s=Ap'y, where is the perpendicular from the centre of force on 
the tangent to the hodograph and p' is the radius of curvature. Show alsp that 
the central force F=v'lk and the angular momentum A=l/Xfe®. 

The condition that the path is a central orbit is v^jg=Fpjr. Writing 
and t=c^Ip% we find F and thence 
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Ex. 8. The hodograph of the path of P is a parabola with its focus at O, and 
the radius vector OQ = r' rotates with an angular velocity proportional to r'. 
Prove that the path of P is a circle passing through O, described about a centre 

force situated at 0. 

Since the angular velocity of OQ is we find by resolving v' perpendicularly 
to OQ that v' = 7 ir'^lp'. In a parabola lr'=2p'^, and since p'—r'dr'jdp' we see that 
v' — 'Kp’^p' where X^nfl. The path is therefore a central orbit. But the polar 
reciprocal of lf = 2p'^ (obtained by writing p'=c^/r, and r'=c^fp) is r'^—p {2c^ll), 
and this is a circle passing through O. 

Ex. 9, A particle describes a curve under a constant acceleration which makes 
a constant angle with the tangent to the path ; the motion takes place in a medium 
resisting as the nth power of the velocity. Show that the hodograph of the curve 
described is of the form h~'^e [Coll. Ex. ] 

Ex. 10. A particle, moving freely under the action of a force whose direction 
is always parallel to a fixed plane, describes a curve which lies on a right circular 
cone and crosses the generating lines at a constant angle. Prove that the hodo- 
graph is a conic section, [Coll. Ex.] 

397. Klliptic velocity. Since the velocity is represented 
in direction and magnitude by the radius vector of the hodograph 
we may use the triangle of velocities to resolve the velocity into 
convenient directions. 

Thus when the path is an ellipse described about the focus 
S, the velocity is represented perpendicularly by HZIk, where 
k = y^jh and E is the other focus. If G be the centre this may be 
resolved into the constant lengths HO, CZ, the former being a 
part of the major axis and the latter being parallel to the radius 
vector SP. Hence the velocity in an ellipse described about the 
focus S can he resolved into two constant velocities one equal to aejk 
in a fixed direction, viz. perpendicular to the major axis, and the 
other equal to ajk in a direction perpendicular to the radius vector 
SP of the particle, where k^h^jh. [Frost^s Newton, 1854.] 

3QB. The liodograpli an orbit. We have seen that when the force is central 
a hodograph of the path of P is a polar reciprocal. It follows that if the hodo- 
graph is the path of a second particle P', each curve is one hodograph of the other. 

Ex. 1. Let r, r' be the radii vectores of any two corresponding points P, Q of 
a curve and its polar reciprocal, the radius of the auxiliary circle being c. If these 
curves be described by two particles P, P' with angular momenta h, h\ prove that 

h^h'^ 

the central forces at the two points P, Q are connected by FF'= -^rr'. 

Ex. 2. Prove that the two particles will not continue to be at points which 
correspond geometrically in taking the polar reciprocal, unless the orbit of each is 
an ellipse described about the centre. [The necessary condition is that the velocity 
v'=skF in the hodograph should be equal to the velocity v':=h'Jp' in the orbit. 
Since p'=c^lr, this proves that F varies as r.] 
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Motion of two or more attracting Particles. 

399. Motion of two attracting^ particles. This is the 
problem of finding the motion of the snn and a single planet 
which mutually attract each other. To include the case of two 
suns revolving round each other, as some double stars are seen to 
do, we shall make no restriction as to the relative masses of the 
two particles. The problem can be discussed in two ways ac- 
cording as we require the relative motion of the two particles or 
the motion of each in space. 

Let M, m be the masses of the sun and the, planet, r their 
instantaneous distance. The accelerating attraction of the sun 
on the planet is If/r®, that of the planet on the sun m/r®. 

Initially the sun and the planet have definite Velocities, Let 
us apply to each an initial velocity (in addition to its own) equal 
and opposite to that of the sun ; let us also continually apply to 
each an acceleration equal and opposite to that produced in the 
sun by the planet's attraction. The sun will then be placed 
initially at rest, and will remain at rest, while the relative motion 
of the planet will he uTialtered. See Art. 39. 

The planet being now acted on by the two forces Af/r® and 
both tending towards the sun, the whole force is {M + 

The planet therefore, as seen from the sun, moves in an ellipse 
having the sun in one focus. The period is 

27r f 

where a is the semi-major axis of the relative orbit. In the same 
way the sun, as seen from the planet, appears to describe an 
ellipse of the same size in the same time. 

400. We notice that the periodic time of a dovMe star does 
not d^end on the mass of either constituent, hut on the sum of the 
masses. The time in the same orbit is the same for the same 
total mass however that mass is distributed over the two bodies. 

401. Consider next the actual motion in spouse of the two 
particles. We know by Ajrt. 92 that the centre of gravity of the 
two bodies is either at rest or moves in a straight line with 
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uniform velocity. It is sufficient to investigate the motion 
relatively to the centre of gravity, for, when this is known, the 
actual motion may be constructed by imposing on each member 
of the system an additional velocity equal and parallel to that of 
the centre of gravity. 


Let S and P be the sun and planet, G the centre of gravity, 
then M . SP = {M-k-m) QP. The attraction of the sun on the 
planet is 

if iP 1 _ if ' 

IP " (if + mf GP^~ GP^' 


The attraction of the sun on the planet therefore tends to a 
point G fixed in space and follows the law of the inverse square. 
The planet therefore describes an ellipse in space with the centre 


of gravity in one focus, and the period is ^ > where a is the 

semi-major axis of its actual orbit in space. 

The actual orbits described by the sun and planet in space 
are obviously similar to each other and to the relative orbit of 
each about the other. If a, a' he the semi-major axes of the 
actual orbits of the planet and sun, a that of the relative orbit, 
we have by obvious properties of the centre of gravity, 


a/M = a/m == a/(M 4- m). 


402 . To find the mass of a planet which has a satellite. Since 
the mean accelerating attractions of the sun on the two bodies 
are nearly equal, their relative motion is also nearly the same as 
if the sun were away. Taking the relative orbit to be an ellipse, 
let be its semi-major axis. If w! are the masses of the 

4!7r^ 

planet and satellite, T the period, we have T'^ = — ; — a'^. When 

^ m-irTn 

T' and a' have been found by observation, this formula gives the 
sum of the masses. The masses in this equation are measured 
in astronomical units, i.e. they are measured by the attractions of 
the bodies on a given supposititious particle placed at a given 
distance. It is therefore necessary to discover this unit by finding 
the attraction of some known body. 

Consider the orbit described by the planet round the sun. 
Since we can neglect the disturbing attraction of the satellite, 
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we have, if a is the semi-major axis of the relative orMt and T 
47r® 

the period, 

^ M-hm 

Dividing one of these equations by the other, we find 
m + w' fa'\^ 

Ui ' 

This formula contains only a ratio of masses, a ratio of times and 
a ratio of lengths. Whatever units these quantities are respec- 
tively measured in, the equation remains unaltered Since m is 
small compared with the mass M of the suU, and m small com- 
pared with the mass m of the primary, we may take as a near 

approximation ^ . In this way the ratio of the 

of any planet with a satellite to that of the sun can be found. 

403. The determination of the mass of a planet without a 
satellite is very difficult, as it must be deduced from the pertur- 
bations of the neighbouring planets. Before the discovery of the 
satellites of Mars, Leverrier had been making the perturbations 
due to that planet his study for many yeara It was only after a 
laborious and intricate calculation that he arrived at a determina- 
tion of the mass. After Asaph Hall had discovered Deimos and 
Phobos tbe calculation could be shortly and effectively made* 
According to Asaph Hall the mass of Mars is 1/3,093,500 of the 
sun, while Leverrier made it about one three-millionth. This 
close agreement between two such different lines of investigation 
is very remarkable; see Art. 57. The minuteness of either satellite 
enables us to neglect the unknown ratio tti jm in Art. 402 and 
thus to determine the mass of Mars with great accuracy. 

4(CMI* SacBunipl®*- JSm* 1. Supposiiig the period of the earth round the sun 
and that of the moon round the earth to be roughly 865^ and 27^ days and the 
ratio of the mean distances to be 385, find idle ratio of the sum of the masses of 
the earth and moon to that of the sun. The actual ratio given in the Nautical 
Almajnac for 1899 is 1/328129. 

Bx. 2; The constituents of a double star describe circles about each other in a 
time T. If they were deprived of velocity and allowed to drop into each oth«r, 
prove that they will meet after a time T/4jy/2. 

Bx, 8. The relative path of two mutually attraoiang particle is a drole of 
radius 6. Prove that if the velocity of each is halved, the eooentrioity of the sub- 
sequent relative path is 3/4 and the semi-major axis is 46/7. 
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Ex. 4. Two particles of masses m, m't which attract each other according to 
the Newtonian law, are describing relatively to each other elliptic orbits of major 
axis 2a and eccentricity e, and are at a distance r when one of them, viz. m, is 
suddenly fixed. Prove that the other will describe a conic of eccentricity e' 

such that 


{m + in') 


J2 (ni Hh m') (1 — e'-) 
[?’ am (1 - e^) 



It is supposed that the centre of gravity had no velocity at the instant before the 
particle m became fixed. [Coll. Ex. 1895.] 


Ex. 5. Two particles move under the influence of gravity and of their mutual 
attractions: prove that their centre of gravity will describe a parabola and that 
each particle will describe relatively to that point areas proportional to the time. 

[Math. Tripos, I860.] 


Ex. 6. The. coordinates of the simultaneous positions of two equal particles 
are given by the equations 

X = a& ~ 2a sin y = <x — aeosd; Xj^ = a&f ^2=: - a + a cos ff. 

Prove that if they move under their mutual attractions, the law of force will be 
that of the inverse fifth power of the distance. [Math. Tripos.] 

Ex. 7. Two homogeneous imperfectly elastic smooth spheres, which attract 
one another with a force in the line of their centres inversely proportional to the 
square of the distance between their centres, move under their mutual attraction, 
and a succession of oblique impacts takes place between them; prove that the 
tangents of the halves of the angles through which the line of centres turns 
between successive impacts diminish in geometrical progression. [Math. T. 1895.] 

Consider the relative motion. The blow at each impact acts along the line 
joining the centres, hence the latera recta of all the ellipses described between 
successive impacts are equal. The normal relative velocity is multiplied by the 
coeflScient of elasticity at each impact. The radius vector of the relative ellipse is 
the same at each impact, being the sum of the radii of the spheres. The result 
follows immediately from Ex. 1, Art. 337. 


405. Ex. 1. Herschel says that the star Algol is usually visible as a star of 
the second magnitude and continues such for the space of 2 days 13| hours. It 
then suddenly begins to diminish in splendour and in 3| hours is reduced to the 
fourth magnitude, at which it continues for about 15 minutes. It then begins to 
increase again and in 3^ hours more is restored to its usual brightness, going 
through all its changes in 2 d. 20 hr. 48 min. 54*7 sec. This is supposed to be due 
to the revolution round it of some opaque body which, when interposed between 
us and Algol, cuts off a portion of the light. Supposing the brilliancy of a star of 
the second magnitude to be to that of the fourth as 40 to 6*3 and that the relative 
orbit of the bodies is nearly circular and has the earth in its plane, prove that the 
radii of the two constituents of Algol are as 100 : 92 and that the ratios of their 
radii to that of their relative orbit are equal to *171 and *160. If the radius of 
the sun he 430000 miles and its density be 1*444, taking water as the unit, prove 
that the density of either constituent of Algol (taking them to he of equal densities) 
is one-fourth that of water. The numbers are only approximate. 

[Maxwell Hall, Observatory y 1886.] 
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Ex. 2. The brightness of a Tariable star undergoes a periodic series of changes 
in a period of T years. The brightness remains constant for wiT years, then 
gradually diminishes to a minimum 'value, equal to 1-^^ of the maximum, at 
which minimum it remains constant for nT years and then gradually rises to the 
original maximum. Show that these changes can be explained on the hypothesis 
that a dark satellite revolves round the star. Prove also that, if the relative orbit 
is circular, and the two stars are spherical, the ratio of the mean density of the 
double star to that of the sun is 

sin^ ^ D r(l + k)^ cos^ mr — (1 - k)^ cos^ 

^ (1 4- A:^) L cos'^ mr - cos^ rmr J ’ 
where D is the apparent diameter of the sun at its mean distance. [Math. T. 1898.] 

406. Tkree attracting Particles. The problem of deter- 
mining the relative motions of three or more attracting particles 
has not been generally solved. The various solutions in series 
which have as yet been obtained usually form the subjects of 
separate treatises, and are called the Lunar and Planetary theories. 
Laplace has however shown that there are some cases in which 
the problem can be accurately solved in finite terms*. 

407. Let the several particles be so arranged in a plane that 
the resultant accelerating force on each passes through the com- 
mon centre of gravity 0 of the system and that each resultant is 
proportional to the distance of the particle from that centre. It is 
then evident that if the proper common angular velocity be given 
to the system about 0, the centrifugal force on each particle may 
be made to balance the attraction on that particle. The particles 
of the system will then move in circles round 0 with equal angular 
velocities, the lines joining them forming a figure always equal 
and similar to itself. Each particle also will describe a circle 
relatively to any other particle. 

Let us next enquire what conditions are necessary that the 
particles may so move that the figure formed by them is always 
similar to its original shape, but of varying size. Let the distances 

* Laplace’s discussion may be found in the sixth chapter of the tenth book of 
the Micanique OeUste. The proposition that the motion' when the particles are in 
a straight line is unstable was first established by Liouville, Acadhnie des Sciemes, 
1842, and Connausance des Temps for 1845 published in 1842. His proof is 
different from that given in the text. The motion when the particles are at the 
comers of an equilateral triangle is discussed in the JProceedmgs of the London 
Mathematical Society, Feb. 1875. See also the author’s Eigid Dynamics, vol. i. 
Art. 286, and vol. ii. Art. 108. There is also a paper by A. G. Wytboff, On the 
Dynamical stability of a system of particles, Amsterdam Math. Soc. 1896. 
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of the particles from the centre of gravity 0 be n, roj &c. We 
then have for each particle the equations 



Since the figure is always similar, these equations are to be satisfied 
when ddjdt is the same for every particle, and &c. have the 

ratios ag, &c., where a^, a. 2 , &c., are some positive finite constant 
quantities. It immediately follows that the arrangement must be 
such that the F's are in the same positive ratios and also the 

Since the mutual attractions of the particles form a system 
of forces in equilibrium, the equivalent system '^^F^y &c. 

and m 2 <? 2 , &c. is also in equilibrium. The sum of the mo- 

ments of the (?s about 0 must therefore be zero, which (since 
they are in the ratios &c.) is impossible unless each G is zero. 

If also the initial conditions are such that both the radial 
velocities drijdty &c. and the transverse velocities r^ddjdty &c., 
have the ratios ai, &c., all the equations will be satisfied by 
assuming ri,r 2 , &c- to have the constant ratios aj, eta, &c. The 
motion of some one particle, say is determined by the two polar 
equations of that particle 

The result is, that if the particles, move so as to he always 
at the comers of a similar figure, that figure must be such that 
the resultant accelerating forces on the particles act towards the 
common centre of gravity 0 and are proportional to the distances 
from 0. This being true initially, the particles must be projected 
in directions making equal angles in the same sense with their 
distances from 0, with velocities proportional to those distances. 

4D8. The two arrangements. To determine how three 
particles must be arranged so that the force on any one may pass 
through the common centre of gravity ; the law of force being the 
inverse fcth power of the distance. 

It is evident that tjae condition is satisfied when the three 
particles are arranged in a straight line. We have now to 
enquire if any other arrangement is possible. 

It is a known theorem in attraction that if two given particles 
of masses M, m attract a third m\ placed at distances p, r from 
them, with accelerating forces Jfp, mr, the resultant passes through 
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the centre of gravity of Jf, m and therefore through that of ail 
three. In order that the resultant of M/p*^ and m/r^ may also 
pass through the centre of gravity of if, w, it is evident that 
the ratio of M/p'^ to m/r^ must be equal to the ratio Mp to mr. 
It immediately follows (except Ar = --1) that p = r. The three 
particles must therefore be at equal distances ; see also Art. 304. 

The result is that for three attracting particles there are 
only two possible arrangements ; (1) that in which the particles, 
however unequal their masses may be, are at the corners of an 
equilateral triangle, (2) that in which they are in the same straight 
line. 

It may also be shown that when the law of attraction is the 
inverse /cth, the arrangement at the tormrs of an equilateral 


( 2m)® 

tHanqle is stable when — ; 


>3 


3~> 


' 409. The line arrangement. Three mutually attracting 
particles whose masses are M, m', m are placed in a straight line. 
It is required to determine the conditiom that throughout their sub- 
sequent motion they may remain in a straight line. 

Let the law of attraction be the inverse xth power of the 
distance. Let if, m, be the two extreme particles, m' being 
between the other two. Let a, b, c be the distances Mniy Mm!, 
m'm ; then a = h + c. 

A necessary condition is that the resultant accelerating forces 
on the particles must be proportional to their distances from the 
centre of gravity 0 (Art. 40*7). We therefore have 
M/a’^ -f m'jc'^ __ Mjb'^ — m/c*" _ mja*^ + m\b^ 

Ma m'c Mb — me ma 4- m'b ^ 

where the numerators express the accelerating forces on the 
particles and the denominators are proportional to the distances 
from 0. 

The equalities (1) are equivalent to only one equation, for if 
we multiply the numerators and denominators of the three frac- 
tions by m, m', — M respectively, the sum of the numerators and 
also that of the denominators are zero. Putting a = 5 (1 + p), 
c = bp, we arrive at 

Mi)* {(1+^))''+^ - 1} -m' (l+p)' (1 V™ 

The left-hand side is negative when p = 0 and positive when p is 
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infinitely large, the equation therefore has one real positive root, 
whatever positive values M, m may have. Putting = 1, the 
left side becomes {M — m) (2'^'^^ — 1) ; since we may take M as the 
greater of the two extreme particles we see that the real positive 
value ofp is less than unity, provided tc + 1 is positive. If /c + l 
were negative the root would be gi'eater than unity. 

Whatever the masses of the particles may be it follows that 
if they are so placed that their distances have the ratios given by 
this value of p, and their parallel velocities are proportional to 
their distances from 0, they will throughout their subsequent 
motion remain in a straight line. 

When the attraction follows the i^ewtonian law, the equation 
(2) becomes the quintic 

(i/ 4- m')p'^ + (3if + 2 m') p^ + (3i¥ + m')p^ — {m' + Sm)p^ 

— (2)u' 4- Zm)p — {m + m') = 0. . .(8). 
The terms of this equation exhibit but one variation of sign, and 
there is therefore but one positive root. 

It may be shown in exactly the same way that in the general 
case, when k has any positive integral value, the equation (2) has 
only one positive root; all the terms from to being 

positive, while those from p’^ to p^ are negative. 

410. W^hen the positions of two of the masses are given, 
there are three possible cases ; according as the third is between 
the other two or on either side. Since the analytical expression 
for the law of the inverse square does not represent the attraction 
when the attracted particle passes through the centre of force, 
Art. 135 ; these three cases cannot be included in the same 
equation. We thus have three equations of the form (3), one 
for each arrangement. 

411. In the case of the sun, earth, and moon, M is very much 
greater than either m or m'. Since p vanishes when m and mf 
are zero, we infer that p is very small when m/if and m'j3I are 
small. The equation (3) therefore gives 3j9^ (m -}- m')/if, or, 
using the numerical values of m, mf and if, _p=: 1/100 nearly. 

If the moon were therefore placed at a distance from the 
earth one hundredth part of that of the sun, the three bodies 
might be projected so that they would always remain in a straight 
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line. The moon would then be always full, but at that distance 
its light would be much diminished. This configuration of the 
sun, earth and moon however could not occur in nature because 
this state of steady motion is unstable. On the slightest dis- 
turbance the whole system would change and the particles would 
widely deviate from their former paths. 

Three mutually attra^iting jaarticles whose mmses are if, w!^ m describe 
circles round their common centre of gravity and are always in a straight line. 
Prove that if the force vary as any inverse power of the distance this state of motion 
is unstable. 


Reducing the particle If to rest we take that point as the origin of coordinates. 
Let (r, 6) be the coordinates of m, (r', 6') those of The paartiole m is acted on 
by (iif+m)/r* along the straight line mMy and in a direction parallel to m'lf. 
The polar equations of the motion of m are 


cos oj cos d) 

7^ 


dV /d5\2 

dt^ ■ Vdt j ~ 

1 d / „ d^\ m' . m' r' 

“ I = sin w-i 

r dt\ dt J 


( 1 ). 


R 

where w, 4> are the angles at If, m of the triangle formed by joining the particles 
and JR is the side mm'. In the same way the polar equations of the motion 
of m' are 

JlT-hm' m 

cos (o-i cos (h' I 


dV' 

dt^ ^ V dt / ■ 


1 d 
r'M 


( /2 ] = gin w sm 0 ' 

\ ^ j ^ E* 


( 2 ), 


where is the external angle of the triangle at m'. In forming these equations 
the standard case is that in which and /cr. 

We shall now substitute in these equations r = a (1 + «), ^ = nt + y *, r' = 5 (1 + 3 /), 
d'=^nt-\-rii and reject aU powers beyond the first of the small quantities a;, y, 
Remembering that sin <^/r' = sm <f>lr= sin wjR we find after some reduction 
(5® — n® — kjB) X — 2ndy 4- + 0 . 97 = 0, 

2n5x 4- (5® 4'm'B) p 4* 0 . m'Bi7=0, 

mkAx + 0 ,y + {S^-n^ — kF) f - 2n^i7= 0, 

0 . a?-mAy 4-2n5|4-(5®4-mA) tj—O, 

where for brevity we have written 5 for d/dt, and c=a-b, 


Mz 


a f 1 

1 \ 


—) 

b\c^+i 

a Vc*'*'^ 


lf4-m 

m' 

„ 1/4-m' 

m 

■ ^K+i ^ ^+1 ’ 

Pz=L 1“ 



The steady motion has been already found in Art. 409, but it may also be 
deduced from the first and third of the equations ( 1 ) and ( 2 ) by equating the 
constants. We thus find — n^=F-^mA, 
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"We notice that the constants JS, F are positi've. When k + I is positive, it has 
been shown in Art. 409 that a>h>-Ct and therefore A , JB and E -i-F— are positive. 
Lastly whatever k may be E + F— 71 - is positive 

To solve the four equations, we put a; = ^ = 7i=:Le^. Sub- 

stituting and eliminating the ratios G, JEf, if, L we obtain a determinantal equation 
whose constituents are the eoeficients of x, y, |, with X written for 5. This 
determinant is of the eighth degree in X. To find its factors we must before 
expansion make some necessary simplifications which we can only indicate here. 
We first add the | column to the x column and the 17 column to the y column. 
The second column may now be divided by X. Multiplying the second column by 
2u and subtracting from the first, we see that X‘^- (k-‘S) is another factor which 
we divide out. Subtracting the first row from the third and the second from the 
fourth, the first column acquires three zeros and the second column two. The 
determinant is now easily expanded and we have 

X2 ;x 2 _ _ 3) „ 2 j [ (X2 4 . C) (X2 _ Cic - (ic + 1) u2) + 4u2X- j = 0, 

where C = E -hF--2n^, If /c>3, this equation gives a real positive value of X and 
the motion is therefore unstable. If /c ha'^e any positive value C is positive, and 
the third factor has the product of its roots negative ; one value of X® is real and 
positive and the other real and negative. The motion is therefore unstable for all 
positive vahies of k. 

413 . Ex. 1. Three mutually attracting particles are placed at rest in a 
straight line. Show that they will simultaneously impinge on each other if the 
initial distances apart are given by the value of p in the equation of the (2/c-{-l)th 
degree of Art. 409. [This equation expresses the condition that the distances 
between the particles are always in a constant ratio.] 

Ex. 2. Three unequal mutually attracting particles are placed at rest at the 
corners of an equilateral triangle and attract each other according to the inverse 
/cth power of the distances. Prove that they %vill arrive simultaneously at the 
common centre of gravity. If the law of attraction is the inverse square, the time 
of transit is | x (a^/ 2 ^)^ where /a is the sum of the masses and a the side of the 
initial triangle. Art. 131. 

414. A swarm of particles. Let us suppose that a comet 
is an aggregation of particles whose centre of gravity describes an 
elliptic orbit round the sun. The question arises, what are the 
conditions that such a swarm could keep together^ ? Similar 
conditions must be satisfied in the case of a swarm consolidating 

* The disintegration of comets was first suggested by Schiaparelli who proved 
that the disturbing force of the sun on a particle might be greater than the 
attraction of the comet. He thus obtained as a necessary condition of stability 
mjh^->2Mla^. The subject was dynamically treated by Charlier and Luc Picart on 
the supposition of a circular trajectory. They arrived at the condition vi}ly^^Z]SIIa^i 
Bulletin de VAcadimie de S. Petersbourg^ Atmales de VObservatoire de Bordeaux.) 
Tisserand, llec- Celeste^ iv. The condition of stability was extended to the case of 
an elliptic trajectory by M. 0. Callandreau in the Bulletin Astrono7}iique, 1896. The 
brief solutions here given of these problems are simplifications of their methods. 
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into a planet in obedience to the Nebular theory. The following 
example will illustrate the method of proceeding. 

We shall suppose the sun A to be fixed in space, Art, 399. 
Let B be the centre of the swarm, O any particle. Let r, 0 be 
the polar coordinates of B referred to A, and rj the coordinates 
of 0 referred to B as origin, the axis of ^ being the prolongation 
of AB, Let M be the mass of the sun. Supposing, as a first 
approximation, that the swarm is homogeneous and spherical, its 
attraction at an internal point G is yap, where p = BG. If qu be 
the mass and b the radius of the swarm, ph = ')n/b\ 


The equations of motion are, by Art. 227, 


^±11 

di- 

d?r] 

d¥-^ 





These equations also apply to the motion of the particle at B, 
where |^= 0 , 7j = 0, Hence when we expand in powers of 77 , 
all the terms independent of f, rj must cancel out. We thus have 


d^ ^ ^ dr] d6 ^ __ 2M^ __ ^ 

dt- ^ dt dt ^ dP- ^ \dt J 7'^ 


Jv 

dt^ 


^ dtdt^^ dt^ 


-77 




( 2 ). 


If the centre of gravity of the swarm describe a circle about 
the sun, we write 7 ' — a, d0ldt = 7i. The equations then become 


dt" 
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d^T] 

diP‘ 


-h 2n 


drj 

dt 

dt 




-f /477 = 0 j 


( 3 ) 


Putting ^ = A cos {pt + a), rj — B sin (pt + a), we immediately ob- 
tain the determinantal equation 

(p^ — ya 4 - 3?^®) (p^ — ya) — 4ip^n^ = 0 .(4). 

The condition that the particles of the swarm should keep together 
is the same as the condition that the roots of this quadratic should 
be real and positive. The left-hand side is positive whenjp^= ± 00 , 
and negative whenp^ = p and p^==p — d7iK The required condition 
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is therefore }ju > Art. 288. The condition that the swarm is 
stable is therefore p > ^ ^ • 

Unless therefore the density of the swarm exceed a certain 
quantity the swarm cannot he stable. If the mass of the sun were 
distributed throughout the sphere whose radius is such that the 
swarm is on the surface, the density of the swarm must be at 
least three times that of the sphere. 

The path of the particle G when describing either principal oscillation is 
(relatively to the axes Bt}) an ellipse with its centre at R. Substituting the 
values of t} in the equations of motion and using the quadratic, we find 

Since /j. lies between the values of the fihst equation shows that AiJBi and 
Aj/Rg liave opposite signs, and accordingly the radical is negative. 

It follows that the oscillation which corresponds to the smaller value of p has 
the major axis directed along while in the other that axis is along Btj, The 
particle also describes, the ellipses in opposite directions, in the former case the 
direction is the same as that of the swarm round the sun, in the latter, the 
opposite. 


If the centre of gravity of the swarm describe an ellipse of small eccentricity, 
we may obtain an approximate solution of the equations of motion. Assuming 
the expansions 6=nt + 2e sin nt + 1 sin 2n£, 


d£ 

'"dt ’ 


=14-3^ cos 7i£ 4- f + 1 6® cos 2nt, 


it is evident that all the coefficients of the differential equations (2) can be at once 
expressed in terms of £, including all terms which contain e^. It is however 
unnecessary for our present purpose to write these at length. It is easy to see 
that the equations become 


dt^ ^ dt 


=crl 




eY=- 


g+2«§+{^-4„vu 

dn 

Aeu cos ^ sin Tit 97 + IOcti^ cos Tit | + &c., 


(5), 


4e7i cos nt ^ -f 2e7i^ sin nt | + 


cn^cos Tit 174-&C. 


As a first approximation we neglect eX, eY, Comparing the equations (5) and 
(3) we i^e at once that we shall have the quadratic 

- / 1 4 71^ (3 + 5e^)} { - A* + 4 71%^} - ApV= 0 (6). 

The condition that the swarm is stable is then (3 + 5e-) ; .*. p > ^ (3 4 5c^), 


It appears therefore that the gradual dissipation of a comet is more probable when 
the trajectory is elliptical than when it is circular. 
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As a second approximation, we substitute $=A cos (pt-ta), 57 = 1 ? sin (pt-i-a) 111 
the expressions X and F. By Art. 303 the only important terms are those which 
become magnified by the process of solution. These terms are of the form 
P cos (Xt-hL) where X=pi 7 i orpdb2?j. Unless therefore the roots p, p" of the 
quadratic (6) or (4) are such that pip' is nearly equal to n or 2n, the terms 
derived from X, F remain respectively of the order e or c-. This relation between 
the roots cannot occur when e is small. 

415. Tisserand^s criterion*. When a comet- describing a 
conic round the sun passes very near to a planet, such as J upiter, 
its course is much disturbed. When it emerges from the sphere 
of perceptible influence of the planet, it may again be supposed 
to describe a conic round the sun, but the elements of the new 
path may be very different from those of the old. 

Since Jacobi’s integral (Art. 255) holds throughout the motion, 
the elements of both the conics must satisfy that equation. 

Let (do, Q, (^ 1 . be the semi-major axis and semi-latus rectum 
before and after passing through the sphere of influence of the 
planet. Let fo, z’l be the inclinations of the planes of the comet’s 
orbit to the plane of the planet’s motion. 

Let the sun 0 be taken as the origin of coordinates, and let 
the axis of ^ pass through the planet P. Let r, p be the distances 
of the comet Q from 0 and P respectively and c = 0P. Let M, 
m be the masses of the sun and planet, then, reducing the sun 
to rest (Art. 399), we regard the cornet as acted on by the resultant 
attraction of the sun and planet together with a force 711 /c^ acting 
parallel to PO. The field of force is therefore defined by 

JT _ 

r p c- * 

We suppose that the planet P describes a circular orbit relatively 
to 0 with a constant angular velocity n, where = (M + 

The Jacobian integral takes the form 

lV^-7iA 

7" p & 

* Tisserand’s criterion may be found in his Note sur I’integrale de Jacobi, et 
sur son application ^ la th^orie des com^tes, Bulletin Astrommiquej Tome vi. 
1889, also in his Micanique Celeste^ Tome iv. 1896. M. 0. Callandreau’s addition 
is given in the second chapter of his &ude sur la th6orie des cometes p4riodiques, 
Annales de V Ohservatoire de Paris, Memo ires, 1892, Tome xx. There are also some 
investigations by H. A. Newton on the capture of comets by planets, especially 
Jupiter, American Journal of Science, vol. xlii. pages 183 and 482, 1891- 
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where F is the space velocity of the comet and A its angular 
momentum referred to a unit of mass. Since (Art. 333) 


= A^cosW(Ml), 

the integral becomes 


2a, 


4* n cos 








2ai 


+ cos 


/ li m fl 

*''V M'^MKp, 



where ^o>Pol are the values of p when the comet is respec- 

tively entering and leaving the sphere of influence of the planet. 
We obviously have po — pi, and since the comet does not stay long 
within the sphere, we may neglect fo “ when multiplied by the 
very small quantity mjM. Writing then n? = Mjc^ as a close 
approximation. Art, 341, we obtain the criterion 
1 ^ cos % 1 COS2x 

2ao c^G 'tOi c\/c 


416. Tisserand uses this criterion to determine whether two 
comets both of which are known to have passed near Jupiter 
could be the same body. If the criterion is not satisfied by the 
known elements of the two comets, they cannot be the same body. 
If it is satisfied it is then worth while to examine' rriore thoroughly 
how much the elements of either body have been altered by the 
attraction of Jupiter. This must be done by using the method 
of the plapetary theory and is generally a laborious process. 

In Tisserand’s criterion the orbit of Jupiter is considered to be circular, which 
is not strictly correct. This defect has been corrected by M. 0. Callandrean. 
Tahing account only of the first power of the eccentricity he adds a small term 
containing that eccentricity as a factor. This term, unlike those in Tisserand’s 
criterion, depends on the manner in which the comet approaches Jupiter. 


417. Stability deduced from Via Viva. The Jacobian integral has been 
used by G. W. Hill* to determine whether the moon could be indefinitely pulled 
away from the earth by the disturbing attraction of the sun. In such a problem 
as this, it is convenient to take the origin at the earth P and the moving axis of ^ 
directed towards the sun 0. Reducing the earth to rest, the moon Q is acted on by 
{m+m')jp^ along QP and Mjc^ parallel to OP. The Jacobian equation for relative 
motion, Art. 255 (3), takes the form 

+ Jf+O. 


* G. W. Hill’s researches in the Lunar theory may be found in the American 
Journal of Mathematics ^ vol. i. 1878. 
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where p — PQ^ r=OQ^ c = OP and p. is the sum of the masses m, m" of the earth 
and moon. We treat the sun’s orbit as circular and put as a near approximation 
Since this equation becomes 






Since the left-hand side is essentially positive it is clear that tM moving particle Q 
can never cross the surface defined by equating the right-hand side to zero, and can 
only move in those parts of space in xchich the right-hand side is positive. Art. 299. 

If the initial circumstances of the motion make C' negative, the right-hand 
side is always positive and the equation supplies no limits to the position of Q, 

The form of the surface when C” is positive has been discussed by Hill. When 
C' exceeds a certain quantity the surface has in general three separate sheets. 
The inner of these is smaller than the other two and surrounds the earth. The 
second is also closed but surrounds the sun, the third is not closed. When the 
constants are adapted to the case of the moon, that satellite is found to be within 
the first sheet. It must therefore always remain there, and its distance from the 
earth can never exceed 110 equatorial radii. Thus the eccentricity of the earth's 
orbit being neglected^ ice have a rigorous demonstration of a superior limit to the 
radius vector of the moon. 


410. Ex, 1. If the moon Q move in the plane of motion of the earth F and 

if also the sun is so remote that we may put ^ + when the left- 

hand side is expanded in powers of |/c and -jj/c, the hounding surface degenerates 

into the curve --f It is required to trace the forms of this curve for 

P 

different positive values of C". 

The curve has two infinite branches tending to the asymptotes f If 

C” is greater than the minimum value of + there is also an oval round 
the body S, It the particle Q is within the oval, it cannot escape thence and its 
radius vector will have a superior limit. If the particle is beyond either of the 
infinite branches, it cannot cross them and the radius vector will have an inferior 
limit. The velocity at any point of the space between the oval and the infinite 
branches is imaginary. [Hill.] 

Ex, 2. A double star is formed by two equal constituents Sy F whose orbits 
are circles. A third particle Q whose mass is infinitely small moves in the same 
plane and initially is at a distance from P on SF produced equal to half 5P, 
starting with such velocity that it would have described a circular orbit about P if 
S bad been absent. Show that the curve of no relative velocity is closed, and that 
the particle being initially within that curve cannot recede indefinitely from the 
attracting bodies S and P, 

This example is discussed by Coculesco in the Comptes Mendusy 1892. He also 
refers to a memoir of M. de Haerdtl, 1890, where the revolution of Q round P is 
traced during two revolutions and it is shown that at the end of the third the 
particle is receding from A *, 


* Since writing the above the author has received Darwin’s memoir on Periodic 
Orbits, Acta Matkematicay xxi, in which the motion of a planet about a binaiy star 
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Theory of Ayses. 

419. When the law of force is a one-valued function of the 
distance, every apsidal radius vector must divide the orbit sym- 
metrically. 

Let 0 be the centre of force, A an apse (Art. 314). The 
argument rests on two propositions. 

(1) If two particles are projected from A with equal velocities, 
both perpendicularly to OA but in opposite directions, it is clear 
that (the force being always the same at the same distance from 0) 
the paths described must be symmetrical about OA. 

(2) If at any point of its path, the velocity of the particle 
were reversed in direction (without changing its magnitude), the 
particle would describe the same path but in a reverse direction. 

If then a particle describing an orbit arrive at an apse A, its 
subsequent path when reversed must be the same as its previous 
path. Hence OA divides the whole orbit symmetrically. 

We may notice that if the law of force were not one-valued, 
say F=jii{u± — or)], where the apsidal distance OA = a, the 
first proposition is not true, unless it is also given that the radical 
keeps one sign. 

420. There can he only two apsidal distances though there 
7nay he any number of apses. 

Let the particle after passing an apse A arrive at another 
apse B. Then since OB divides the orbit symmetrically, there 
must be a third apse G beyond B such that the angles A OB, 
BOG are equal and 00= OA. Since 00 divides the orbit sym- 
metrically, there is a fourth apse at D, where OB = OB and the 
angles BOG, GOD are equal. The apsidal distances are therefore 
alternately equal, and the angle contained at 0 by any two con- 
secutive apsidal distances is always the same. 

has been more thoroughly studied. Taking a variety of initial conditions he has 
traced the subsequent paths of a particle of insignificant mass. Some of the 
paths thus presented to the eye have such unexpected and remarkable forms that 
the paper is full of interest. 
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4:21. Examples. JEx. 1. Show that an ellipse cannot be described about a 
centre of force whose attraction is a 
one-valued function of the distance 
unless that centre is situated on a 
principal diameter and is outside the 
evolute. 

By drawing all the tangents to one 
arc EF of the evolute we see that they 
cover the whole area of the quadrant 
ACB of the ellipse. It follows that a 
normal to the ellipse can be drawn 
through any point P situated in this 
quadrant, and this normal does not divide the ellipse symmetrically, unless P lies 
between E and A or between F' and B. 

Ex, 2. If the path is an equiangular spiral and the central force a one-valued 
function of the distance, prove that the centre of force must be situated in 
the pole. 

Ex. 3. If a particle of mass m be attached to a fine elastic string of natural 
length a and modulus X, and lie with the string unstretched and one extremity 
fixed on a smooth horizontal plane ; prove that, if projected at right angles to the 
string with velocity v, the string will just be doubled in length at its greatest 
extension if 37»v^=4aX. [Coll. Ex.] 

Ex. 4. A particle is projected from an apse with a velocity v, prove that the 
apse "will be an apocentre or a pericentre according as the velocity v is less or 
greater than that in a circle at the same distance. 


B 



422. The apsidal distances. To find the apsidal distances 
when F= and n is an integer. 

The equation of vis viva, viz. -y® = (7 — 2 f F dr ^ 






n — 1 


•(!)• 


Let F be the velocity at the initial distance R, p the angle of 
projection, then 




n - 1 \R. 


h = VR sin . 


•( 2 ). 


Thus both h and G are known quantities, at an apse %i is a max- 
min, and therefore dujdO = 0. The apsidal distances are therefore 
given by 

w 

If an equation is arranged in descending powers of the unknown 
quantity, we know by Descartes’ theorem that there cannot be 
more positive roots than variations of sign. The arrangement of 
the terms of equation (A) will depend on whether n — 1 is greater 
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or less than 2 ; but, since there are only three terms, it is clear 
that in whatever order they are placed there cannot be more than 
two variations of sign. The e(][iiatioii cannot therefore have more 

t,Tin.Ti two positive roots. This is an analytical proof that there 
cannot he more than two real apsidal distances. 

If is a fraction, say n—pjq in its lowest terms, we write uzzw*^', tite 
indices of w are then integers and w and therefore u can have only two positive 
values. It is assnmed that if q is an even integer the sign of F is given by some 
other considerations, for otherwise F would not he a one-valued function of w. 

424. The propositions proved in Arts. 420 and 422 are not 
altogether the same. The complete curve found by integrating 
(A) may have several branches separated from each other so that 
the particle cannot pass from one to the other. In 420 it is 
proved that the actual branch described cannot have more than 
two unequal apsidal distances. In 422 it is proved that when 
F^fiu^ all the branches together cannot have more than two 
unequal apsidal distances. 

If the force be some other one-valued function of the distance 
the complete curve may have more than two unequal apsidal 
distances. 

435. Ex. 1. If == A (w - a) (m - 6) (u ~ c) be the differential equation of 

an orbit, prove that the central force is a one-valued function of the distance. 
Prove also that the curve has two branches and three unequal apsidal distances, 
and that either branch may be described if the initial conditions are suitable. See 
Arts. 309, 441. 

Ex. 2. If the central force is where w>3 and the velocity is greater 

than that from infinity, prove that the apsidal distances lie between jp and q, where 
and h^=^Cq^. [This follows from a theorem in the theory of 
equations applied to equation (A) of Art. 422.] 

426. The apsidal angple* To find the apsidal angle when 
where S, and the orbit is nearly circular. 

The equation of the path with these conditions has been found 
by continued approximation in Arts. 367 to 370. 

Taking the first approximation, we see by referring to the 
equation (6) of those articles that dujdO is zero only when 
pd -i-a^irr, where i is any integer. These values of therefore 
determine the apses and the reciprocals of the two corresponding 
apsidal distances are c(l±Af). The apsidal angle described 
between two consecutive apses is therefore w/p, where p® = 3 — w. 
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Taking the higher approodmations, we use the equations (12) 
and (13) in the same wav. The apsidal angle is therefore tt/j?, where 
p = v(3 ~ 7i) {1 - * (7. - 2)(n + 1)M% 

The reciprocals of the apsidal distances are very nearly o (1 ± Jf ). 

There is another method of finding the apsidal angle which is founded 
on a direct integration of the equations of motion*. Beginning with 

Lcu***"® 

we have, as in Art. 422, 

h^(^Y= ~ »"-* -hhi^+C; 

\dej 

let M = be the reciprocals of the inner and outer apsidal distances. Since 

the right-hand side of the equation must vanish for each of these values of we have 

-?^^^<in-i_7j2a2+C=0, -^5“-i-A=62+C=0. 

n-1 n-1 

Eliminating h® and C vie find 

fd0\^ A= I**-!, 1 

h^\ 3 ^, 1 

To find the apsidal angle we have to integrate the value of d9 from u=6 to a. 

To simplify the Smits we put a=c &=xc and w=rc {l+Mx) ; the 

limits of integration are then - 1 to -h 1. Also since the orbit is nearly circular, 
we suppose M to be a small quantity. 

It now Becomes necessary to expand A in powers of This may be effected 
by using some simple properties of determinants. If we subtract the upper row 
from each of the other two, the determinant is practically reduced to a determinant 
of two rows. Noticing that 

(1 =fc Af )~--i - (1 + ^-{n-l)M{x^l) {l + CM{x^l) 

^BM^ix^^x + l) +EM^ (x»±ar»+a?±l) +&C.}, 
where (7=s|(w-2), X)=^(w~2) (n-3), (w-2) (n-3){»-4), we see that the 

new determinant is 

A===c’»+iilf2(»-l)(a^-l)|l + CAf(a; + l) + &c., 2^M{x + l)\ 

|l + GJf(r-l) + &c., 2+ilf(a?-l)r 

Subtracting one row ffom the other and performing some evident simplifications, 
we find 

A=jg2 (ar2 - 1) (1 +1 (»- 2)Mx-h^(n- 2) ((w~ 4) icS+«- 6)}, 
where E^=2c^^M^ (n - 1) (n - 3). We thence deduce 

^ { 1 - * (n - 2) K* + it (" - 2) (2** - n • 

* The method of finding the apsidal angle by a direct integration the 

apsidal ei^lion was first used by Bertrand, (Tommies Bendm, voL 77, 1873. An 
improved version was afterwards given By Barboux in Ms notes to the Gouts de 

M€edmque by Despeyrous, 1886, 
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Ib the same way we find after some redactions 
Eemembering that du = cMdx, these give 

The integrations can be effected at sight by putting a;=sui^. TaMng the 
limitB to be to make the apses adjacent, we find that the apsidai angle is 


'^-Mx + ~ (2x“ + «)|- . 






428. Closed or1>its- An orbit is described about a cmtre 
of force whose attraction is a one-valued function of the distance. 
From that if the orbit is closed, for all initial conditions within 
certain defined limits, the law of force must he the inverse square 
or the direct distance, [Bertrand, Gomptes Rendus, voL 77, 1873.] 
If the path is closed and re-entering it must admit of both 
a maximiim and a minimum, radius vector. The orbit therefore 
has two apsidai distances and must lie between the two circles 
which have these for radii and their centres at the centre of 
force. By varying the initial conditions we may widen or diminish 
the space between the circles, yet by the question the orbit is 
always to be closed so long as the radii of the circles remain 
finite. 

% 

Representing the first approximation to the reciprocals of the 
radii by c (1 ± M) the apsidai angle will be w/jp, where p can be 
expressed in some series of ascending powers of M. The orbit 
cannot be closed unless the apsidai angle is such that, after some 
multiple of it has been described, the particle is again at the 
same point of space and moving in the same way. Hence p must 
be a rational fraction for all values of M whether rational or not. 
The coefficients of all the powers of M must therefore be zero, 
while the term independent of M must be a rational fraction. 
When the series for p is (Art. 426) 

Since the coefficient of must be zero we see that n = 2 or — 1, 
i.e. the law of force must be the inverse square or the direct 
distance. In either case the condition that — should be a 
rational fraction is satisfied. 

If we take the most general form for the force, we have 
F^uf{u), We know by Art. 368 that the first term of the 
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series for p is, in general, a fanction of c, i.e. of the reciprocal of 
the mean radius. Since this can be varied arbitrarily the apsidai 
•angle cannot be commensurable with tt unless this first term, 
viz. c/'(c)//(c), is independent of c. Putting this equal to a 
constant m we find by an easy integration that f(c) = Hence 

The general case is therefore reduced to the special 
case already considered. 

-^20. Classification, of orbits. The force being F—gju?^ it is required to 
classify the various forms of the orbit according to the number of the apsidai 
distances *. We suppose g to he positive and h not to be zero. 

Arranging the apsidai equation (A) (Art. 422) in descending powers of it 
takes one or other of the three following forms 

w. 

= — 4- 4- C, 

w- 1 

according as n>3, % lies between 3 and 1, and w-<l. 

The two constants \ C and h determine the energy and angular momentum of the 
particle, Art. 313. When these are given, we arrive, by integrating (A), at an 
equation of the form d + a=f{u). By varying the constant a we turn the curve 
round the origin without altering its form. It follows that when C and h are 
knotoTit the orbit is determined in /o?m but not in position. The curve thus found 
may have several branches which are not connected with each other. One point 
on the orbit nmst therefore also he given to determine the value of a and to distinguish 
the branch actually described by the particle. 

Any point on the curve being taken as the point of projection, we may regard v 
as tbe initial velocity. We thus have C=v^~V-^ or C=^v^+V^^ where Fj is the 
velocity from infinity, and F^ the velocity to the origin. The first equation is to 
be used when Vj is finite, i.e. when n>l; the second when F^ is finite, i.e. when 
wd. See Art. 313. 

430. Case I- Let the curve have but one apsidai distance. The right-hand 
side of the apsidai equation (A) must change sign once as u varies from zero to 
infinity. Hence, when «>3, G is negative or zero, i.e. the velocity v is less than 
or equal to that from infinity ; when n lies between 3 and 1, C must be positive or 
zero, i.e. the velocity v is greater than or equal to that from infinity. Lastly we 
see from the third form of the equation (A) that when w<l the curve cannot have 
only one apsidai distance. 


* Korteweg, Sur les trajectoires d€cHtes sous Vinfuence d*une force cmtrale^ 
Archives Nierlandaises, vol. xix. 1884, discusses the forms of the orbits, the con- 
ditions of stability and the asymptotic circles. Greenhili, On the stability of 
orhitst Proc, Lond, Math. Soc. vol. xxn. 1888, treats of the asymptotic circles which 
can be described when Fs=gu^ for various values of n. 
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These conditions being satisfied, let be the reciprocal of the apsidal 

distance, found by solving the equation (A). We then have 

where (u) cannot change sign as u varies from 0 to co . Since <p (u) must have 
the same sign as the highest power of w, its sign is positive or negative according 
as or <3. 

We notice that if w is a fraction, say n=plq, we replace the factor u-'a^jw-h 
where u~w% a—h^; Art. 423. As in most cases the force F varies as some 
integral power of the distance, it will be more convenient,to retain the form given 
above. 

Since the left-hand side of (2) is necessarily positive, the whole of the curve 
must lie inside the circle if w>3, and must lie outside that circle if «<:3. 
Suppose the particle, as it moves round the centre of force, to have arrived at the 
apse. It will then begin to recede from the circle and must always continue to 
recede because dufdS is not again zero. The orbit has therefore two branches 
extending from the apse to the centre of force or to infinity according as n>- or c 3. 
The apse is an apocentre in the first case and a pericentre (as in a hyperbola 
described about the inner focus) in the second case. 

The motion in the neighbourhood of the apse may be found by writing u=s:a+x 
and retaining only the lowest powers of x. We then have 
(dxldd)^—4Ax; u-a=A6^f 

where The path is therefore such that the particle describes a finite 

angle 6 while it moves from w=w to Since ddldtsshu^ is finite, the* time of 

describing this finite angle is also finite. 


431. Cases H. and XXI. To find the conditions that there may he either two 
apsidal distances or none. The apsidal equation must have two positive roots or 
none. The condition for this is that the right-hand side of (A) must have the 
same sign when u=0 and u=ao. 


First, Let »>3, this condition requires that G should be positive and not 
zero. The velocity at every point must therefore he greater than that from infinity. 
To distinguish the cases we find the max-min value ilf of the right-hand side 
by equating to zero its differential coefficient. We thus find 



K 



K 


71-1 
71-3 * 


TaMng the second differential coefficient we find that AT is a minimum when 7*>3 
and a maximum when 7i<3. 


We notice that when 7i>3, the two terms of M have opposite signs and that 
we can make either predominate by giving h or C small values. Thus M may 
have any sign if the initial conditions are suitably chosen. The path may there- 
fore have either two apsidal distances or none; there will he two if M is negative 
and none if M is positive. If M=:0 the apsidal distances are equal. 


Secondly, let 3>-7i>l. The right-hand side of (A) cannot have the same sign 
when «=:0 and tt=oo unless C is negative. The velocity at every point must there- 
fore he less than that from infinity. 
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Writing as before 



we shall prove that If is necessarily positive and has zero for its least value. Then 
since the right-hand side of (A) is negative when m= 0 and u=m and is equal to 
the positive quantity M for some intermediate value, there mmt be two apsidal 
distances which can be equal only when Jif = 0 . 

To prove that M is positive, we notice that M is least when h is greatest. 
Since h=®rsinj3 (Art. 313) this occurs when h=zvr, i.e. when the particle is 
projected perpendicularly to the radius vector. Substituting this value of k and 
remembering that (7=v2-Fi2, we can see by a simple differentiation that M is 
again least when that is, when the velocity is equal to that in a circle. 

This value of v is less than the velocity from infinity (n. being <3), and is there- 
fore admissible here. Substituting this value of v we find that the minimum 
value of M is zero. The value of M is therefore positive and is zero only when 
the path is a circle. 

We ^ may also prove that the orbit has two apsidal distances by observing that 
since the velocity is insufficient to cany the particle to infinity, the orbit must 
have either an apocentre or must approach an asymptotic circle. In either case 
the apsidal equation has one positive root and therefore has another. 


Thirdly^ let lz>n* Since we notice that C must be positive. We 

now have 

we may prove in the same way as before that M is least when h=^vr and 


and that then Mi 


_ yl-n 


Vq^^O by Art. 312. Thus M is always positive 


and the curve has two apsidal distances which can be equal only in a circle. 


We verify this result by noticing that since an infinite velocity is required to 
carry the particle to infinity (n being <1, Art. 312), tbe orbit must have an 
apocentre or approach an asymptotic circle. The apsidal equation must therefore 
have two positive roots. 


432. It follows from what precedes that the curve defined by tne apsidal 
equation (A) can be without an apse only when n>3. In that case the orbit 
extends from the centre of force to infinity. 

We arrive at the same result by noticing that if there is no apse, the velocity 
must he sufficient to carry the particle to infinity. If l>n this condition cannot be 
satisfied (Art. 312). If n>l this condition requires O to be positive and it is 
evident that the second form of the apsidal equation has then a positive root. 

It also follows that there can be an asymptotic circle only when For if 

the orbit be ultimately circular the constant j5f must be zero, and this cannot 
happen when 71 <3 unless the orbit is circular throu^out. See also Art. 447. 


433 . To find the motion when the orbit has two apsidal distances. If b be 
the reciprocals of these distances, the apsidal equation (A) takes Ihe form 
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’Where ^(w) is positive or negative according as or <3. Since the left-hand 
side is necessarily positive we see that u cannot lie between the limits a and 5 if 
(ti) is positive hut must lie between them if <!> (u) is negative. The whole curve 
must therefore lie outside the annulus dedned by the circles w=a, ii=5ifn>-3, and 
must lie within that annulus if ncB. 

It appears that when n>-d> the full curve defined by the differential equation (A) 
contains two distinct branches, either of which can be described by the particle 
with the given energy and the given angular momentum h. These, being 
separated by the empty annulus, do not intersect, so that when the point of pro- 
jection is given the particular branch described by the particle is determined. We 
notice also that this branch has only one apsidal distance though the complete 
curve has two. 

When wcS the path of the particle undulates between the two circles 
u = 6, touching each alternately and being always concave to the centre of force. 

Cas® IV. To Jind the motim when the apsidal distances are equal. 
The apsidal equation now takes the form 

h^ {dulddf={u - a)2 ^ (u). 

The motion as the particle approaches the circle may be found by putting 
a; and retaining only the lowest powers of x. We then have 

{dxjdef^ 4> {a) x\ u-a =:Ae-^^, 

where m^=4>{a)lh\ The particle therefore approaches the limiting circle in an 
asymptotic path and arrives at the circle only when ^ = ao. Since ddfdt (being 
ultimately equal to ha^ is finite, the time of describing an infinite number of revo- 
lutions round the centre of force is infinite. 

The conditions that the right-hand side of the apsidal equation (A) may have- 
a square factor and be positive are (1) the coefficients of the highest and lowest 
powers must be positive, and (2) we must have M=0, Art. 431. If n>3, G must 
be positive, i.e. the velocity at every point must he greater than that from infinity. 
If w^S’the coefficient of the highest power of u is negative, and there can he no 
asymptotic circle. (See also Art. 432.) 


435. When ?i>3 and it is known that the path has an apse, we may prove 
that that apse is a pericentre or apocentre according as the velocity of projection is 
greater or less than the velocity in a circle at the same distance. Let v be the 
velocity of the particle, the velocity in a circle at the same distance r, the 
velocity from infinity ; then (Art. 313) 




n-1 


^n— 1 » 


+ C ( 1 ), 


A t?2->F22=-.|{n-3)ri2-f.a (2). 

If r=rj represent any apsidal distance, we have at that apse v2/p=^, V^jr^^^F. 
At a pericentre the orbit lies outside the circle of radius rj, hence p‘:>rj^ and 
u2> Fg®. At an apocentre the orbit lies inside the circle and v^c 
It follows by inspection of (2) that at a pericentre both sides of that equation 
are positive, and, since Fj decreases when r increases, both sides must continue to 
be positive as the particle recedes from the origin. The particle also cannot arrive 
at a second apse, for this requires the left side to become negative. In the same 
way at an apocentre the two sides of (2) are negative and must continue to be 
negative as the particle approaches the origin. The conclusion is that the vHocity 
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at any point is greater or less than that in a circle at the same distance according as 
the path has a pericentre or apocentre. 

It follows also that the path described cannot have both a pericentre and an 
apocentre, 

-ta®. The following table sums up the possible orbits when 
71 >3, {one apsidal distance, path inside the circle. 

v>-Vi (two apsidal distances, path inside or outside both circles 
31 negative ( according as u is < or > V^. 

Fi (no apsidal distance, the path extends firom the centre of force 
M positive ( to infinity. 

Fj (an asymptotic circle, approached from within or from without 
lf=0 ( according as v is < or > V^. 

3>ti>l, v^Vj {one apsidal distance, path outside the circle. 

uc Fj {two apsidal distances, path between the circles. 

1 > w, u < Fj {two apsidal distances, path between the circles. 

Here V 2 is the velocity in a circle at the distance of the point of projection, 

Fx. When the force F= is repulsive show that the path, if not rectilinear, 
has a pericentre with branches stretching to infinity. 

437. The motim in the neighbourhood of the origin is found by retaining the 
highest powers only of u. We thus have by (A), Art. 429, 

according as n>3 or <3, where The first alternative gives after 

integration, supposing the particle to be approaching the origin, 

rP-r„P=-^9, 

where p=^{n — Z), g = i(7i+l); showing that the particle (except when 7i=3) 
describes a finite angle in a finite time when the radial distance decreases from 
r=ro to zero. 

The negative sign in the second alternative shows that, when «<:3, the particle 
cannot reach the origin unless 7t=0, i.e. unless the path is a radius vector. 

433. The motion at an infinite distance from the origin is found by retaming 
the lowest powers only of u. We then have 


/dry 

UJ =* Uj 


2/x, . 

or - 

1-n 


according as or d. The negative sign in the second alternative shows that 
when n<l the curve can have no branches which extend to infinity. 

When O is positive, i.e. when the velocity v of projection is greater than that 
from infinity, the first alternative leads to 

h(u~ UfJ = - r - =r 

showing that when the particle travels horn r= to infinity it describes a finite 
angle 0 round the origin, and that the time is infinite. The path therefore tends 
to a rectninear asymptote whose distance from the origin is - dB ldu=hj^ C. 

If however 0=0, ie. the velocity v of projection is equal to that from infinity, 
the lowest existing power of u in the apsidal equation (A) is or We 
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then have 




2/m 

h— ^ 'i 
71-1 


according as «>3 or «c3 but >1. The first alternative shows that (except when 
/i=0) there are no branches leading to infinity. The second alternative, i.e. 
gives, supposing the particle to recede from the origin. 


rP-ToP^ 





where (n- 1) 152=2^1, (3- n), gr=-|(?i+l). These equations show that as 

the particle proceeds from r=.TQ to infinity it describes a finite angle in an infinite 
time. The path tends to a rectilinear asymptote at an infinite distance from the 
origin. 


439. StaMlity of tlio orbits. Bef erring to Art. 436 we see that when n>3 
the orbit extends to the origin or to infinity except when the particle is approaching 
an asymptotic circle. The existence of such a circle depends on the equality of the 
factors of the right-hand side of the apsidal equation, and a slight change in the 
constants O, h may render the factors unequal or imaginary. In either case the 
new path will lead the particle either to the centre of force or to infinity. Such 
orbits may he called unstable. 

When n<3 and the velocity of projection less than that from infinity, the path 
is restricted to lie between the two circles u=a, u=b, and the values of a and b 
depend on the constants C and h. Any slight disturbance will alter the values of 
these constants, but the orbit will still be restricted to lie between two circles 
though the radii will not be exactly the same as before. Such orbits may be called 
stable. 


440. Ex, Prove that any small decrease of the angular momentum h or 
increase of the energy ^<7 will widen the annulus within which the particle 
moves; that is, will increase the oscillation of the particle on each side of the 
central line. 

441. Apaidal boxmdaries wliea F=f{u). When the law of force contains 

several terms the argument becomes more complicated. Let then 

Transposing the terms, the apsidal equat^n is 



= (u - Uj) (w - «2) ... (w - aj <p (ti), 

where are positive quantities arranged in descending order, and 0 (u) 

contains all the factors which do not vanish between u=0 and u=<x>. The factor 
<p (u) keeps one sign, viz. that of the highest power of u. 

Let us divide the plane of motion into annular portions by circles whose 
common centre is at the centre of force and whose radii are the reciprocals of 
Ug, <fec. Then* since (dufdd)^ changes sign when u passes any one of these 
boundaries, it is clear that the curve defined hy the differential equation (B) can 
have branches only in the alternate annuli, the intervening ones being vacant. The 
space between u=zaj and u=co being occupied or vacant according as <p(u) is 
positive or negative. 
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If the initial position of the particle lie between any two contiguous circles, 
the subsequent path is restricted to lie between these circles and touches each 
alternately. If the initial position lie outside the greatest circle or inside the 
least, the subsequent path must also lie outside or inside these circles and must 
therefore extend to infinity or to the centre of force. 


443. Next, let some of the factors of the apsidal equation be equal, say 

.2 


/dr\® ^{du\^ . 


«)”*/(«) <f> («). 


where / (u) has been written for the remaining factors. To determine the motion 
in the neighbourhood of the circle M=a, we write u=a'i-x and retain only the 
lowest powers of x. We then have, supposing 

/dxY ^ 11 Bk. 

where R2=/(a)^(a), and /c=|(7n — 2). The case in which m=2 is discussed in 
Art. 434. We see that the circle u—a is asymptotic. The particle arrives at the 
circle after describing an infinite number of revolutions round the centre of force 
and at the end of an infinite time. 


443 . Let us trace the surface of revolution whose abscissa is r and ordinate 
z=:Fr^, and let the ordinate z be perpendicular to the plane of motion of the 
particle. We notice that this surface is independent of the initial conditions and 
that its form depends solely 07i the laio of force. 

It is easy to see that the ordinate z corresponding to any value of r represents 
the square of the angular momentum in a circular orbit described with radius r. 
It will therefore be useful also to trace the plane whose ordinate is z=:h% where h is 
the angular momentum of the path described. 

By describing circles whose radii are the abscissae of the maximum and 
minimum ordinates of the surface, we may divide the plane of motion into 
annular portions in which the function is alternately increasing or decreas- 

ing outwards from the centre of force. These we may call the ascending or de- 
scending portions of the surface. 

444 . If r represent any apsidal distance, we have at the corresponding apse 
v^jp—F and v^hjr; hence h^=zFpr^. At a pericentre the orbit lies outside the 
circle of radius r, hence p>r, and the angular momentum h of the path must be 
greater than that in a circle of radius r. In the same way, at an apocentre the 
orbit lies inside the circle, and the angular momentum h is less than that in a 
circle of radius r. 

Referring to the surface we see that a pericentral distance r=OA must 

have an ordinate AA' less than that of the plane and an apocentral distance 

OB must have an ordinate BB' greater than that of the plane. It immediately 
follows that it Af B are the pericentre and apocentre of the same path, both the 
points A% cannot lie on the same descendifig portion of the surface. This con- 
clusion does not apply if A, B are the pericentre and apocentre of different branches 
of the complete curve; (Art. 441). 

We infer from this result that an annular space on the plane of motion (Art. 
443) in which Fi^ decreases outwards has this element of instability, viz. that a 
path haviftg both a pericentre and an apocentre cannot be described within the space. 
If the path have a pericentre the partMe will leave the space on its outer margin; 



282 


THEOHr OF APSES, 


[chap. VI. 


if an apocentre it will move out of the space on its inner boundary. We see also 
that when the particle has left the annular space it must proceed to infinity or to 
the centre of force, unless it come into some other external annular space in which 
F)'^ has increased sufficiently to exceed the of its own path or into some internal 
space in wMch Fr^ has become less than 

44:5. We may also deduce this result very simply from the radial resolution. 
We.have ( 7 .^- 

As the particle approaches and passes an apocentre r increases to a maximum and 
decreases, hence drjdt changes sign from positive to negative and d^jdt^ is 
negative. In the same way, when the particle passes a pericentre, d?r(dt^ is 
positive. It immediately follows that at an apocentre and at a pericentre 

F7^<h\ 

44®. If the orbit have an asymptotic circle r=a, the angular momentum h 
must be equal to that in a circle of that radius. Hence the asymptotic circle mmt 
he the projection of some one of the intersections of the surface z = Fr^ with the plane 
z = h^; (Art. 443). 

As the asymptotic circle is itself an apocentre or pericentre, it follows, as in 
Art. 445, that when the particle is approaching the circle from within /i- - Ft^ is 
negative and ultimately zero. Hence Fr^ is decreasing outwards. When the 
particle is approaching the circle from without - Ft^ is positive and ultimately 
zero, hence Fr^ is increasing inwards. In either case it follows that only those 
intersections which lie on a descending portion of the surface z=Fi'^ can correspond 
to asymptotic circles. 

As each descending portion of the surface can have only one intersection with 
the plane z=:h^j there cannot be more asymptotic circles than descending branches. 

There may be fewer asymptotic circles than descending branches because two 
conditions are necessary that an asymptotic circle of given radius r=a should 
exist ; (1) the angular momentum must be equal to that in the circle, and (2) the 
constant C must be such that the velocity at a distance r=a is equal to that in the 
circle, i.e. v^fa—F. 

447. As an example, consider the force If n>3, the surface z=Fi^ 

has only a descending portion, there can therefore be one and only one asymptotic 
circle. Also the path described cannot have both an apocentre and a pericentre, 
though different branches of the same curve may have one an apocentre and another 
a pericentre. See Arts. 444, 446, 436. If n<3, the surface z—Ff^ has only an 
ascending portion. Hence there cannot he an asymptotic circle, but the path can 
have both an apocentre and a pericentre. 

448, Fx. Discuss the properties of the surface Z — Fr-F^y where the 

velocity v is a known function of r given in Art. 441. Prove that (1) the abscissas 
of its max-min ordinates are the same as those of the surface z=Fr^^ so that the 
ascending and descending portions of each correspond (Art. 443) ; (2) each 
asymptotic circle must be one of the intersections of the surface with the plane of 
motion; (3) conversely, if at any intersection we also have that intersection 

is an asjunptotio circle. 

The first result follows from = i ~ . To prove the second and third we 
dr r^ dr 
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notice that when Z=0, the velociiiy is equal to that in a circle; and when a: = ft®, the 
angular momentum is equal to that in a circle. 

-44®. Baojanple®. Ex, 1. Find the law of force with the lowest index of u 
such that an orbit can be described having two given asymptotic circles whose 
radii are the reciprocals of a and ft, and find the path. Find also the conditions of 
projection that the path may be described. 

Referring to Art. 441 we see that the right-hand side of the ansiidal equation (B) 
must be /a (tt — a)® (u — b)^. We then find 

F= (u — a) {u — b) {2u - a - ftl -f 

and the angular momentum at projection must be 


Ex, 2, Let F=fm^ {{u-a) {Bu~a~b) + cu}f where F is the central force. If 
the conditions of projection are such that k^=zij.c and the velocity v when M=a is 

v^=fjjca^t show that the path is ^ — ^=(tanhd)®, where ck®=2 (a-h). Show also 

that the curve has two infinite branches tending to the same asymptotic circle 
w=«, with an apse at a distance 1/ft. 


Ex, 3. A particle arrives at an apse distant r from the centre of force with a 
velocity v equal to that in a circle at the distance r. If the velocity be reversed in 
direction, will the particle describe the same path in a reverse order or will it 
travel along the circle? See Art. 419. 


At such an apse the radius of curvature p of the path must be equal to r. But 


since requires that 


The apsidal equation 


(B) of Art. 441 must therefore have equal roots, and the apse is at the extremity of 
a path with an asymptotic circle. The particle therefore can never arrive at such 
an apse in any- finite time (Art. 442). 


If the particle he projected :from a point on the asymptotic circle with the 
given values of v and h it may be said to describe either orbit, for the deviation of 
one from the other is indefinitely small at the end of any finite time. 


Boussinesq, Compte$ Rendm, vol. 84, 1877, considers the circular motion to he a 
singular integral of the difierential equation. Korteweg and Greenhill have also 
discussed this problem. 


On the law of force hy which a conic is described, 

460. Newton^s theorem^. An orbit is described hy a 
jparticle about a centre of force O whose law is known: it is 
required to find the law of force hy which the same orHt can he 
described about another centre of force 0, 

* Newton^s theorem is given in Prop. vn. Cor. 3 of the second section of the 
first book of the Frincijpia, The application to the motion of a particle in a circle 
acted on by a force parallel to a fixed direction follows in the next proposition. 
Sir W, B. Hamilton’s paper, giving the law is in the third volume of the 

Proceedings of the Irish Acaderm/y 1846. Villarceau in the Connaismnce des Temps 
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Let F, F' be the forces of attraction tending respectively 
to G and 0. Let OF, OZ be the 
perpendiculars on the tangents 
at any point P ; CP = r, OP = r\ 

Then since sin CPY=CYIr, we 
have 

h 


p r ’ 
F=^ 


V — 


GY^ 


h^r 

J7GY^' 



Similarly 



F\_F^r' (CYy 
- F'' h^r \0Z) * 


If we draw CG parallel to OP, the triangles OPZ and GGY 
are similar, and 

qz _ GY . F^ ^ GG^ 

OP ^ CG ’ F rV ‘ 


If then F is given as a function of r, the law of force F' tending 
to any assumed point 0 is also known, when we have deduced 
CG as a function of r and r' from the geometrical properties of 
the curve. 


Remembering that the area we see that the periodic 

times in which the whole curve is described about G and 0 
respectively are inversely as the arbitrary constants h and h\ 
By choosing these properly we can make the ratio of the periodic 
times have any ratio we please. 

We also notice that if the time of describing any arc PQ is ' 
known when the central force tends to (7, the area PGQ is 
known. ISTow the area POQ differs from this by a rectilimar 


for 1852, using Cartesian coordinates, arrived at two possible laws of force. 
Afterwards Darboux and Halpben investigated two laws equivalent to these, and 
proved that there is no other law in which the central force is a function only of 
the coordinates of its point of application. Their results may be found in voL 84 
of the Comptes Bendm, 1877. The investigations of Barboux were reproduced by 
him at somewhat greater length in his notes to the Cours de MScaniqm by 
Bespeyrous, 1884. There is a third paper by Glaisher in vol. 39 of the Monthly 
Notices of the Astronomical Society y 1878, who also gives the expression 
for the periodic time. Barboux uses chiefly polar coordinates, while Halphen 
employs C -tesian, beginning with the general differential equation of all conics : 
Glaisher simplifies the arguments by frequently using geometrical methods. 
There is also a paper by S. Hirayama of Tokyo in GouWs Astronomical Journal, 
1889. 
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figure whose area can therefore he found. Hence the area POQ 
and therefore the time of describing the same arc PQ when the 
central force tends to 0 can be found. 


451. Suppose the orbit is a conic, then the force tending to 
the centre C is F = /jur, and h^A/fi.ab, It immediately follows 

^'2 CG^ 

that the force tending to any jpoint 0 is F' = . If, for 

example, 0 is a focus, it is a known geometrical property of a 
conic that G lies on the auxiliary circle and that therefore CG = a. 
We then have where fjub^l a. 

452. Parallel forces. To find the force parallel to a given 
straight line by which a conic can be described. See Art. 323. 

Let the point 0 be at an infinite distance, then in Newton's 
formula PO and CG remain parallel to the given straight line 
throughout the motion. Also the length r' — OP is constant. 
The required law of force is therefore F' ^/u>.CG^, where is 
some constant. 

If the direction PO of the force at P cut the diameter con- 
jugate to in Ny we have CG . PN = 6'^, where 6' is the semi- 
diameter parallel to CG, The law of force may therefore also be 
written F^ ^ AjPN^, where A = fjd/^. 

To find the constant /lc, we notice that in any central orbit, 
the velocity being v = hjp, the component of the velocity per- 
pendicular to the radius vector F is hjF. In our case when the 
force acts parallel to a given straight line this component is con- 
stant. Representing this transverse velocity by V, the Newtonian 

F- 

formula of Art. 451 becomes F' = GG^. 

arb^ 


453. Hamilton's formula. A particle desc^nbes a conic 
about a centre of force situated at any point 0, It is required to 
find the law of force. Taking the same notation as in Newton's 
theorem, we let F, F' be the forces tending respectively to the 
centre G and the point 0. Then (Art. 450) 


F;__^0P(GY\^ 
F'~ h^ CP Kdz) ' 


F^p.GP, 


h = *sfp,ah. 


It is a geometrical property of a conic that, if p and sr are the 
perpendiculars di-awn from P and the centre 0 on the polar line 
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GY • 


It follows that the law of force tending to 0 is 


jp'-IlH. Yr', where p and r' vary from point to point of the 
aPb^ \ pj 

curve and h', a, b and vr are constant. 

If we write the Hamiltonian expression for the force in the form 
F'=p.'r'lp^,vfe see that the angular momentum h'=fp!.abj't!fi, where 
as before -nr is the perpendicular from the centre on the polar line. 

From this we easily deduce the periodic time in an elliptic 
orbit. Eemembering that the whole area is rraJ), the formula 
A = ^h't gives as the time of describing a complete ellipse 




454. To yind the time of describing any portion of the ellipse 
with Hamilton's law of force. The coordinates of any point P 
referred to an origin at the centre of force 0 with axes parallel 
to the principal diameters are 

0 ? = a cos <f> — y = b sin ^ 

where (f> is the eccentric angle of P and f g the coordinates of 
the centre of force referred to the centre of the curve. Then, if 
h he the angular momentum, 

hdt = xdy — ydx == {ah — fh cos (j^—ga sin (fy) d(f>, 
lit = ab<^ — fh sin (jy-^ga cos ^ — ga^ 
where the time is measured from the passage through the apse 
from which (fy is measured. This, if required, can be expressed 
in terms of x and y, 

ht = abcjy -fy+g^'-go^^ 

This result can be deduced at once from the formula A = ^ht, by 
equating A to the excess of the area of the sector AGP (viz, ^ah(jy) 
over the sum of the triangles AGO, OGP, 


* The following is a short analytical proof: Let the conic be and 

let /, g be the coordinates of O. The polar line of O and the tangent at P are 
respectively Af^+Bg7j = l^ + By tjszI. 

The perpendiculars from P and O, p and OZ, are therefore 
l-^Afx^Bgy l-Afon-^Bgy 

■ 

The perpendiculars from the centre, viz. tv and OF, are found by replacing the 
numerators by unity. It follows that p/0.3'=tir/0F. 
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The time of describing an arc of a hyperbola or parabola may 
be found by proceeding as in Arts. 348, 849. 

BxampiA®. Ex, 1. Deduce from Hamilton's expression (1) the 
central force to the focus of a conic, and (2) that to the centre. [In the latter 
case w and jp are both infinite but their ratio is unity.] 

Ex, 2. A particle describes an ellipse whose centre is € under the action of a 
centre of force F situated at a point R in the major axis. If the tangent at P cut 
the major axis in T, prove that the force F varies as RF . {CTIRT)\ 


456. The Hamiltonian expression for the force may he put 
into two different forms. 

First, we have the form (Art. 453). 

Secondly, Let OA, OB be two tangents drawn to the conic 
from the centre of force 0, and let PA = a, — FN=yi 
these being the three perpendiculars drawn from any point P on 
the sides of the triangle OAB, By a property of conics we have 

= Kff, where a; is a constant for the same conic. The central 
force may therefore be expressed in either of the forms 
XT OP -OP r 

Each of these expressions is a one-valued function of the 
position of P though their values are not necessarily equal except 
at points on the orbit. 

We may suppose either of these laws to be extended to all 
points of the plane of motion and enquire what would be the 
path for any given conditions of projection. These problems will 
be considered in turn. 


The conic being given in its general form referred to any rectangular 
axes, viz., Ax^ + ^Gxy +R'ip+2Dx + 2Ey 4- (?= 0, 

the two Hamiltonian expressions for the force to the origin may be put into 


the forms 


h^Ar h^Ar _ 

(Dx+Jiy + a)^’ ~ {a 3 ^ + 2yxy+py^)i' 


where a=D*-A<x, y=:DE-CG, ^=FF-BQ, and A is the discriminant. 

To prove this we notice that the polar line of the origin is + so 

that the ratio of the perpendiculara from the centre x, y and from the point P is 

m I>x-^Ey-¥Gr 
p Dx+Ey + G* 

If we refer tiie equation of the conic to the centre as origin, it becomes 


A 


Aa^+2Cxy +By*^ -J>3i’-’Ey-G= - 
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Turning the axes round the origin let this become 

where by the theory of invariants A'B'^AB - and + Since the 

conic is now referred to its principal diameters, we have ^ 

It immediately follows by Bubstitntmg in Art. 453 that 

^ (Bx-^Ey + Gf 

Since the equation of the conic may be written in the form 

a (Ax^ + 4 - AEyA Gf = {Bx + Eyf, 

the expression Just obtained for the force F may be put by a simple substitution 
into the second form. 

The straight Hnes aa; 2 + 27 a;^+/ 3 y^= 0 , when real, pass through the origin and 
make Bx+Ey + C? = 0. They therefore meet the curve at the points where the polar 
line of the origin cuts it, i.e. these straight lines are the tangents dravm from the 
centre of force to the conic. 


468. In the same way we may express J?* as a function of the coordinates 
X, y in a. variety of different forms eaoh of which gives the same magnitude for 
the force when the particle lies on the given conic. When these expressions for 
the force are generalized and supposed to hold at all points of space, they are not 
always one-valued functions of 'the coordinates. A law which gives several 
different values for the force at the same point may be set aside as altogether 
improbable. 

For example, we might deduce from Hamilton’s law an expression for F in 
terms of r alone. To do this we find the distance p of any point P ’on the orbit 
from the polar line of the origin O in terms of the distance r of P from O. But 
there are four points on the conic at the same distance r from the origin and each 
of these is, in general, at a different distance from the polar hne. The expression 
for the central force F as a function of r only will therefore have four values for 
each value of r. 


460. The First law of force. Supposing the first form of the Hamiltonian 
law of force to be extended to all points of the plane, we put P=~, where r is the 

distance of any point P from a fixed centre of force 0, and p is the perpendicular 
from P on an arbitrary straight line fixed in space. It is supposed that p is positive 
when P and the origin are on the Same side of the given straight line. 

We shall now prove that, if a particle he projected from any point P in any 
direction PT, with any velocity V, the path is a conic having 0, and the given 
straight line, for pole and polar. 


This follows from the results of Art. 463. It is obvious that we can describe a 
conic to satisfy (1) the three conditions that it shall pass through P, touch PT and 
have such a radius of curvature that V^jp is equal to the normal force at P, (2) the 
two conditions that the polar line of O shall be the given straight line. We may 
also prove that this conic is a real conic. This being so, the conic must be the 
path. 
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We may Rowever obtain a proof independent of Art. 453 by integrating the 
equation of motion. Let the origin be at the centre of force, and tbe given 
straight line be parallel to the axis of a? at a distance c, then p=c-r8m0. 

We have 4- tz = ^ A 

d$^ (up)^ (cu - sin 0)^ * 

To integrate this, put cw=sm 6 + cu'; 

dhi' fj. 

This is the differential equation of the path of a particle acted on by a central 
force F=:/4r/c®. Thi^ path is known to be a conic having its centre at the origin^ 
Art. 325; 

.*. A' cos ^ d + 2C' cos ^ sin ^ + B' sin ^ B (1). 

The polar equation of the required orbit is therefore 

{cu - sin cos ^ eos B sin B-i-B' sin^ 0, 

which when written in Cartesian coordinates becomes 


(c - y)^^A'a^+2exy + B'y^ (2). 

Writing this equation in the form Ky^=:ap where a, ^ are the factors of the right- 
hand side, it is obvious that the polar line of the origin is the given straight line 


y 


ssC. 

When the conic is given in the form (2), the constant h is given by ^=zA’B' - 


To prove this we notice that h represents the angular momentum of both orbits. 
We have therefore by Art. 326 where a\ 6' me the semi-axes of the 

conic (1). We know by the theory of conics that A'B'- the result 
therefore follows at once. 


When the conic is given in the general form of Art. 457, we find ~=A 



Since the central force is not a function of r only, it is not conservative and the 
velocity cannot be found without a knowledge of the path. In such oases we use 
the formula v = hj{OZ)y see the figure of Art. 450. 


4160. To classify the paths according to the sign of >u, the law of force being 
F=firfpK 

Let II he positive ; the force is attractive and the orbit concave to O at all points 
on the side of the given straight line nearest to the centre of force and the con- 
trary at all points on the far side. When a conic outs the polar line of a point O, 
the part of Ihe curve nearest to O is convex ; hence the orbit does not cut the polar 
line. It also follows that the orbit may be an ellipse or hyperbola on the side near 
O, but must be a hyperbola on the far side. 

Let fj, be negative; the force is repulsive and the orbit convex to O on the near 
side of the polar line while the contrary holds on the far side. The conic may be 
an ellipse or a hyperbola. By drawing a figure we see that the polar line must out 
the conic though, in the case of a hyperbola, the path may be the otlw branch. 


Xbcaxnples. Lx. 1. The conic Ax^+2Cxy+By^+2cy--<^=:0 is de- 
scribed by a particle under the action of a caitral force tending to the 

origin, where ps=c-‘tf is the distant^ of the partiole firom thejdvmi slaraight line 
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2 / = c. The conic must have the form given if the polar line of the origin is to be 
y^c. Prove that 22 

( 1 ) {^ (£ + !)-(?} ( 2 ) , 


( 3 ) 

,5) 


(4) 


From these equations, when the path is known, we can find the angular momentum 
Ti and the two components of velocity ; conversely we can deduce the path when 
the circumstances of projection are given. 

These equations follow from the preceding propositions. An independent 
proof may be obtained by differentiating the equation of the conic twice and 
writing for dPxfdt^ their values -/jLxfp^, We thus obtain three 

equations which may be transformed into those given above by simple processes. 

Ex, 2. Prove that the conic described is an ellipse, parabola or hyperbola 
according as fi (2p-c)/jp^-p'2 is positive, zero or negative, where p is the distance 
of the point of projection from the polar line and p' the resolved initial velocity. 
Ex. 3. If Ax'^ + 2Cxyi-By^ + 2Dx+^Ey-hG = 0 is the conic described, show 

Qtt ^ Ac 

that the periodic time in an ellipse is 2^=^ 

Ex. 4. A particle is acted on by a central force tending to the 

origin where r is the radius vector and p the distance from a fixed straight line. 
Prove that the equation of the path is cjr^smd-i-fid), where dr—f (e) is the 
polar equation of the path when the force tending to the origin is F=fir^~^lc**^ 
both orbits being described with the same angular momentum h. 

462 . The second law of force. Supposing the second form of the 
Hamiltonian law of force to be extended to all 
points of the plane of motion, we put 
OP 


- -■ 

G ] 



F=y- 


o 


(PL . ’ 

lohere PL, PBI are the perpendiculars from any 
point P on two fixed straight lines OA, OB, drawn 
through the centre of force O; Art. 456. 

The form of the path may be obtained by 
following either of the methods described in Art. 
459- The result is that the path is always a conic touching the given straight 
lines OA, OB. 

If the force at any point P given by this formula is to be a function of the 
position of P only, it should be supposed to keep one sign throughout each of the 
triangular spaces formed by the given straight lines OA, OB (supposed to be real), 
though that sign may be different in different triangles. In any triangle in which 
the sign is negative only the convex portions of the conic can he described, while 
the concave portions are alone possible when the sign is positive. The force is 
infinite when the particle arrives at either of the straight lines OA, OB and the 
path becomes discontinuous. 

If we suppose the magnitude alone of the force to he given by the formula, the 
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sign being taken at pieasare, arcs of both parts of each conic could be described 
by giving F the proper sign. 

Examples. Ex, 1. If the trilinear equation of the conic is = 
prove that - Avck^ qosqc? 6 where 6 is the angle at the corner of the 

triangle occupied by the central force, and c is the perpendicular from the centre 
of force 0 on the polar line AB. The negative sign shows (what is indeed obvious 
from the figure) that the force is repulsive on the side of the polar line nearest to 
the centre of force, i.e. fi is negative. 

Ex. 2. A particle is projected from the point P with a velocity F and the 
tangent GFH intersects the given straight lines OA, OB in G and AT. Prove that 
the areal equation of the path, referred to the triangle OGH, is 

where l=GP, m=RP, A is the area of the triangle, and the radius of curvature p 
of the path at P is given by V^lp=FsmGPO, It follows that the conic is 
inscribed or escribed according as F is positive or negative, i.e. according as the 
force is attractive or repulsive. 

4:64;. There are no other laws of force besides 

OP _ OP 

~ ” . PI/ )i ’ 

which, being a one-valued function of the coordinates (except as regards sign), are 
such that a conic will be described with any initial conditions. 

To prove this consider two conics intersecting in the four points B, C, D, 
which it is convenient to take as real. It follows from Hamilton’s theorem that 
for points on any one conic the force to a given point O must be P=pcr/p^. Hence 
if the force is to be one-valued, i.e. the same at the same point of space for all 
paths through that point, we must have at each of the four points A, B, C, D, 
where jp, p' are the perpendiculars on the two polar lines of 0. 

We now require the following geometrical theorem*. If two conics intersect 
in four points A, B, <7, D and the ratios of the perpendiculars from each of these 
points on the polar Knes of a point O are equal, then either the polar lines are 
coincident or two common tangents (real or imaginary) can be drawn from O. 

In the former case the common law of force for the two conics is given by the 
fi.rst form of P, in the latter case by the second form. 


* Let the conics be, see Art. 457, 

ax^ -h 2yxy -I- jSy*-* — {Dx + Ey + G)®, 

+ 2y'xy + ^y^=^ {D'x 4- E'y -i- G')^- 

Since Bx + Ey + G—Q, D'x + E'y + G'^0 are the polar lines of the origin, we 
must have at the points of intersection 

ax^ +• 2yxy -t^y^—m {of x^ + 2y^xy -f ^y^) . 

This quadratic equation gives only two values oi yjx for the same value of m. 
The equation cannot therefore be satisfied at four points unless either a, y are 
respectively proportional to a\ y*, or the four points lie on two straight lines 
(say OAB, OCD) passing through O. In the former case the two conics have a 
pair of common tangents, in the latter the polar line of O is common to the two 
conics. This common polar line can be constructed by dividing GAB, OCD har- 
monically in B, F and then joining EF, 
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Singular Points in Central Orbits. 

465. Singular Points. It has already been pointed out in 
Art. 100 that cases present themselves in our mathematical pro- 
cesses in which either the force, the velocity or both become 
infinite. Such infinite quantities do not occur in nature and if 
we limit ourselves to problems which have a direct application 
to natural phenomena these are only matters of curiosity. Never- 
theless it is useful to consider them because they call our attention 
to peculiarities in the analysis which we might otherwise pass 
over. The utility of such a discussion is perhaps shown by the 
differences of opinion which exist regarding the subsequent path 
of a particle on arriving at a singular point*. 


466. Points of infinite Force. Let us suppose that a 
particle P, describing an orbit about a centre of force 0, arrives 
at a point B where the tangent passes through the centre of force 
and therefore coincides with the radius vector. At first sight we 
might suppose that the particle would move along the straight 
line BO and proceed in a direct line to the centre of force. But 
this is not necessarily the case. 

Supposing B to be at a finite distance from 0 and the curvature 
to be finite, we see from the equations (Art. 306) 


P~ 


h 

v = - , 
P 


dt ~ r' 


that both V and F are infinite at the point B, We shall also 
suppose that when the particle passes on the force changes its 
dil'ection and reduces the velocity again to a finite quantity. 

At the same time the component of the velocity perpendicular 
to the radius vector OP, viz. rddjdt, remains finite ho^vever near 
the particle approaches P. Since there is no force to destroy this 
transverse velocity, the particle must cross the straight line OB 
and proceed to describe an arc on the opposite side. 


The singularity of the motion when the particle describes a circle about an 
external centre of force is discussed in Frost’s Netcton, 1854 and 1863. The same 
result is independently arrived at by Sylvester in the Phil. 3Iag. 1866. Other 
cases are considered by Asaph Hall in the Messenger of 3Iatheinatics^ 1874. There 
are several papers also in the Bulletin de la SocMte 3Iathematique de France^ such 
as Gascheau in vol. x. 1881, and Lecomu in vol. xxii. 
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467. To simplify the argument, let us suppose that the 
particle describes a circle about a centre of force 0 external to 
the circumference. By Art. 321, the circumstances of the motion 
are given by 


F^- 


fir 






AL 


where h is the length of each of the tangents 0J5, OB' drawn from 
0 to the circle. 


Describe a second circle having a radius equal to that of the 
given circle and touching OB at B on the opposite side. If a 
second particle, properly projected along the second circle, arrive 
at B simultaneously with the given particle P, but moving in 
the opposite direction, both the velocity 2 ; and the transverse 
velocity hfr of the two particles will be equal and opposite each 
to each. 

If the velocity of the second particle be reversed. Art. 419, it 
will retrace its former path in a reverse order and this must be 
also the subsequent path of the particle P. 

The particle will therefore describe in succession a series of 
arcs of equal circles. The points of discontinuity at which the 
particle changes from one circle to the next lie on a circle whose 
centre is 0 and radius OB = and the successive arcs are alter- 
nately concave and convex to the centre of force. The particle 
will thus continually move round the centre of force in ihe same 
direction in an undulating orbit, but the curve will not be re-- 
entering after one circuit unless the angle BOB' is a submultiple 
of four right angles. 

The same arguments will apply to other orbits. When a 
conic is described about an external centre of force 0 as ex- 
plained in Art. 462, the particle by a proper projection can be 
made to describe either of the arcs contained between the 
tangents drawn from 0. On arriving at the point of contact P, 
it will cross the tangent and describe an arc of a conic equal to 
the undescribed arc of the original conic. 


468. Tn# partlc3«t axvives &t the centre of tbree. When the |»brticle JP 
arrives at the centre of force in a finite time, the determination of the snbse<in.ent 
path presents some other peeifiiariti^ 

Taking first the Newtonian case in which the particle describes a circle ahont a 
centre of force 0 on its circmmference, we notice that the transverse velocity hfr (as 
well as the velocity v} becomes infinite at 0. To understand how the partidle §an 
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Lave an infinite velocity in a direction perpendicular to what is ultimately a 
tangent to the path, we observe that, since 2ap = r% the transverse velocity hjr is 
infinitely less than the tangential velocity hjp. 

When the particle has passed through the origin, the central force, changing 
its direction, reduces the velocity again to a finite quantity. Meantime the 
transverse velocity carries the particle across the tangent to the circle. By the 
same reasoning as before, the subsequent path is an equal circle which touches the 
original circle at the centre of force. On arriving a second time at the centre of 
force, the particle returns to the original circle, and so on continually. 

469. One peculiarity of this case is that the radius vector of the particle 
while describing the second circle moves round the centre of force in the opposite 
direction to that in the first circle. Let P, P' he two positions of the particle, 
equidistant from the centre of force, just before and just after passing through 
that point. The transverse velocity being unaltered the moments of the velocity 
at P and P' taken in the same direction round 0 are equal and opposite. Since 
this moment is rHBjdty it follows that at the point of discontinuity h changes 
its sign. 

470- When the particle moves in an equiangular spiral about a centre of 
force whose law is the inverse cube, it describes an infinite number of continually 
decreasing circuits and arrives at the centre of force at the end of a finite time. 
Art. 319. The subsequent path is another equiangular spiral, Art. 357, having 
the same angle. To determine its position we consider the conditions of motion 
at the point of junction. 

Let us construct a second equiangular spiral obtained from the first by 
producing each radius vector PO backwards through the origin 0 to an equal 
distance OP'. If two particles P, P' describe these spirals so as to arrive simul- 
taneously at the centre of force 0, the particles are always in the same straight 
line with 0, and at equal distances from it. Their’ radial and transverse velocities 
are also always equal and opposite each to each. If the velocity of P' be reversed, 
it will retrace its former path in a reverse order, and this must therefore be the 
subsequent path of P. 

On passing the centre of force the particle will recede from 'the origin and 
describe the spiral above constructed. We notice also that the radius vector of 
the particle moves round the centre of force in the opposite direction to that in 
the first spiral. 

471. Itodting Problems. We may sometimes simplify the discussion of 
some singularities by replacing the dynamical problem by another more general 
one of which the given problem is a limiting case. But the use of the method 
requires some discrimination. Bor example the motion of a particle attracted by’ 
a centre of force at a point O whose law of force is the inverse cube, may in some 
cases be regarded as a limit of the motion when the particle is constrained to 
move in a smooth fixed plane and is attracted by an equal centre of force situated 
at a point G outside the plane, where CO is perpendicular to the plane and is equal 
to some small quantity c. The method requires that the limiting motion should 
be the same whether we put the radius vector r=0 first and then <;=0, or c = 0 first 
and then r=0. We know by the principles of the differential calculus that the 
order in which the variables y and c assume their limiting values is not always a 
matter of indifference. 
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The component of force in the direction of the radius vector PO is 
when the centre of force is at <7, and is /xfi^ when the centre is at O. As long as 
the particle is at a finite distance from the origin, these components are snb- 
stantially the same, but when the particle is in the immediate neighbourhood of O, 
the former is /^r/c^ and therefore zero when the particle passes through O, while 
the latter is infinite. 

In the former case, though the orbit at a distance from 0 is very nearly an 
equiangular spiral, it becomes elliptical in the neighbourhood of O. The force is 
not sufficient to draw the particle into the centre ; the path has a pericentre and 
the particle retires again to an infinite distance. See also Art. 322. 

473. Examples. Mx, 1. A particle describes one branch of the spiral r0=a 
under the action of a centre of force in the origin (Art. 358). Show that after 
passing through the centre of force it will describe another spiral of the same 
kind, obtained from the first by producing each radius vector backwards through 
the origin to an equal distance. 

Since the tangent to the curve is ultimately perpendicular to the radius vector, 
the two branches of the spiral may have a common tangent, and it might therefore 
be supposed that the particle would describe the second branch. But this argu- 
ment requires that the particle should not pass through the origin, so that the 
radial velocity drfdt (which is known to be constant) has its direction altered with- 
out any change in the direction of the force. 

JSx* 2. A particle describes an epicycloid with the centre of force in the centre 
of the fixed circle (Art. 322). Supposing the force to become repulsive when the 
particle enters that circle, show that the path on passing the cusp is a hypocyoloid. 


Kepler's JProhlem, 

473. A particle describes an ellipse about a centre of force in 
one focus, it is required to express in series the two anoTnalies and 
the radius vector in terms of the time. 

If we require only the first few terms of the series it is 
convenient to start from the equations 

= ( 1 ), 

where v is the true anomaly. Eliminating* r, we have 

= (^1 — 3 g 2 ^ _ 2e cos v+Be^ cos^ v — &c.) 

= 1 — 20 cos V + § 0 ^ cos 2v + &c. 

Remembering that v^d — a, where a. is the longitude of the Rpsc 
nearest to the centre of force, we have 

nt + € — 0--2e sin (^ — a) + sin 2 (^ — a) + &c (2), 

n® = ytt/a®. 


where 
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We notice that when the planet makes a complete revolution, 
B increases by 2 - 7 r and that the corresponding increment of t is 
27 r/?i. It follows immediately that n represents the mean angular 
velocity, the mean being taken with regard to the time ; see 
Art. 341. 

The equation (2) may be extended to higher powers of e, and 
therefore when e is small it may be used to determine the time 
of describing any angle 6. 

4n4i. To find 6 in terms of t, we reverse the series. Writing 
it in the form • 

e = nt + € siu{B — a) sin 2 - a), 

we have as a first approximation 

^ == + e ; 

a second approximation gives 

^ = nt + 6 2e sin + € “- a). 

Writing % = + e — a, a third approximation gives 

^ — a = + 2e sin (vo + 2e sin Vo) — f sin 2vo; 

^ = ni q- e + 2e sin (nt + € — a) + sin 2 (n^ + e - a). . .(3), 

and so on, the labour of effecting the successive approximations 
increasing at each step. As the eccentricity of the earth’s orbit 
is about l/60th it is obvious however that the terms become 
rapidly evanescent. 

475, For the sake of clearness we recapitulate the meaning 
of the letters in the important equation we have just investigated; 
B is the true longitude of the planet measured from any axis of 
X in the plane of the orbit ; a is the longitude of the apse nearest 
the centre of force or origin ; n is the mean angular velocity, the 
mean being taken with regard to time for one complete revolution; 
€• is a constant whose magnitude depends on the instant from 
which the time t is measured. 

/ To define the epoch €. Let a particle Pq move round the 
centre of force in such a manner that its longitude is given by 
the equation = + It follows that this planet moves with 

a uniform angular velocity n and has therefore the same periodic 
time as the true planet P. When the radius vector of the particle 
Po passes through an apse Bfi — a and therefore nt + e — a is an 
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integral multiple of tt. It immediately follows from (2) that 
B:=nt + €. Hence the radii vectores of the two planets coincide 
when the true planet pass*' s through either apse. The definition 
of Po may be shortly summed up thus. 

Let an imaginary planet move round the centime of force with 
a uniform angular velocity in the same period as the true %ilanet 
and let their radii vectores coincide at one apse and therefore at the 
other. This planet is called the Dyyiaynical 2Iean Flanet Its 
longitude at the time i = 0 is the constant e and is called the epoch. 

476. To express the 'mean anomaly and radius vector in terms 
of the time. 

Since both the mean and true planets cross the nearer apse at 
the time given by nt + e = a, the mean anomaly may be repre- 
sented by m = nt + e. If u be the eccentric anomaly we have by 
Aii}. 342, 

14 = m -f" 6 sin u. 

Proceeding as before we have for the three first approximations, 
u = m, u = -f e sin m, 
u == ??^ -f ^ sin (m + e sin m) 

=iin-\-e sin m -f- -J-6- sin 2m (4). 

Again, as in Art. 343, 

r^a — ex — a — ae cos u 
= (X — ae cos ign e sin ni) 

= a {1 — e cos m + ^e- (1 — cos (5). 

The series for the longitude and radius vector are given here only to the second 
power of the eccentricity. Laplace in the Jlecanique Celeste (page 207) and 
Delaunay in Ms Theorie de la Lmie (vol. i. pages 19 and 55) give the series up to 
the sixth power. Stone has continued the expansion up to the seventh power in 
the Astronomical Notices, 1896 (vol. nvi. page 110). Glaisher has given the 
expansion of the eccentric anomaly up to the eighth power in the Astronomical 
Notices, 1877 (vol. xxxvii. page 445). 

JVJten the eccentricity e is very nearly equal to unity, as in the case of 
some comets, the formulce giving the relations between t and v must be modified. 
Starting as before (Art. 473) from the equations 

= — :=l-fecosv, 

we put the perihelion distance (1 - e) = p. 

/ 1 

\/ J (l + e cos r)*-^ * 
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Let (1 - e)/(l + €)=/a 2 id put tan for the sake of brevity ; 


=x+ - 




(1 4- a:^) dx 

(l+/a;2)2 
/a;® x'^\ 

(5 + 7)- 


■&c. 


'When V is given this formula determines the time t measured from perihelion. 
If / is small the term independent of f is the one requiring the most arithmetical 
calculation and this can be abbreviated by using the tables constructed for that 
purpose; see Art. 349. Conversely when t is given and v is required the same 
tables give a first approximate value of x. Representing this by tan^o;, it is 
usual to expand the correction -y — cu in terms of w in a series ascending in powers 
of /. For these formulio we refer the reader to Watson’s Astronomy and Gauss, 
Theoria, &c. 


When the eccentric anomaly is given, the true and mean anomalies and 
the radius vector are expressed by the equations 

^ V /1 + e, u ... 

m^u-esmu, tan - = ^ tan ^ (I)» 

r=a- ex^a{}.~ e eoBu) ( 2 ). 

When any one of the other quantities is taken as the independent variable, the 
corresponding equations can be deduced from these in the form of series. Two 
methods are used to find the general term of these series. First we may have 
recourse to Lagrange’s theorem, viz., when 

y=z+X(j>{y), / (y ) =/ (4 + 2 ^ { (<t> («))*/' (n ) }, 


where ii = l . 2 . 3 ...i, and the S implies summation from i=^l to 00 . By the 
second method the general term is expressed by a definite integral which is usually 
a Bessel’s function. 

479. Xiagranee’s theorem. To express the eccentric anomaly u and the 
radius vector r in terms of the time. 

Since sin w, we have by Lagrange’s theorem 

e'’ 

u=m + 'T>— (sin mY. 

The expansion of (sin w)* in cosines of multiple angles when i is even and in sines 
when i is odd is given in books on trigonometry ; (see Hobson’s Trigommetry, Art. 
52). The {% - l)th differential is always a series of sines and is easily seen to be 

^ (sinwi)*=:i ^“*^ mxim - i{i - 2)‘~^sin(i - 2 )??i + -l-g — ~ 4)*'“^sm(f - 4) m — <fec. 

In the same way, expanding coeu by Lagrange’s theorem, i.e. writing /(y) = 008 ^/, 
we find 

j. 5*4*3. d}~~^ 

— 1 = -eoosiii= -CC 0 SOT 4 -S -tT-r -3 ^ (sinm)'+^, 


where as before 2 implies summation from i=l to 00 . 

>480. Besaei'a functioiui. We shall now briefly examine the second method 
by which we express the general term in a definite integral. We know by Fourier’s 
theorem that we can expand any function (ft (m) in a series of the form 
<p (m)=.4o4'Ai cosm4-...4“Ai cos im 4 -... 

4-Ri sin 4--BiSin im4- 
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which holds for all values of m from -tt to If also 4>(m) is a periodic 

function having the period the expansion will hold for all values of m. If 
^ {m) does not change sign with m we may omit the second line of the expansion, 
while if it does change sign with m, we omit the first line. 

To find A, we use Fourier’s rule; multiply both sides by cos m and integrate 
from 7;i = - TT to -f tt. Remembering that 

J cos im cos i'm dm = 0, Jcos im sin i'vi dm — 0, 

[cos^ im dm= fsin^ im d7n = tt, 

we find 

j<p {m) cosimdm=TrAtj (m) d;« = 27r.4^. 

Similarly multiplying by sin im and integrating between the same limits, we find 

{7n) sin im dm = . 


481 . To ex])and ii-m — esimi in a series of sines of multiples of m. We put 
u - sin im ; 

ttB, = j{u — m) sin im dm, 

the limits being m= — t to ‘tt. Integrating by parts, 

tt/R, = - (u- m) cos fm 4 - Jcos wi (du - dm). 

The integrated part is zero, for u and m are equal when «= dbTr. We thus have 
■7rijB,= Jcos i7tidu - fcos imdm. 

The second integral is zero ; substituting for 7ii its value in terms of u, 

TTiR, = Jcos i (u - e sin u) du. 

This definite integral when taken between the limits 0 and ir is written ttJI {ie). 
We have 

= 7?n- SB, sin i m, f B, = 2e7'» {ie). 


482 . The series thus obtained is convergent, for 




4 : 


du . . , du . . 

d sin iin = -- sin im 
dm dm, 


f(Pu 

J 


sin iin dm. 


The integrated part vanishes at both the limits m= xLtt. Also 

cPw - e sin u 
tt = m + esim(, *'• j— 

' dm- (1 — c cos u) * 

and since it is clear that d^ujdm- has a numerical maximum value; let this 

be k. Since sinxm<l, it follows that iriW^ is numerically <z2k'ir. The series is 
therefore at least as convergent as Sl/f-. 


483 . To compare the two expansions of u- m. In the Lagraugian series the 
terms are collected according to the pow’ers of e, the coefficient of e' being a series 
of the sines of multiple angles. In the series with Bessel’s functions the terms 
are arranged according to the multiple angles, the coefficient of siniwi being a 
series of powers of e. 

The series for u~-m is really a double series containing both trigonometrical 
terms of the form sin im and also powers of e. If the terms are collected and 
arranged according to the multiple angles, it follows from what precedes, that each 
coefficient B*- is a convergent series, and that the series of coefficients Bj, B.^, &c. 
also form a convergent series, provided the eccentricity e is less than unity. 

But if the series is arranged according to the powers of <?, the positive and 
negative terms are added together in a different way. It may then be that the 
series of coefficients of e, e-, &c. are only made convergent by more limited values 
of e. The condition of convergency is given in Art. 488. 
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4iS4:. TLe expression for JB, may be written 

iriBi^jcosiu . {1 -|iVsin2 2 f + &c.} du+Jsinm . {ie sinw-ffec.} du. 

If we expand sin^w, sin^w, <fec. in cosines of multiple angles and remember tbat 
Jcosftt cos = we see that every term in the first integral will be zero in 
which the power of e is less than i. A similar remark applies to the second 
integral. Hence the lowest power of e which accompanies the term sin im is eK 


•&S5. To express r/a=l - e cos u in a series of cosines of multiples of m, we put 
- e cos u~Aq+ cos m ; 

7^A^= — cjcos 7t cos im dm, 

where the limits of integration are ?»= - tt to x. Integrating by parts to change 
dm into dw, we have 

wiAi — - e cos u sin im - ejsin im sin u, du. 

The integrated part vanishes between the limits. Writing m=7t- e sinu, the 
integral becomes 

TriAi= - ejsin i{u^e sin u) sin udu 

= Jcos {(i + 1) u~ie sinw} du~^ejco8 {(f- 1) w-fesin w} du; 
iAi—e (ic) — di—i {ie ) } . 

Similarly 27rA ^ - e Jcos u dm = - cjcos m . (1 - e cos u) du. 

Integrating between limits u=. —tt to tt, we find Aq—^b^i 
rja = 1 + ^ e® + 2A j cos im. 


480. That this series is converge at may be proved in the same way as before. 
We have 

o ^ fd 008 u ^ . fd^ cos u . - 

in^AiS?: - e I - d cos zm=e i ■ cos imdm, 

by integrating by parts. Since u = m + e sin w, we find by differentiation 

d^OOBU e-COBU t. 1- • 1 • 1 7 rm 

— g :i= p: ^ . This has obviously a maximum value, say k. Then since 

am> •— e cos u) 

costmd, rri^Ai is numerically less than and the series is at least as con- 

vergent as Sl/f®. 


487. Examples. Ex. 1. Prove cos KU=S^<co8im, sin /cw=SBi sin tm, 
where iAi=^K{Ji^{^e)-Ji^{ie)], iBi=K {Ji^^{fe)+Ji^{^e)} and /c is not equal to 
unity, and the summations extend from i= 1 to oo . Also (a;) = ( — (a;).. 

Since (or), these series may be written 


1 ,, .COB im 

~ cos [te) — : — , 


1 . ^ . sin im 

- sin icu=XJi_^ (le) — : — , 


where S implies summation from - oo to -f oo , and the term (fe)/f, when 
t=0, is or 0 according as k is equal or unequal to unity (Art. 485). 

Since the Cartesian coordinates, referred to the centre of the ellipse, are 
x=a coBUf t/=:6sin», we deduce the expansions of these in terms of the mean 
anomaly by putting k=1. 


Ex. 2. Prove that a/r=l + 2SJ’i (ie) cos im, where the summation extends from 
to 00 . 

This foUows from a/r= da/dm ; see Arts. 343, 481. 
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E V. 3. Prove that 2 ’ = w -f sin im, where 

(j n/C^ ^ j'^cos i {u - e sin n) 

‘ wi J 1- e cos u 

r-}-7r 

Proceeding as before we find ttiC^— / cos im (dv-dm); substituting for dvjduj 

J -TT 

the result follows. Also by integrating again by parts* we can prove that this 
series is at least as convergent as 21/r’. This integial is given by Poisson in the 
Connaissance des Temps, 1825, 1836. See also Laplace, vol. v. and Lefort, Lioiivllle^s 
Journal, 1846. See also Art. 343. 

Ex. 4. Prove the expansions 

I (v -~u)-= X sin u + ^'X- sin 2ii -f ^ X'*^ sin 3?f + . . 

4 (at - u) = - X sin u + 4 X- sin 2r - ^ X-* sin Sv - .. 

where X=- [Laplace.] 

In tan ^u=/ttan where + e)l{l- e), substitute the exponential values of 

the tangents, solve for and take logarithms ; the results follow easily. 

Ex. 5. Show that m=v + 22 ^ { 1 -4 f \/(l - e-) J sin w where S implies sum- 
mation from 2=1 to 00 . 

We have from the geometrical meaning of u, rsinv = b sina^ (Art. 342), 
x/(l--e2) sina; ... d , . 

_ _ /a - — lo. . 

~ ° l + \2 

Expand, substitute in wi = u - e sin u, remembering the theorem in Ex. 3, the result 
follows. This is Tisserand’s proof of Laplace’s theorem, d/ec. Celeste, page 223. 

4:88. Convergency of the series for r and dm Laplace was the first to prove 
that the expansions of the radius vector and true anomaly in terms of the time 
and in powers of the eccentricity are not convergent for all values of the eccen- 
tricity less than unity (see Arts. 474, 476). He showed by a difficult and long 
process that the condition necessary fot the convergence of both series is that the 
eccentricity should be less than *66195. 3/ec. Celeste, Tome v. Supplement, p. 516. 

This important result was afterwards confirmed by Cauchy, Exercises d* Analyse, 
&c. An account is also given by Moigno in his Differential Calculus. The whole 
argument was put on a better foundation by Rouche in a memoir on Lagrange’s 
series in the Journal Toly technique, Tome xxii. The process was afterwards 
further simplified by Hermite in his Cours a la Eaculte des Sciences, Paris 1886. 
In these investigations the test of convergency requires the use of the complex 
variable. The latter part of the method of Rouche may be found in Tissexand, 
Mcc. Celeste, Art. 100, and is also given here. 

489. The theorem arrived at may be briefly stated. Having given the 
equation 2 = 7 a-i-x^(x) we have (1) to distinguish which root we expand in powers 
of X, (2) to determine the test of convergency. It is shown that if a contour 
exist enclosing the complex point z=vi, such that at every point of the boundary the 
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modnlns of is less than unity, the given equation has but one root within 

z-m 

the area and the Lagrangian expansion for that root is convergent 

To apply this theorem to Kepler’s problem we put <p {z) = 8mz and let x repre- 
sent the eccentricity of the ellipse, Art. 478. 

We measure a real length OA—m from an assumed origin 0, and with A for 
centre describe a circle with an arbitrary radius r. Representing the complex line 
OP by z, the Lagrangian series will be convergent if r can be so chosen that the 

modulus of is less than unity for all positions of P on the circle. Since 

z-m 

(mod)2 of 0 (I + rii) = 0 + Kji) 

z = mA-re^^, 


where e is the base of Napier’s logarithms, we have 


(mod)^ of - 


X sin z /x\^siii (m + re^‘') sin (m + re"^^) 




= i {cos (2ri sin 6) - cos (2m + 2r cos &) } 


= ;) !i«’ 


,r Sin tf ^ g -r Sin 0^2 _ ^ ^ gog j _ 


* Iff(x) he a continudus one- valued function over the area of a circular contour 
whose centre is x= a, then Cauchy’s theorem asserts that f(x) can be expanded by 
Taylor’s theorem in a convergent series of powers of a? - a for all points within the 
contour ; (see Forsyth’s Theory of Functions, Art. 26). 

When z-^m-\-x<j> (z), the Lagrangian expansion of z, or 0 (z), in powers of x is 
a transformation, term for term, of Taylor’s, and we may use Cauchy’s theorem, 
provided z, or 0 ( 2 ), is one-valued. 

If z have two values for the same value of x, the equation P (;s) = 2 — w — a;0 ( 2 ;) = 0 
(regarded as an equation to find z when x is given) has two roots. To determine 
whether this is so, we use another theorem of Cauchy’s (see Burnside and Panton, 
Theory of Equations). 

We measure OA=^m from the assumed. origin O and with A for centre describe 
a circle of radius r. Let a point P describe this circle once, then by Cauchy’s 
theorem if logP ( 2 ) is increased by 2mn, the equation F (z) has n roots within the 
contour. Hermite writes 

log F [z ) = log (2 - m) + log - ^^) . 

(1) The equation z-m=0 has but one root and that root lies within the 
contour, hence as P moves round, log (z - m) is increased by 27ri. 

(2) If the modulus of is less than unity at all points of the circle 

the value of log(l-*w), (being the same on departing from and arriving again at 
any point of the contour) increases by zero when P moves round the contour. 

It follows that log F (z) increases by 2iri when P makes one circuit, that is the 

equation z=^m+x<p{z) has but one root within the contour if the modulus of 
is less than mizty at all points on the circumference. 
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Now, putting , -we see that the first term of this ex- 

V 

pression continually increases from u = 1, or ^ = 0 to v = w , and is therefore 
greatest when The least value of the second term is zero. The modulus 

1 X 

is therefore less than The Lagrangian series is therefore convergent 

for all values of the eccentricity x less than 2r/(e’' + c~’'). 

To find the maximum value of this function of r, we equate its differential 
coefficient to zero. This gives 

F=c^(r-l)-e-^ (r+l)=0. 

Since dVJdr is positive for all values of r this equation has hut one positive 
root, and this root lies between 1 and 2. Using the value of e** given by the 
equation F=0, we find that the maximum value of the eccentricity is -^/{r^-1), 
which reduces to *66. 



CHAPTER VII. 

MOTIOK IN THREE DIMENSIONS. 


The four elementary resolutions and moving cuves. 


490. The Cartesian equations. The equations of motion 
of a particle in three dimensions may be written in a variety of 
forms all of which are much used. 


The Cartesian forms of these equations are 

yr d"y pr d^z „ 


(A), 


where w, y, z are the coordinates of the particle and X, F, Z the 
components of the accelerating forces on the particle. These 
equations are commonly used with rectangular axes, but it is 
obvious that they hold for oblique axes also, provided X, F, Z are 
obtained by oblique resolution. 


491. The Cylindrical equations. From these we may 
deduce the cylindrical or semi-polar forms of the equations. Let 
the coordinates of the particle F be />, z, where p, are the 
polar coordinates in the plane of xy of the projection N of the 
particle P on that plane, and z-PN, By referring to Art. 35 
we see that the first two of the equations (A) change by resolu 
tion into the first two of the following equations (B), while the 
third remains unaltered. We have 


d^p 



p dt V dt ) 


d^z 

dP~ 


(B), 


where P, Q are the components of the accelerating forces respec- 
tively along and perpendicular to the radius vector p. 
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492. PilBcipIe of angular momentum- Since the 
moments of the components P and Z about the axis of z are 
zero, the moment of the whole acceleration about the axis of z is 
equal to Q/>. In the same way the moment of the velocity about 
Oz is equal to the moment of its component perpendicular to 
the plane FOz, and this is p^d<^ldt. Introducing the mass m of 
the particle as a factor, the second of the equations (B) may be 
written in the form 

d /moment of \ _ /moment of\ 
dt Womentum/ V forces J * 

The moments may be taken about any straight line which is fixed 
in space, such a line being here represented by the axis of z. The 
moment of the momentum is also called the angular momentum 
of the particle (Arts. 79, 260). 

When the forces have no moment about a fixed straight line the 
angular momentum about that straight line is constant throughout 
the motion. 


493. The polax equations. We may immediately deduce 
from the semi-polar form (B), the polar 
equations (C). Let r, 6, be the polar co- 
ordinates of P, where r = OP, 6 is the 
angle OP makes with the axis Oz, and ^ 
the angle the plane FOz makes with the 
plane xOz. 

Since OP = r is the radius vector cor- 
responding to the coordinates ON = p, NP = z, we see by Art. 35 
that the accelerations 



d^p j d^z , , d^ 

^ and ^ are equal to 


fd6\^ ,ld /^de\ 


Id/ „d0\ 


Hence the whole acceleration of P is the resultant of 
fdB\ 


( 1 ) 


r(^) along OP in the direction in which r is 


dP' 

measured ; 

Id 
r dt 

positively in the direction in which 0 is measured ; 


\ d / d0\ 

^2) - — j perpendicular to OP, in the plane zOP, taken 
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(3) p in the direction of the perpendicular drawn from 

P on Oz, i.e. parallel to NO ; 

(4) 1 ^ perpendicular to the plane zOP in the direc- 

p (J/t \ Ct/6 / 

tion in which. ^ increases. 

If J^, iSf, T are the components of the acceleration of the 
particle respectively in the directions of (1) the radius vector OP^ 
(2) the perpendicular to OP in the plane of zOP^ and (8) the per- 
pendicular to the plane zOP, taken positively when they act in 
the directions in which r, 6, <}> are respectively increasing, we have 



liVe notice that p = r sin 0, 

JSx, II V he til© velocity, show that the radial acceleration is 

495. Keducing a plane to rest. Referring to the semi- 
poiar equations (B), we notice that if we transfer the term 
p {d<j>ldty to the right-hand side of the first equation and include 
it among the impressed accelerating forces, the first and third 
equations become the same as the Cartesian equations of motion 
of a particle moving in a fixed plane zOP (Ari. 31), while the 
second equation determines the motion perpendicular to that 
plane. We may therefore replcLce the first and third resolutions 
hy any of the other forms which have been proved to be equivalent 
to them. Art. 38. 

For example, if we replace these two resolutions by their 
polar forms (^t. 35) we obtain at once the equations (C). 

The process of regarding p (d^fdty as an impressed accelerating 
force acting at P and tending from the axis of ^ is sometimes 
called reducing the plane zOP to rest. See Arts. 197, 257. 



ART. 49*7.] SOLUTION OF TJSEE EQUATIONS. SOT 

496. The intrinsic equations. To find the intrinsic equa- 
tions of motion, due to the tangential and normal resolutions. 

Let P, P' be the positions of the particle at the times t,t’¥dt ; 
V, v-^dv the velocities in those positions, d-^ the angle between 
the tangents. 

In the time dt, the component of velocity along the tangent 
at P has increased from v to {v-\- dv) cos d-ifr. Writing unity for 
cos the acceleration along the tangent, i.e. the rate of increase 
of the velocity, is dvjdt. 

The component of velocity along the radius of curvature at P 
has increased from zero bo {v 4- dv) sin dyjr, which in the limit is 
vdyjr. The acceleration along the radius of curvature is therefore 
vd^jdt, or which is the same thing v^/p. 

The osculating plane by definition contains two consecutive 
tangents. The component of velocity perpendicular to that plane 
is zero and remains zero. The acceleration along the perpendicular 
to the osculating plane, i.e. the binormal, is therefore zero. 

If P and G are the component accelerations measured posi- 
tively in the directions of the arc 5 , the radius of curvature p 
and jET the component perpendicular to the osculating plane, the 
equations of motion are 

4=^' 


4:07. Show that the solution of the equations of motion of a particle in polar 
coordinates can he reduced to integrations when the work function has the form 

U-hW+ j4( 

where fj (r), /g {$) and f^ {4>) are arbitrary functions. 

The third of the equations (C) gives, with this form of U, the mass being unity, 


T sin 6 dt 




dfs (0) 1 . 

r sin 9d4) r“ sinks’ 




=f3(<j>)+A ( 1 ). 


The second of the .equations (O) gives 
1 d 


r dt 


(’■sy 


rsmdoos 6 


\dt ) 


dfsiO) 1 
rd9 


¥s W cos e 

sin^ & 


Snbstitnting for dtpjdt, we obtain 
1 
2 


V dt ) si 






( 2 ). 
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The equation of vis viva is 



After substituting from (1) and (2) this becomes 

(s) +^=2/i« + 2C (4). 

These are tbe first integrals of the equations of motion. Since the variables 
are separable in all tbe equations, they can be reduced to integrations. Substitut- 
ing for dt from (4) in (2), that equation gives 6 in terms of r. Substituting again 
in (1), we find 4> in terms of r. Lastly (4) determines t in terms of r. 


498 . Movingr axes. To find the equations of motion of a 
particle Tef&rred to Tectangulav axes which move about the origin 
0 in an arbitrary manner. 

Let us suppose that the moving axes Ox, Oy, Oz are turning 
round some instantaneous axis 01 
with an angular velocity which we 
may call 6. Let 9 i, 62, 0 $ be the 
components of 0 about the instant- 
aneous positions of Ox, Oy, Oz. Then 
in the figure 0i represents the rate at 
which any point in the circular arc 
yOz is moving along that arc, 62 is 
the rate at which any point of the 
circular arc zOx is moving along the arc, and so on. 

Let us represent by the symbol V any directed quantity or 
vector such as a ^orce, a velocity, or an acceleration. Let F*, Vy, 
Vz be its components with regard to the moving axes. 

Let Of, O'!), Of be three rectangular axes fixed in space and 
let Vi, Fa, Vz be the components of the same vector along these 
axes. Let a, ft 7 be the angles the axis Of makes with Ox, Oy, 
Oz. Then 

Fs = Fc cos a 'hVy cos + Vz cos 7, 



dt 


dt 


dV^ 

cos a + cos ft + 


dt 


cop 7 




dt 


VzSiny 


dy 
dt * 


Let the arbitrary axis of f coincide with Oz at the time t, i.e. let 
the moving axis be passing through the fixed axis. Then a = 
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0 = ^-TT, fy = 0, Hence 

_ IT _ F — 

~W'~' dt^ ^dt * 


Now c^a/c^^ is the angular rate at which the axis Ox is separating 
from a fixed line Of momentarily coincident with Oz^ hence 
dajdt - 02- Similarly d0/dt = — 0^, Substituting 


^3 

dt 


dV, 

dt 


- + VyB,, 


Similarly 


dt 


dY2 

dt 


-Yye.+v.e,, 

^•-n«,+FA 


When the moving axes momentarily coincide with the fixed 
axes, the components of the vector V are equal, each to each, 
i,e. Fa.= Fi, F 2 ,= F 2 , F^^Fg. As the moving axes pass on, 
this equality ceases to exist. The rates of increase of the 
components relatively to the moving axes are dVajdty dVyJdt, 
dVzldt\ while the rates of increase relative to the fixed axes 
are dV^ldt, dVzjdt, dV^jdt, The relations which exist between 
these rates of increase are given by the equations just investigated. 


499. If the vector F is the radius vector of a moving point 
P, the components F^., Fy, F^ are the Cartesian coordinates of P, 
and the rates of increase are the component velocities. If the 
vector F is the velocity of P, the rates of increase are the com- 
ponent accelerations. 

Het then x, y, z be the coordinates of a point P ; v^w the 
components of its velocity in space ; X,Y,Z the components of 
its accelerations. Then 

V = ^ ~ + X0S, ^ — w0i 4- U0S, 


500 * If the origin of coordinates is also in motion these eq^nations require 
some slight modihcatlon. Let p, q, r be the resolved parts of the v^ocity of the 
origin in the directions of the axes. In order that it, i?, w may repnes^t the 
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resolved velocities of the particle P in space (i.e. referred to an origin fixed in 
space), we must add p, r respectively to the expressions given for v, w in Art. 
499. These additions having been made, w, Vy w represent the component space 
velocities of P, and the expressions for the space accelerations X, Y, Z are the same 
as those given above. See Art, 227. 

The theory of moving axes is more fully given in the author’s treatise on 
Rigid Dynamics^ The demonstration here given of the fundamental theorem is 
founded on a method used by Prof. Slesser in the Qurntterly Jowmaly 1858. 
Another simple proof is given in the chapter on moving axes at the beginning of 
voL II. of the treatise Just referred to. 

501 . Moving field of force. When the Jield of force is fixed relatively to 
axes moving about a fixed origin we ‘tnay obtain the equation corresponding to that 
of vis viva. 

If P be the semi vis viva, we know that dTJdt is equal to the sum of the virtual 
momenta of the forces divided by du Hence, the mass being unity, 

^z=Xu+Yv + Zw 
at 

=zXx'-hYy'+Zz' + e^{xY-'yX) + .. 

If Aj, Ag, Ag are the angular momenta about the axes (Art. 492), 

Ai=yw-zVy A^=zm~-xw, A^=xx-yUy 
and, taking moments about the axes, 

dA-Jdt zzyZ-zYy dAJdt = «X - xZ, dAJdt =zxY--yX, 

The equation of vis viva therefore becomes 

dT dAi - d,A^ * dXg dU 
dt ’ 

where 17 is a function of the coordinates a?, y, z only. If dg are constant, 

this, when integrated, reduces to the equation of Art. 256. 


502. Ex, 1 . Show how to deduce the polar forms (C), Art. 493, from ihe 
equations for moving axes. 

Let the moving axes be represented by O^, O 17 , Of; Let the axis of ^ move so 
as always to coincide with the radius vector OP ; let Orj be always perpendicular to 
the plane zOF. The angular velocity dOjdt of the radius vector may therefore be 
represented by B^—dBldt about O 17 . The plane zOF has an angular velocity dtpjdt 
about Ozy and this may be resolved into Bj—cob & d4>ldt and &^=mnBd(pldt. Also 
the coordinates of P are ^=r, 17 = 0 , f=0. 

It immediately follows from the equations of moving axes that w=dr/dt, v = 6yry 
w= -B^r, Substituting these in the expressions for X, X, Z we obtain the com- 
ponents of acceleration already written at length in Art. 493. 


Ex. 2. If (a^Qj^y (og^sYs) are the direction cosines of a system of 

orthogonal axes moving about the origin, prove that 


B. 




’ dt dt 




where dg is positive when the rotation is from the first axis to the second. 


To prove this we notice that dg measures the rate at which the axis of y is 
separating from the position of the axis of x at the tim^ t. Hence - dgdt is the 
cosine of the angle the new axis of y makes with the old axis of x. 
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Ex. 3. A particle is describing an orbit about a centre of force which varies 
as any function of the distance, and is acted on by a disturbing force which is 
always perpendicular to the plane of the instantaneous orbit and is inTersely pro- 
portional to the distance of the particle from the centre of force. Prove that the 
plane of the instantaneous orbit revolves uniformly round its instantaneous axis. 

[Math. Tripos, I860.] 


Lagrange's Equations. 

503. Lagrange has given a general theorem by which we can 
form the equations of motion of a particle, or of a system of 
particles, in any kind of coordinates*. 

The expression coordinate " is here used in a generalized 
sense. Any quantities are called the coordinates of a particle, 
or of a system of particles, which determine the position of that 
particle or system in space. 

In using Lagrange's equations, it will he found convenient 
to represent by some special symbols, such as accents, all total 
differential coefficients with regard to the time; thus x*' 
represent respectively dx\dt and d^xjdt^. 

504- l>emma. Let L he a function of any variables x, y, (&c., 
their velocities x\ y\ <Scc., and the time t. If we express x, y, &c. 
as functions of some independent variables 6, (j>, <^c. and the time 
t, say 

X =f{t, e, <l>, &c.), y = F(f, 6, (f>, &c), z = &c. ( 1 ), 

then will 

d dL dL ^ fd dL dL\ dx rd dJ^ ^ dL \ % , 

dtdd' dS \dtdx dx)d0^\dtdy' dy) d0 

Representing partial differential coefficients by suffixes, we 
have by differentiating (1), 

x' =ft +f60' +f<^<t> + &G (2). 

Since 0 enters into the expression L through both x, y, &c. and 
their velocities x\ f, &c. while ff enters only through x\ y\ &c., 

The Lagrangian equations are of the greatest importance in the hi^er 
dynamics and are usually studied as a part of Rigid Dynamics. We give here only 
such theorems as may be of use in the rest of this treatise. The application of 
the method to impulses, to the eases in "which the geometrical equations contain 
the differential coefficients of the coordinates, the use of indeterminate multipliers, 
the Hamiltonian function, &c., are regarded as a part of the higher dynamics. 
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we have the partial differential coefficients 
dL__dLdx dX did . 
de~dcode‘^d^'d6'^ 


dL dL dod 




d& dx dff ^ 

where in each case the &c. represents the corresponding terms for 
'y, z, &c. 

^ dx' dx 

By differentiating (2) we see that = ^ • Hence 


d dL dL _ / 
dtW dd "" V 


d dL dL\ dx 


\dt dx' dx ) dO 
dL (d . _ daf\ 
ddd KW^'^dd)' 


By differentiating fe totally with regard to we have 
d /. /» . /• /!/ . c>_ _ 


jfe =^fet ’^feed^ + &o. 


The right-hand side of this equation is seen by differentiating (2) 
dx' 

to be equal tJO ^ . It therefore follows that all the terms in the 
second line of (5) vanish. The lemma has therefore been proved. 

505. By using this lemma we may deduce Lagrange’s equations 
from the Cartesian equations of motion. For the sake of generality, 
let there be any number of particles, of any masses mi, Wa, &c., 
and let their coordinates be {x^,y^,z^, Szc. Let The 

the semi vis viva of the system, then 

2T = Sm (x^ + y'^ + z'^) (7). 

Let U be the work function of the impressed forces, then CT" is a 
function of the coordinates only. Let Rxy Ryi Rz be the com- 
ponents of any forces of constraint which act on the typical 
particle m. We have as many Cartesian equations of motion of 
the form 

„ dU j. dU j. „ dlT „ 

as there are particles. 

The particles may be free or connected together, or constrained 
by curves and surfaces, but after using all the given geometrical 
relations, the position of the system may b.e made to depend on 
some ind^endmt auxiliary quantities or coordinatea Let these 



THE LAGKANGIAN FUNCTION. 


ART. 506.] 


313 


be 0^ (p, then writing L^T + U, we have for the particle m, 

, dU r> 

dtd^~d^~di'^ ~1 Sb ~ 


with similar forms for y and z. Hence using the lemma, 


f-D . rt <T> 

dtdff d9~^\r^Te^-^dd^-^^de) 


( 8 ), 


where 2 implies summation for all the particles. 

The right-hand side of this equation (after multiplication 
by 6^) is the virtual moment of the forces of constraint for a 
geometrical displacement This by the principle of virtual 
work is known to be zero. 


Since the variations of the coordinates x, y, t&c. due to the displacement W are 
deduced from the partial differential coefficients dxjdd, dyjdd, &c., t not varying, 
the displacement given to the system is one consistent with the geometrical relations 
as they exist at the instant of time t. 

Taking the various kinds of forces of constraint it has been proved in Art. 248 
that the virtual moment of each for such a displacement is zero. Consider the 
case of a particle constrained to rest on a curve or surface, the virtual moment is 
zero for any displacement tangential to the imtantaneom position of the curve or 
surface. The restriction that the geometrical equations must not contain the time 
explicitly is not necessary in Lagrange's equations. 

If some of the particles are connected together so as to form a rigid body, the 
mutual actions and reactions of the molecules are equal. Their virtual moments 
destroy each other because each pair of particles remain at a constant distance 
from each other. The Lagrangian equations may therefore be applied to rigid 
bodies. 


506. The Lagrangian equations of motion are therefore 


dL 


= 0, &c. = 0 . 


.(9). 


dtdO' dd'^^^ dtd<l>' dcj>' 

The function L=^T+U and is therefore the sum of the kinetic 
energy and the work function. If we use the function V to repre- 
sent the potential energy, we have, by definition, CT-j- F equal to 
a constant. We then put T— F, so that L is the difference 
between the kinetic and potential energies. Substituting these 
values for i, and remembering that U and Y axe functions of the 
coordinates and not of their velocities, we may also write the 
Lagrangian equations in the two typical forms 

dtdff de~'de’ dtd& de^d&" 
where 6 stands for any one of the coordinates. 


It should be 
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noticed that in these equations, all the differential coefficients are 
partial, except those with regard to A 

The function L is sometimes called the Lagrangian function. 
We see that when once it has been found, all the dynamical 
equations, free from all unknown reactions, can be deduced by 
sim p le differentiation. 


607. Viartual moment of the efiective forces. If we substitute for L in 
tbe lemma of Art. 504 the value of T given by (7) we have 


• dt dd' 


de~ 


2 


7n2,"|+&c.j. 


( 11 ). 


The right-hand side (after multiplication by dS) is the sum of the virtual moments 
of the effective forces 7 ny", &c. It follows therefore that the Lagrangian 

expression on the left-hand side {after multiplication by 86) represents the sum of the 
virtual moments of the effective forces, when expressed in terms of the generalized 
coordinates $, <p, (&c. 

In the same way writing T for the arbitrary function L in (4), we have by (7) 


d6'~ 


S 


f 


+my ^+&c. 


4 - 


The left-hand side {after multiplication by 86) therefore represents the sum of the 
virtual moments of the momenta of the several particles of the system for the displace- 
ment 86. It is often called the generalized 6 component of the momentum. 


508 . aseaning of the lemma. The fundamental equation represented by 
tbe lemma has been deduced from tbe principles of tbe differential calculus without 
reference to any mechanical theorem. 

Analytically, it expresses tbe fact that i^he Lagrangian operator symbolized by 

__d d d 

follows tbe same law as tbe differential coefficient djdd, i.e. 

= 

which may also be written 

A^L . d6 = AxL . 8x-i-AyL . 8y + 

where 86, 8x, Sy, &c. are any small arbitrary variations consistent with the 
geometrical relations which hold at the time t. 

If we interpret tbe lemma dynamically (Art. 506), tbe equation asserts that the 
sum of the virtual moments of tbe effective and impressed forces for a displacement 
86 has the same value whatever changes are made in tbe coordinates. 


60©. WorldLng mle. When we solve a dynamical problem we begin by 
writing down the equation of vis viva, viz. 2"= U+C. 

It appears that when we have done this, Lagrange’s method enables us to write 
down all tbe equations of motion of tide second order by performing certain 
differentiations on tbe quantities on each side of the equation (Art. 606). 
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We shall presently show that before performing these differentiations, we may 

remove certain factors from one side to the other by maMng a change in the 
independent variable t j Art. 524. 

510. The ftinction T, We have assumed that the Cartesian 
coordinates w, y, z of every particle of the system can be expressed 
in terms of the generalized coordinates 0, &c. by means of 

equations of the form 

<f>. &c.) .(1); 

these equations may contain t, but not &c. (Art. 504). In 

choosing therefore the Lagrangian coordinates^ we see that they 
must he such that the Cartesian coordinates of every particle could 
be eospressed if required in terms of them by means of equations 
which may contain the time, hut do not contain differential co- 
efficients with regard to the time. 

Differentiating the geometrical equations (1) as in Art. 504 


x' --ft -f fdO' +f 4 ,<}> + &?c., y' = (2), 

and substituting in the expression for the vis viva 

2T = lm(co'^+/^ + z'^) ( 7 ), 


given in Art. 505, we observe that 2T takes the form 

2T=A^ff^ + 4- ... + H- ... + C, 

where the coefficients An, &5c., Bj, B 2 , &?c., and G are functions of 
t, 6, (f>j &c. 

In most dynamical problems, the geometrical equations do not 
contain the time explicitly, i.e. t does not enter into the equations 
(1) except implicitly through 6, <^, &c. The term f will therefore 
be absent from the equation (2), Art. 504. Hence y', z are 
homogeneous functions of 9\ &c. of the first order. When 

substituted in (7), we find that 27 is a homogeneous function of 
S', (}>\ <&c. of the second order, viz. 

2r = An^'^ + 2An6>^<^'+..., 

where An, A 13, &c. are functions of the coordinates 0, <f>, &c. but 
not of t " 

5 IX. Sacamikles of Xtagrauise's equatiozus. Ex. Two particles, of masses 
M, m, are connected by a light rod, of length 1. The first A is constrained to move 
along a smooth fixed horizontal wire, while the other B is free to oscillate in the 
vertical plane under the action of gravity. It is req.iiired to find the motion. . 

To fix the positions of both the particles in space, we require two coordinate, 
say, the distance ^ of the point A from some origin O and the inclination 0 of AB 
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to tlie vertical. TLe Cartesian coordinates of B are then x=-^+l sin 0 and yszl cos S. 
The semi vis viva and work functions are then 

T= I Af^'2 4. 1 i cos ee'f + (I sin 00' f} 


=:^(Jf+m)r^4-wZeos^f^' + ^mW« (1), 

U=^mgl OOB0 (2). 

Substituting in the Lagrangian equations, 


dt d^' d| ’ dt de' dd d0 ’ 

we have 

£{(ar+m)|'+micostfe'',=0 I 

^ {mJ 00s $(' + ml?6'} + ml sin 6^'e' = — mgl sin ff 1 

These give 

(M-i-m) ml cos 00'= A, qob 0^" + 10"= -gsmB (3), 

where A is a constant of integration. Eliminating we have 

(M+m sm^6) fl'«"+msin dcos 86'. 9'“= {M+m) Bia'ee'. 

This gives by integration 

(Ar+msin2^)^^=(7+^(lf+w)cos^ (4). 

In this way the velocities I" and 9' have been found in terms of the coordinates 

e, 6 . 

We have here used both the Lagrangian equations, but we might have replaced 
the second by the equation of vis viva, viz. T=U+C, Eliminating by the help 
of the first of equations (3), we should then have arrived at the result (4) without 
any further integrations. 


51 a., Ex. 1. The four elementary forms for the acceleration of a point folhw 
at once from Lagrange^s equations. For example, let us deduce the polar form 
given in Art. 493. 

We notice that the components of velocity of P along the radius vector and 
perpendicular to it, are respectively r' and rd', while that perpendicular to the 
plane zOF is rsin 6<i>'. Since these three directions are orthogonal, we have 
2T=m (r^+r^d's+r^sin^ 0<tr^). 

Substituting in the Lagrangian equation 

dtd^' 

where | in turn stands for r, 0, 4>, we obtain 

^ (m/) - ra (rd '® + r sin^ 0<P ^) = > 

^ (mr^dO - mr® sin 6 cos d<p '^=^ , 


£ 

dt 


{mr“ sin’* 0(p') = 


cup * 


which evidently reduce to the forms given in Art. 493. 
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Ex, 2. To deduce the accelerationa for moving axes from Lagrange^ equations 
when the component velocities are known. 

We have given by Art. 499, 

u=x' -yd^-hzdoi v = y' — zdi-hxB^, to = z' 

Also T=^{u^+v^ + w% 

the mass of the particle being unity. Since x' enters into the expression for T 
only through while x enters through both v and w, we have 

dx' ^ du dx^'~’^' dx'~~ dv dx^ dw dx~'^ ^ ^ 

d dT dT dU 
The Lagraagian equation ^ 

becomes ^ ■*“ ~ 


Ex, 3. To deduce the equation of vis viva from Lagrange^ s equations. 
Multiplying the Lagrangian equations 

dt d&' de^ d6* dt dg>' d<h~~d<p^ 


by 0', g>'t &c. respectively and adding the results, we have 

de‘ 






where 2 ) implies summation for all the coordinates. 

If the geometrical equations do not contain the time explicitly, T is a homo- 
geneous function of 5', &c., Art. 510, and by Euler’s theorem ^=: 2 T. Also 

since T and TJ are not functions of t, 





dd')^ 


f=- 


do * 


Substituting in the expression given above, we have 


dt dt ~ dt ^ 


T=cr+a, 


where C is an arbitrary constant, usually called the constant of vis viva. 

Ex. 4- The position of a moving point is determined by the radii 1/^, I/ 77 , 1/i" 
of the three spheres which pass through it and touch three fixed rectangular 
coordinate planes at the origin. Find the component velocities w, v, w of the point 
in the directions of the outward normals of the spheres, and prove that the com- 
ponent accelerations in the same directions sxejdujdt+v {tju -^v)-w (^w^^u), and 
two similar expressions. [Coll. Ex. 1896.] 

Writing I)=^ + rp-¥^ we deduce from the equations of the spheres that 
a;=2^/D, <fec. Noticing that the spheres are orthogonal, we find, byresolving the 
velocities a/, y\ zf along them, «= Hence 

r = i (u2 + 1?® + = 2 (I'a + ^^2 + / X>2. 

Also the acceleration along the|^ axis is dXJfudt or — Substituting in 

jtYT n fien /ton 

the Lagrangian formula ^ ^ ^ obtain the required result. It may 

also be deduced from the formulss of Arts. 499, 502, Ex. 2 . 
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513. To apply the Lagrangian equations to determine the 
small oeoillations of a system of particles about a position of 
equilibrium^ when the geometrical equations do not contain ike time 
explicitly. 

Let the system have n coordinates and let these be 6, (p, &c. 
Let their values in the position of equilibrium be a, &c., and at 
any time i let d = a-\-x, <j> — ^ + y, &c. 

The vis viva being a homogeneous function of d', <f>\ &c. (Art. 
510), we have 

2T = Fd'^ + 2Qd'(f>' + 

where P, Q, &c. are functions of d, p, &;c. When we substitute 
d = a + &c. and reject all powers of the small quantities above 

the second, this reduces to an expression of the form 

2P s= -f- 4- A^f'^ + &;c (1), 

where the coefficients are constant, and are known functions of 
a, &c. 

The work function 17 is a function of d, <}>, &c. and when 
expanded takes the form 

2 = 2 Po + 2BiX + 2^2^ + + BnX^ 4* 2B^y 4* &c. . . .(2). 

We assume that these expansions are possible. 

Since the system is in equilibrium in the position defined by 
^ = 0, y —Oj &c., we have by the principle of virtual work, 

^=0, — = 0, &c.; = 0, B, = 0, &c (3). 

ax ay 

If the position of equilibrium is not known beforehand, the values 
of a, &:c. may be obtained by solving the n equations (3). 

To find the equations of motion we substitute in the n 
Lagrangian equations typified by 

dt dx' dx dx ^ 

Since the expansion for T does not contain the coordinates x, 
y, &c., we have dTjdx — 0, dTjdy — 0, &c. The equation (4) there- 
fore becomes 

AjiX 4" Aj2y 4 A iqZ ^ 4 &c. = BiiX 4* Piay 4* B-J^ 4* &c.^ 

4- A^f' -h A^z" -f &c. = Bj^ 4" B^ 4 Bo^z 4- &;c. I . . .(5). 

&c. = &c. 
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To solve tke equations (5) we follow the rules given in Art. 
292. Let any principal oscillation be represented by 

x—G sin {pt + a), y = H sin (pt + a), &c. - (6), 

where G, H, &?c. are constants. We find by an easy substitution 

G 4- {Ap.p^ "f -Bia) ^ -f . , . = O'! 

{A,^p^ 4- B^) G 4- {A^p^ 4- fl- 4- . . . = 0 J. (7). 

&c. = Oj 

Eliminating the ratios G i H i &c., the n values of p^ are given 
by the Lagrangian equation 

Arip^ + B^j, Ai2P^ + 5i2, &c. =0 (8). 

A 12 ^^ 4" -^ 12 ^ A^p^ B^, &c, 

&c. &c. &c. 

§14. It is shown in the higher dynamics that, because the 
vis viva 2T is necessarily positive for all real values of a/, y', &c., 
the values of p^ given by this determinantal equation are real. 
If all the roots are positive the values of p are real, and the 
system of particles then oscillates about the position of equi- 
librium. If any or all the values of p^ are negative, some or all 
the values of p take the form The corresponding 

trigonometrical terms in (6) become exponential and the system 
does not oscillate. See Art. 120. 

515. If a value of p^ is zero p has two equal zero values, and 
the corresponding term in (6) takes the form A-\-Bt. In such 
a case the coordinate may become large and the system will then 
depart so far from the position of equilibrium that it will be 
necessary to take account of the small terms in (1) and (2) of 
hi^er orders than the second. 

§16. Rule. When applying Lagrange’s equations to any 
special case of oscillation about a position of equilibrium we begin 
by writing down the expressions for the vis viva and work function 
for the system in its displaced position^ and express these in the 
quadraUc forms (1) and (2) (Art. 513). If the whole motion is 
required we follow in each special case the process described in 
the general investigation. But if, as usually happens, only the 
periods are required, we omit the intervening steps and deduce 
the determinant (8) immediately from the expansions (1), (2). 
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To help the memory, we notice that, if we drop the accents in 
the expression for T, the determinant (8) is the discriminant of the 
quadric Tp^ + Z7. 

517. To apply Lagrangds equations to determine the initial 
motion of a system. 

The method has been already explained in Art. 282. The 
Lagrangian equations give the values of 6'\ &c. in the initial 

position without introducing the unknown reactions. Differen- 
tiating the Lagrangian equations of Art. 506 we obtain 
&;c., and any higher differential coefficients. 

If X, y, z are the Cartesian coordinates of any point P of the 
system, we have by Art. 510, 

^ =/i {d, 4>r y =/2 ^ = -Sz^c., 

and therefore by differentiation the initial values of x', x\ &c., 
y\ &c., z\ &c. may be found. The initial radius of curvature 
follows from the formulae of the differential calculus, Art. 280. 

518. Let^ for example, the initial accelerations he required 
when the system starts from rest. The initial position being ^ = a, 

= &c. we put, as in Art. 513, ^ = &c. Since 

the system starts from rest, the velocities a?', y\ (fee. are small and 
we can make the expansions (1) and (2) as before. Since the 
initial position is not one of equilibrium, we no longer have = 0, 
J ?2 = 0, &c. Retaining only the lowest powers of x, y, <fect which 
occur in the equations of motion, we have 

Ajix" -f Ajzf + (fee. = 1 

A^<,x" + A^y" + &ic. = B 2 r 

&c. = &C.J 

These determine the initial accelerations of the coordinates and 
therefore the component accelerations of every point of the system. 

519- Ear. 1. Let ns apply the Lagrangian equations to find the smaU osoiUa- 
tions of the two particles described in Art. 511. 

The quantities 9 represent the deviations of the rod from its position of 
equilibrium. The vis viva and work function expressed in quadratic forms are 
T=i (Af +m) Uzzmgl (1 - 

The determinant is the discriminant of 

I (M4-m)p^, I =0. 

1 mlp% ml(lp^-~g) | 
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One principal motion is given by 

sin (p«4-a), 6 = 11 sin (pt + a). 

The other is determined by p“ = 0; this implies that one coordinate takes the form 
A + Bt. It is evident that the rod could be so projected along the horizontal wire 
that ^ has this form while ^=0. 

The student should apply Lagrange’s equations to the problems on small oscil- 
lations and initial motions already considered in the chapter on motion m two 
dimensions. He will thus be able to form a comparison of the advantages of the 
different methods. 

Ex. 2. Three uniform rods ABy BC, CD have lengths 2a, 25, 2a and masses 
My m'y m. They are hinged together at B and C, and at A, D are small smooth 
rings which are free to move along a fixed fine horizontal bar. The rods hang in 
equilibrium, forming with the bar a vertical rectangle. When a slight symmetrical 
displacement is given, the period of a small oscillation is given by + 

Pind also the periods when the displacement is unsymmetrical. [Coll. Ex. 1897.] 

Ex. 3. Two equal strings AC, BC have their ends at the fixed points Ay By on 
the same horizontal line, and at C a heavy particle is attached. From C a string 
CD hangs down with a second heavy particle at D. Find the periods of the three 
small oscillations. [The two periods of the oscillations perpendicular to the verti- 
cal plane through A and B are given in Art. 300, Ex. 1.] 

520. Solution of Lagrange^s Equations. Our success 
in obtaining the first integrals of the Lagrangian equations will 
greatly depend on the choice of coordinates. When the position 
of the system is determined hy only one coordinate, the equation 
of vis viva is the first integral, and this is sufficient to determine 
the motion. 

When there are two or more coordinates, integrals can he 
found only in special cases. The general problem of the solution 
of the Lagrangian equations is too great a subject to be attempted 
here. It is sufficient to state a few elementary rules which may 
assist the student. 

521. We should, if possible, so choose the coordinates that some 
one of them is absent from the expression for ike work function U, 
For example, if there be any direction such that the component 
of the impressed forces is zero throughout the motion, we should 
take the axis of z in that direction and let z he one of the co- 
ordinates. Again if the moment of the forces about some straight 
line fixed in space, say Oz, is always zero, the angle which the 
plane POz makes with xOz will be a suitable coordinate. In that 
case dU/d<f>=^0 and U is independent of <}>. These, or similar, 
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mechanical considerations generally enable us to make a proper 
choice. 

Let 6 be the coordinate absent from the work function, then 
if 0 is also absent from the expression for T, though the differential 
coefficient 0' is present, the Lagrangian equation 

d dT dT dU ^ dT ^ 

dtde' dd~de becomes 

where A is the constant of integration. Thus a first integral, 
different from that of vis viva^ has been found. 


6231. l.iouviU«’’s integral. Liouville has given an integral of Lagrange’s 
equations which has the advantage of great simplicity when it can be applied. 
This may be found in voL xi. of bis Journal. 1846; the following is a slight modi- 
fication of his method. 


Let ns suppose that the vis viva has the form 

2r = M (Pd'2 + Q^'2 + ^ &c.) (1), 

where the products &c. are absent. The viethod requires that the co- 

efficient P should he a function of 6 only, while Q, R, dx., are not functions of 6. 
We notice that M may be a function of all or any of the coordinates, and Q, B, &c. 
functions of any except 6, It is also necessary that the impressed forces should be 
such that the work function U has the form 

+ = &c.) (2), 

where C is the constant in the equation of vis viva, 

T-V-¥C (3). 

We shall now prove that when these conditions are satisfied, a first integral is 

^M^P0''^=F^{&)+A (4). 

We first put then | is a function of 6 only and we may temporarily 

take &c. as the coordinates. We now have 


T = 4 A/ (1^2 4- 4 &e.) =U+C, 

and the Lagrangian equation for | is 


Using the equation d'f vis viva, this takes the form 

Substituting on the right-hand side from (2) and multiplying by we have 




dFiie) ,, 


Since ($) is a function of $ and not of any of the other coordinates, this 
gives by an easy integration 

|AiTL-=Pj(6i)4A. 


Returning to the coordinate 6, we have the integral (4). 

When the initial conditions are given, the value of G can be found by introduc- 
ing these conditions into the equation of vis viva. If a solution is required for all 
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initial conditions C is arbitrary and in that case the condition (2) requires that 
both 21 U and J/ should have the geiieial form indicated on the right-hand of that 
equation. If 

21 ( U-r C) = {d) -f F, {<p) <fec., 

and Q, II, &c. are respectively functions of 4*^ drc. only, it is evident that the 
method supplies all the hist integrals. 


Ex. If +/.(<?!,), 2IU=^Fj{ 6}2-F>A<P), integrate 

the Lagraiigian equations hij Lioui tile's method. The integials are 

^2r-Fe'^-=F^ (6) Gj\ (6») + = [cp) -f Cj\ {4>) + 

adding these and using the equation of vis viva we see that A 2 -kA 2 =: 0 . The paths 
are then given by 

JFde ^ s.fQdcl> _ sf2 dt 
J{Fi-^Cy\2-Aj) 21 * 

Multiplying -these by fj , and adding, the time is found by 


J\JPd6 .UsJQd<p 

sJ[F^ + CJ\ 4- Ai) ^f[F. + Q , -h A„) 
'where all the variables have been separated. 


=z^2dt, 


523. Jacobies integral. If T be a homogeneous function of the coordinates 
4>, &c. of n dimensions and U a homogeneous function of the same coordinates 
of - (?H-2) dimensions, then one integral is 

^ 0 _ 4- &c. = {« -i- 2) Ce -h A, 

where C is^the constant of vis viva and A an arbitrary constant. 

To prove this, we multiply the Lagrangian equations by 0, &c. and add the 
products. Remembering Euler’s theorem on homogeneous functions, we have 

e^/E + &c. = uT - (n + 2) ir. 
dt dd' 


The left-hand side is the same as 


dt ' 


2r, 


since T is a homogeneous function of <p% &c. of two dimensions, 
that T~ U'= C, we have ~ =0^ + ^) 


Remembering 


Ex. A free system of particles moves under the influence of their mutual 
attractions, the law of force being the inverse cube: show that :Smr^=A +Bt+ Ot- 
where r is the distance of the particle 7n from the origin. 

[Fo?'lesu7tgen liber Dijuamik.} 
Some developments of these results are given in the first volume of the author’s 
treatise on Rigid Rgnamics. 


Cbiange of the independent variable. It is sonutimes mejal to be able 
to change the independent variable in Jbagi-ange's equations from t to some other 
quantitij r so that dr = Pdf, ichei'e P is any function of the coordinates* 

We suppose that the geometrical equations do not contain the time explicitly, 
so that T is a homogeneous function of the form 

P= i A^d'^^ + A -f I A + (1 ). 
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Let suffixes applied to the coordinates mean differentiations with regard to r 
Just as accents denote differentiations with regard to t. Then 

= <p'=P<Pi, &e. 

Consider how any one of Lagrange’s equations, say, 


( 2 ), 


d (IT dT _ 
dt d<p* d(f> d<p 
is affected by the change of t. Let us write 

+ .. )P (3). 

Supposing that P is a function of the coordinates only, not of e\ <p\ <fec., we have 
, = A jod’ + A 224*' "t* ={A 1261 + A 224*1 "t* • ) P — 


1 dA, 


r-+ 


d(p2 


d(p' 

d4> 2 d<ji> 

The Lagrangian equation therefore becomes after a slight reduction 

dr d4>i d4> 

If we use the equation of vis viva, viz. T=U-hG, and notice that T^PT^, the 

. ^ d U+C 

right-hand side of this equation becomes ^ —p . 


T2dP 1 ^ 
' F d<t>* F dij) 


,,(4). 


The typical Lagrangian form 


therefore takes the form 

d dT2 _ ^2 _ A 

dr d<fi -2 d4> dip P 

We notice that though T=PT 2 , they are differently expressed. To obtain the 
partial differential coefficients of Jo, the quantities 6', p\ &c. must be replaced by 
P^i, Ppi, &c. before differentiation. 

Suppose for example that the equation of vis viva (Art. 509) is 
J=il/{^Ar- + &c.} = U + G, 

and that we wish to remove the factor M before deducing the Lagrangian equations. 
Changing the independent variable so that dr—Pdt, we deduce the Lagrangian 
equations by operating on 

1\=MP {\Ae^^ + &0.}, U2= . 

Choosing MP=l, we have 

T2 = h A + &G . , Ug = ill { U + G) . 

The factor M has thus been transfewed from the expression for the vis viva to 
the work function. Here ill is a function of the coordinates only. 

We may now change the suffixes into accents if we remember that the differen- 
tiations are to be taken with regard to r instead of t. This difference is of no 
importance if we require only the paths of the particles and not their positions at 
any time. If the time also be required, we add the equation dt—Mdr. 


5215. OrtSiosonal Coordinates. The Lagrangian equations are much sim- 
plified when the expression for J can be put into the form 
T=z^{Pe'^+Q<p''^-¥dcG,), 

where the products 6'p\ d'C. are absent. We shall now prove that this will be the 
case when the coordinates of the particle are the parameters of systems of curves 
or surfaces at right angles. 
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Let the equations of three systems of surfaces which intersect at right 
angles be (a:, y, z) =pj, /j (j?. y, 2 ) = p^, /j(^, y, -)=Pa -- • 

where pi^ p^, p^ are three constants or parameters whose values determine which 
surface of each system is taken. These parameters may be regarded as the co- 
ordinates of the point of intersection of the three surfaces. 

Such coordinates are called sometimes orthogonal coordinates and sometimes 
curvilinear coordinates. Their theory was given by Lame in his Legons sur les 
coordonnees curvilignes, 1859. In what follows we adopt his notation as far as 
possible. 

As an example of orthogonal coordinates we call to mind a system of confocal 
ellipsoids and hyperboloids of one and two sheets, the lengths of the major axes 
being usually taken as the parameters. These are called elliptic coordinates. We 
may also notice that all the coordinates in common use, whether Cartesian, cylindrical 
or polar, are orthogonal. In the first the point is defined as the intersection of 
three orthogonal planes, in the second we use a cylinder cut by two planes, and in 
the third a sphere cut by a right cone and a plane. 

Let (%, Cj) be the direction cosines of a normal to the surface whose 
parameter is p^, then 

a b =-^ c =i 

' hi dx ' ‘ dy ’ * /jj (te 


( 2 ), 


where 





Let dsi be an elementary arc of the intersection of the two surfaces p^; then 
dsi is also an elementary length measured along the normal to the surface p^. As 
we travel along this arc x, y, z and p^ vary, while p^, Ps are constant. Hence 


dx dy ^ dz 

aj^dx + hjdy -i-Cidz = dpJh^ (4). 

But the left side is the sum of the projections of dx, dy, dz on the normal and is 
therefore ds^; hence dsi = dpjhj. It follows that the component Vj of velocity 

1 dpi 


along the normal to the surface pj is = 


\ dt ‘ 


In the same way the components 


of .velocity normal to the other two surfaces may be found, and since these are at 
right angles, 

ITT 




where accents denote differential coefficients. 

In order to use this expression, it will be necessary to express 7ii, ^ 3 , in 
terms of the new coordinates pj, p^, Pz- To effect this we solve the equations ( 1 ) 
and determine x, y, z as functions of pi, p^, pg; finally substituting these values in 
the expressions ( 8 ) for h^, h^, / 13 . This is sometimes a lengthy process. 


Motion on a Curve. 

526. Fixed Curves. To find the vwtion of a particle on a 
smooth citrve jixed in space. 

To find the velocity, we resolve the forces along the tangent 
to the curve. If F be the component of the impressed forces 
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X, F, if, this gives as in Art. 181, 

If Z7be the work function, F—dUjds, and we have 

— U-^C, 

which is the equation of vis viva. 

To find the pressure, we resolve in any two directions which 
may suit the problem under consideration. Supposing that w^e 
choose the radius of curvature and binormal, we have 


= G + 0 = H + R,, 

P 

where G, H are the components of the impressed forces; R> 
the corresponding components of the pressure on the particle. 

These equations show that the pressure of the particle on the 
curve is the resultant of two forces, (1) the statical pressure due 
to the forces urging the particle against the curve, (2) the centri- 
fugal force m'tPjp acting in the direction opposite to that in which 
p is measured, Art. 183. 


537. Ex. 1. A plane is drawn through the tangent at P making an angle i 
with the osculating plane. If p' be the radius of the circle of closest contact to 

the curve in this plane, then where G' and P' are the components of 

P 

the impressed accelerating force and of the pressure respectively. 

This follows from the theorem on curves p' cos z = p, corresponding to Meunier’s 
theorem on surfaces. 


Ex. 2. A helix is placed with its axis vertical, and a bead slides on it under 

the action of gravity. Find the motion and 
pressure. 

Let a be the radius of the cylinder, a the 
inclination of the tangent to the horizon. 
Drawing FL perpendicular to the axis of z, the 
radius of curvature is a length measured along 
FL equal to a sec^ a. If FT is the tangent, the 
osculating plane is LPT. If the helix is smooth 
we have 

v^— —2gz + G. 

0 = <7cosa + — - 
m 

If the particle start from rest at a height h, 
we see that C=s2gh. Since v= -dsjdt and d.ssma=d 2 :, we find that the time oi 
descending that height is cosec a J2hlg. 



cos® a 
a ~ m ' 
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If the helix is rough, the friction is + li^^) . Supposing that the coefficient 

of friction is ju = tan a, the resolution along the tangent becomes 

V ^ = ~ <7 sin a -f fj(v* cos- a -j- a~g “} , 

writing v- cos a=:^ for brevity, we find 


_ s sin 2a 

To integrate this we multiply the numerator and denominator of the fraction 
on the left-hand side by the denominator with the minus sign changed. We 


log {v^ cos a + sJi^^ cos- a -f a^p-) } 


ag 4- (u* cos- a + a-p-) __ 8 sin 2a 


To find C we requiie the initial value of v. If this were zero the particle would 
remain at rest because At=tan a. 


Ex. 3. A rough* helical tube of pitch a and radius a is placed so as to have 
its axis vertical and the coefficient of friction is tan a cos e. An extended flexible 
string which just fits the tube is placed in it: show that when the string has fallen 
through a vertical distance ma its velocity is [ag sec a sinh 2/t)^, where /4 is 
determined by the equation 

cot ^ e tanh fj, — tanh (yx sin e + ^ m cos a sin 2e). [Math. Tripos, 1886.] 


Ex. 4. Two small rings of masses m, mf can slide freely on two wires each of 
which is a helix of pitch p, the axes being coincident and the principal normals 
common ; the rings repel one another with a force equal to /xmm'r when they are at 
a distance r from one another. Prove that if <p be the angle the plane through one 
ring and the axis makes with the plane through the other ring and the axis, the time 

in which 0 increases from a to ^ is — 2R cos ^ + <7} " ^ d<p, where 




B 



and a, h are the radii of the cylinders on which the helices are drawn. 


[Coll. Ex. 1896.] 


528. SHoving curves. Ex. 1. A particle P is constrained to move on the 
plane curve z =f {x)y which rotates about a straight 
line Oz in its plane with an angular velocity co. 

It is required to form the equations of motion. 

Applying to P an acceleration t/Px tending 
from the axis of rotation, we treat the cmwe as 
if it were fixed. Art. 495. Taking the tangential 
and normal resolutions, we have 

dv F ^ G ^ . B 

It — = — I- oj-x cos = ut^x sm w -i — , 

ds m P 

where v is the velocity of the particle relatively to the curves f the angle the tangent 
at P makes with the axis of ar, and p is the radius of curvature. Also F and <? are 
the components of the impressed forces along the tangent and radius of curvature 
at P, 

We may replace the first of these equations by the integral of vis viva, viz. 

^ mu- = J(Fds 4- mui^x dx) , 
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The second equation then gives the component R of pressure in the plane of the 
curve. The component R' of pressure perpendicular to the plane of the curve 
is given by 

m- ^ (x^b3)==H-i-R\ 

X dt ' 

where JS is the corresponding component of the impressed force, and x is the 
distance of the particle from the axis of rotation. 

Ex. 2. A circular wire is constrained to turn round a vertical tangent Oz with 
a uniform angular velocity w. A heavy smooth 
bead, starting from the highest point A without 
any velocity relative to the curve, descends under 
the action of gravity. Find the velocity and 
pressure. 

Xiet G be the centre, OC = a; let P be the 
particle, the angle AGP =6, v = ad6ldt. We re- 
duce the plane to rest by applying to P an accele- 
rating force measured by «%, where a:=a4-asin 
and acting parallel to 00. The equation of vis 

viva then gives 

(ft — <2 cos + 

/. = 2g (a -a cos $) + ul^a^ (2 sin 6 + sin- 6). 

The components P, R' of the pressure on the particle respectively along PC and 
perpendicular to the plane are given by 

/,o a ^ Id rt.P' 

— = <7 cos 6 - (zrx sin + — , - ^ (x^ui) = — , 

ft m X dt ' in 




The latter equation reduces to P'=2m<iM?cos 6. 


Ex, 3. Two small rings of masses m, m', (m>m') are capable of sliding on a 
smooth circular wire of radius a, whose vertical diameter is fixed, the rings being 
below the centre and connected by a light string of length a^2i prove that if the 
wire is made to rotate round the vertical diameter with an angular velocity. 

, the rings can be in relative equilibrium on opposite sides of the 

TJi — Tfn I 

vertical diameter, the radius through the ring m being inclined at an angle 60° to 

mm' iJ^ — 1 


the vertical. Show also that the tension of the string is 


v/2 

[Coll. Ex. 1897.3 

Ex. 4. A smooth circular cone of angle 2a has its axis vertical and its vertex, 
pierced with a small hole, downwards. A mass M hangs at rest by a string which 
passes through the vertex and a mass vi attached to the upper extremity describes 
a horizontal circle on the inner surface of the cone. Find the time T of a complete 
revolution, and prove that small oscillations about the steady motion take place in 
the time T cosec a { [Coll. Ex. 1896.] 


Ex. 5. A smooth plane revolves with uniform angular velocity w about a fixed 
vertical axis which intersects it in the point O, at which a heavy particle is placed 
at rest. Show that during the subsequent motion v^=:p^(a^-h2gz ; where « is the 
depth of the particle below O, p its distance from the axis and v the speed with 
which the path is traced on the plane. [Coll. Ex. 1893.] 
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52S9. A case of free motion witls two centres of force. Ex. 1, A particle P, 
of unit mass, is constrained to move along an elliptic ivire icitkout inertia ithicli can 
turn freely about its major axis. The particle is acted 07t by tico centres of force, 
situated in the foci S, H, which attract according to the law of the inverse square. 
Prove that the pwessure on the curve is zero in certain cases. 


We take the major axis as the axis of z and the origin at the centre. Let w be 
the angular velocity of the wire. Kepresenting the distance of the particle P from 
the major axis by y, the component P' of pressure on the particle perpendicular to 
the plane of the curve is given by 


1 d 

y 


{y-w) = R’. 


But since the wire is without inertia, i.e. without mass, the wire moves so that 
the pressure R' on it is zero, Art. 267. We therefore have throughout the motion 




where B is the constant of angular momentum about the axis of rotation. 


Let the distances of the particle from the foci S, if be r^, rg*, and let the central 
forces be Pilrj\ ^ 2 /^ 2 ^* 

To find the motion in the plane zOP, we apply to P an acceleration ory=B“ly'\ 
tending from the major axis, and then treat the curve as if it were fixed. We 
notice that the particle could freely describe the ellipse under any one of the forces 
P'Vl/® if properly projected; see Arts. 333, 323. It immediately 
follows that if all the three forces act simultaneously, the pressure on the particle 
will he a constant multiple of the curvature, Art. 272. 

The pressure will be zero, if the square of the velocity of projection is equal 
to the sum of the squares of the velocities when the particle describes the curve 
freely under each force separately; Art. 273, We find therefore that if be the 
velocity relatively to the cun^e, the pressure is zero, if 




If V be the resultant velocity of the particle in space, we have Hence 






M * 


When the pressure is zero, the wire may be removed and the particle describes 
its path freely in space under the action of the two given centres of force. The 
general path under all circumstances of projection has not been found. If the 
particle is projected along the tangent to any ellipse having S, H for foci with a 
velocity whose component in the plane of the ellipse is Vj, and whose component 
perpendicular to the plane is v'=(ay=Bly, it will continue to describe the ellipse 
freely, while the ellipse itself moves round the straight line SH xcith a variable 
angular velocity (a=Bly^. 

Ex. % If the particle is also acted on by a third centre of force situated at the 
centre and attracting according to the direct distance, prove that the pressure on 
the revolving wire is zero in certain cases. 
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530. Ex. A particle P of unit mass moves on a smooth curve xohicli is con- 
strained to turn about a fixed axis with an angular velocity w. It is 7'equired to 
find the relative motion.. 

Let the axis of rotation be the axis of c and let the axes of x^ y be fixed to the 
curve and rotate round Oz -with the angular velocity w. Let us refer the motion to 
these moving axes. Since &x = 0, ^o = 0, the equations of Art. 499 become 


du 

dx V 


3 

1 

II 

... dv 

dy 

1 +P>=~ + waj, 

- dt 

13 = -- +a;wy 
dt 

... ... dw 

dz 


'^~Tt 


.(1). 


where Pgs ^3 components of the pressure on the particle. Eliminating 


u, V, w, 


drx 


dotj 


dy\ 


X+ItiAurx^-^y-^2,0} 


d-y 

dt'-^ 

dt- 


if + Pa ) 


( 2 ). 


The resultant of the two accelerating forces Xi = w-x, is a force tending 

directly from the axis of rotation and whose magnitude is = where r is the 
distance of the particle P from the axis. 

The resultant of the two forces X^—yduldt, Y,^— - xdujdt is -rdialdt, 
and it acts perpendicularly to the plane containing the axis of rotation and the 
particle in the direction in which the angular velocity w is measured. 

To find the resultant of the forces X^ — ^hojdyjdt^ we notice 

that the component along the tangent to the curve, viz. X^dxjds^ Y^dyjds, is zero. 
The resultant acts perpendicularly to the given curve, and may be compounded with 
and included in the reaction- When only the motion of the particle is required, 
the force may be omitted. 

Reasoning as in Art. 197, we see that the equations of motion (2) become the 
same as if the particle were moving on a fixed curve, provided we impress on the 
particle (in addition to given forces X, V, Z) two accelerating forces, viz. (1) a force 
Fi = (ah' and (2) a force F.^^ - rdcajdt. 

The process of including the two forces Po ai^^ong the impressed forces is 
sometimes called reducing the curve to rest. 

The curve having been reduced to rest, the velocity of the particle relatively to 
the curve is found either by the equation of vis viva or by resolving along the 
tangent. We find 

4j;==C+ U+ j oihdr- jr ^ . rdtp, 

where U represents the work function. If the angular velocity is uniform, this 
reduces to 

|t;2=C'4-U+icuV. 

The velocity thus found is the velocity relative to the curve. The actual velocity 
in space is the resultant of velocity v and the velocity wr of the point of the curve 
instantaneously occupied by the particle. 
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531. The pressure of the fixed curve on the particle is not the same as the 
actual pressure of the moving curve. Representing the first by and the second 
by R, we see that R' is the resultant of R and the two forces X.> = 2(adyldt, 

-^osdxjdt. We may compound these two forces into a single force We 
project the moving curve on a plane perpendicular to the axis of rotation. If F' 
be the projection of P, dxjdt and dijjdt are the component velocities of P. The 
resultant is then evidently p 3 = 2cau' where v' is the velocity of P’’ relatively both 
to the curve and its projection. The direction of Pg is perpendicular not only to 
the given curve but also to its projection. The components along and perpendicular 
to the radius vector are + 2(ardBldt and - 2(adrjdt. 

532. Ex. A small bead slides on a smooth circular ring of radius a wiiieh 

is made to revolve about a vertical axis passing through its centre with uniform 
angular velocity w, the plane of the ring being inclined at a constant angle a to the 
horizontal plane. Show that the law of angular motion of the bead on the ring is 
the same as that of a bead on the ring of radius a /sin a revolving round a vertical 
diameter with angular velocity w sin a. [Coll. Ex.] 


533. JSL clianging cvurve. A head of unit mass moves on a smooth curve 
lohose fomi is changing in any given manner. It is required to find the motion. 

Let the equations of the curve be written in the form 

t), t), t) (1), 

where 9 is an auxiliary variable. We may regard the position of the particle at 
any given time t as defined by some value of 6. Our object is to find 6 in terms of 
the time. 


Let us use Lagi’ange’s equations. We have 

T=JS(49'+/,)2 (2). 

where 2 implies summation for all the coordinates, and partial differential coeffi- 
cients are indicated by suffixes. The Lagrangian equation is 

dt d0' dd~' de ’ 

W- 


This is a differential equation of the second order from which 0 may be found. 

The three components of the pressure on the particle in the directions of the 
ax^s may be found by differentiating the equations (1). If X, T, Z, be the com- 
ponents of the impressed forces ; R^^ R^ those of the pressure, the Cartesian 

equations of motion are 


g=r4-i?„ g=^+-R»- 

Since the pressure must be perpendicular to the tangent to the instantaneous 
position of the curve, we do not necessarily require all these equations, though it 
may be convenient to use them. 


534. Ex. A helix is constraint to turn about its axis Oz, which is vertical, 
with a uniform angular velocity <a. Find the motion of a particle of unit mass 
descending on it under the action of gravity. • 

Let the axes OA, OB move with the curve and let OA make an angle with 
some axis of x fixed in space. Let the angle AON=6. See the figure of 
Art. 527. 
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The equations of the helix referred to axes fixed in space are 

.r = ncos + 7j = asm{6 + oit}, z^a^tana; 

/. 2T=:^'--4*?/^--f z'^=<2^ {(^' + w)^4*tan- a&^}. 

Substituting in Lagrange’s equation, we find after a little reduction 
ad*' = —g sin a cos a, 

which admits of easy integration. It should be noticed that this result is inde- 
pendent of the angular velocity of the guiding curve, provided only it is constant. 
A similar result holds for any curve on a right circular cylinder turning uniformly 
about its axis. 

To find the pressure of the helix on the particle we use cylindrical coordinates. 
Art. 491. Let P, Q, M be the components of the pressure, then since in the helix 
p=a, <p=^6-i-(at, we find by substitution 

P=-a(d' + w)2, Q-ad", Z-p=atanad'h 

These show that the pressure on the particle is equivalent to a sustaining force 
g COR a acting perpendicularly to the osculating plane together with the radial 
pressure P. 


Motion on a Surface. 


535. Any Surface. To find the motion of a particle on a 
fixed surface. 

Let P be the position of the particle at the time t, Prj a 

tangent to the path, P^ a normal to 
the surface, and P^ that tangent to 
the surface which is perpendicular tck 
the path. Let PC be the radius of 
curvature of the path, PA the bi- 
normal, then PA, PG lie in the plane 
Let X angle GPf. 

Let X, F, Z be the resolved impressed forces parallel to 
any axes x, y, z fixed in space. Let the equation of the surface 
hef{x,y,z) = 0. 

The resolved accelerations of the particle in the directions 
PA, Pt), PG are known to be zero, vdvjds and v^/p respectively. 
Art. 496. Hence resolving in the direction Prj, 



dv -y dx y dy ^ dz 
ds ds as as 

which if U be the work function at once reduces to 

^gnv“=U-\-G 

This is the equation of vis viva. 


.( 1 ). 
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Let M be the pressure of the constraining surface on the 
particle measured positively inwards. Then resolving along 
the normal, 

QllV- yj. „ 

— cos Y + it, 

9 

where H is the component of the impressed forces. If p' be the 
radius of curvature of the normal section of the surface 
made by a plane through the tangent to the path, it is proved 
in solid geometry that p = p' cos x- We therefore have 

+ R ( 2 ). 

P 

536 , If a, & are the radii of curvature of the principal sections of the surface 
at P, the angle the tangent to the path makes with the section a, we have by 
Euler’s theorem 

1 cos^ (p sin^ 0 
p'~ a h * 

Let t’l, Vo be the resolved velocities of the particle along the tangents to the 
principal sections, then v-^=v cos <p and sin p. The equation (2) then takes 
the form * 

537, If the forces are conservative, the velocity of the paHicle 
is given by the equation (1) in terms of its coordinates at any 
instant and of ike initial conditions. To determine the velocity 
at any point we do not require to know the path by which the 
particle arrived at that point (Art. 181). 

The pressure R is given by (2) in terms of the velocity at 
that point, the normal component of force and the radius of 
curvature of the normal section of the surface through the 
tangent. The pressure is therefore also independent of the path. 
The whole eneupy O being given, the pressure depends on the 
position of the particle and the direction of motion. 

The equation (2) shows that the acceleration of the particle 
normal to the surface is v^jp'. It is therefore independent of the 
position of the osculating plane but depends on the direction of 
motion. 


538, To find the path of the particle we resolve in some 
third direction. Choosing the direction P^, we have 

— smx = -^ (3), 
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where F is the component of the impressed force along that 
tangent to the surface which is perpendicular to the path. This 
may also be wTitten in the forms 


mV- , jy mV- jy 

P P 


where p" is the radius of curvature of the projection of the path 
on the tangent plane. It is also called the geodesic radius of 
curvature. 


539. Geodesic path. If the only impressed forces acting 
on the particle are normal to the surface, F == 0, and the third 
equation shows that either sin % = 0 or that the path is a straight 
line. The path is therefore necessarily a geodesic line. 

If the surface is rough, the friction acts opposite to the 
direction of motion, and F would still be zero. So also if the 
particle moves in a resisting medium the resistance is opposite to 
the direction of motion. Generally we conclude that the path of 
a particle on a rough surface in a 7 'esisting medium when acted on 
hy forces normal to the surface is a geodesic. 

Conversely, if the path is a geodesic line we must have sin = 0 
and therefore F—0. The co^nponent of the impressed force tan- 
gential to the surface 7nust then also he tangential to the path. 


540. To find the radius of curvature of the path and the 
position of the osculating plane when the positioii and direction of 
motion of the particle are given. 

To effect this we use the two equations 


P 


smx = r. 


1 ___ cos^ <f) ^ sin^ (j> ___ cos % 
p' a b p ' 


The particle being in a given position, v-, a and h are known. 
Since ^ is the angle the direction of motion makes with the 
principal section whose radius of curvature is a, we have 

F^ A cos -i- sin <^, 

where A and B are the given components of impressed force 
along the tangents to the principal sections. Thus the values of 
both sin y/p and cos xip follow at once. 
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541. Motion on a surface of revolution- When the 
surface on which the particle moves is one of revolution^ it is 
generally more convenient to use cylindrical coordinates » 

Let the axis of figure be the axis of z and let ^ he the 
distance of the particle P from that axis. Let the equation of 
the surface be z Let U be the work function, and let the 

mass be unity. The equation of motion obtained by resolving 
perpendicularly to the plane zOP is 


1 d dU 


( 1 ). 


We have also the equation of vis viva 

^ = U+G (2), 


which, by using the equation of the surface, may be written in 
the form 

+ ( 3 ). 

Here accents denote differentiations with regard to the time. 

By solving (1) and (3) we determine the two coordinates 
in terms of the time. 


In certain cases the solution can be effected. The equation 
(1) gives 

Let the impressed forces be such that 

r-U = FU<i>)+F,(^,z) (4), 

where Fj, are arbitrary functions. We then have 

= ••• W<^'^ = F,{4>) + a...{o). 

Substituting this value of in (3) we find 

hrr- {i + ^)+g^^-a (6). 

Since ^ is a known function of the variables in this equation 
are separable. The determination of ^ as a function of t has 
therefore been reduced to integration. The differential equation 
of the path is found by dividing (5) by (6). It is evident that 
here also the variables are separable. 
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Since the expression for the vis viva, given in (3), can be 
written in the form 

where P is a function of ^ only, this solution is an example of 
Liouviile's method of solving Lagrange's equations; Art. 522. 

542. Motion on a sphere. When the surface on which 
the particle moves is a sphere, we may use polar coordinates, the 
centre being the origin. The equations corresponding to (1) and 
(3) of Art. 541 are found by putting f=^sin6>, where I is the 
radius ; we then have 

P ) = ^ , ir- [6'"- + sia’‘d4>'^} =U+G. 

These admit of integration when U, expressed in polar coordinates, 
has the foi’m 

sin“dU' = ^x(r, <^) + F„.{r,d). 

The resulting integrals are 

I P = F, (I, <i>) + A 

sm^ee''‘ = J'a (l, 0) + C sin^e - A 

543. Examples. Ex. 1. A particle of mass m moves on the inner surface 
of a cone of revolution, whose semi-vertical angle is a, under the action of a 
repulsive force from the axis ; the angular momentum of the particle about 
the axis being m/s/fctan a; prove that its path is an arc of a hyperbola virhose 
eccentricity is sec a. [Math. Tripos, 1897.] 

Resolve along the generator and take moments about the axis, thus avoiding 
the reaction. Art. 541. These prove by integration that the path lies on a plane 
parallel to the axis. The angle between the asymptotes is therefore equal to the 
angle of the cone. 

Ex. 2. A particle P moves on a sphere of radius I under the action both of 
gravity and a force X=filx^ tending directly from a vertical diametral plane taken 
as the plane of yz. Show that the determination of the motion can be reduced 
to integration. If the particle is projected horizontally from the extremity of the 
axis of Xf show that when next moving horizontally, it is in a lower position. 

Ex. 8. A particle is acted on by a force the direction of which meets an 
infinite straight line at right angles and the intensity of which is inversely 
proportional to the cube of the distance from AB. The particle is projected with 
the velocity from infinity from a point P at a distance a from the nearest point O 
of the line in a direction perpendicular to OP and inclined' at an angle a to the 
plane A OP. Prove that the particle is always on the sphere the centre of which 
is 0, that it meets every meridian line through AB at the angle a, and that it 
reaches the line AB in the time sec ajjfi, where p. is the absolute force. 

[Math. Tripos, I860.] 
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Ex. 4. A particle moves on a spherical surface of unit radius, its position 
being determined by its polar distance ff and its longitude <p. If the tangential 
acceleration is always in the meridian, and sin-dd^/dt =7^, Gotd = u, prove that 

its value is (1 4- u“) • 

Prove also that the law of force perpendicular to the equatorial plane under 

which the sphero-conic can be described is that of the inverse 

sin-* d sin-* a sm- 0 

cube of the distance. [Math, Tripos, 1893.] 

Ex. 5. A particle moves on a smooth helicoid, z = aip, under the action of a 
force jur per unit mass directed at each point along the generator inwards, r being 
the distance from the axis of z. The particle is projected along the surface 
perpendicularly to the generator at a point where the tangent plane makes an 
angle a with the plane of icy, its velocity of projection being Prove that the 

equation of the projection of its path on the plane of xy is 

1 + a^lr^—see^a {cosh (0/cos a) [Math. Tripos, 1896.] 

544. Cylinders. Ex. 1. A particle moves on a rough circular cylinder 
under the action of no external forces. Prove that the space described in time t is 

— log + where the particle has initially a velocity F in a direc- 

tion making an angle a with the transverse plane of the cylinder. 

[Math. Tripos, 1888.] 

Ex. 2. A heavy particle moves on a rough vertical circular cylinder and is 
projected horizontally with a velocity V. Prove that at the point where the path 
cuts the generator at an angle 0, the velocity v is given by 

agjv^ sin® log (cot 0 + cosec 0) , 

and that the azimuthal angle 6 and vertical descent z are agd=^v^d<f> and 
yz=Ju® cot 0d0, the limits being 0=^ir to 0. [Math. Tripos, 1888.] 

The cylindrical equations of motion give 

^ (u sin 0)= - sin^ 0, ^ [v cos <j>)=g-- i7®siu® 0 cos 0. 

CLt Ctt €L 

First eliminating dt and putting v = l{w we obtain the first result. Secondly 
eliminating p. we obtain the others. 

Ex. 3. A smooth cylinder whose cross section is a cardioid is placed with its 
generators inclined at an angle a to the vertical and having the generator through 
the cusp in its highest position, and a particle is projected from the cusp line with 
velocity V along the inner surface of the cylinder inclined at an angle ^ to the 

generator; show that it will leave the surface if » where 2a is the 

breadth of any section through the cusp. [Math. Tripos, 1887.] 

545 . String on a snrfetce. Ex. 1. A string, one end of which is fastened 
at a point of the surface of a smooth circular cylinder whose axis is vertical, winds 
round the cylinder for part of its length, and terminates in a straight portion of 
length c at the end of which a particle is tied. Show that when the particle is 
projected in the direction horizontal and perpendicular to the string it begins to 
rise or fall according as the velocity is greater or less than sin a {gc sec a)^ ; a being 
the angle at which the string cuts the generators. 
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Prove also that during the ensuing motion i ^ (r^w) -faa;®=:0; r being at any 

time the length of the projection of the straight portion of the string on a 
horizontal plane, the angular velocity of the vertical plane drawn through the 
string and a the radius of the cylinder. [ColL Ex. 1895.] 

Ear. 2. A string is wound round a vertical cylinder of radius a in the form of 
a given helix, the inclination to the horizon being i. The upper end is attached to 
a fixed point on the cylinder, and the lower, a portion of the string of length 
I see i having been unwound, has a material particle attached to it which is also in 
contact with a ’ rough horizontal plane, the coefficient of fiiction being ju.. 
Supposing a horizontal velocity V perpendicular to the free portion of the string 
to be applied to the particle so as to tend to wind the string on the cylinder, 
determine the motion and prove that the particle will leave the plane after the 
projection of the unwound portion of the string upon the plane has described 
an angle 

— 4 —. log „ i. • [Math. T. 1860.1 

jEx. 3. A fine string of length I is fastened to a point A of a smooth cylinder 
of radius a, and, being wound round the cylinder, has a particle of given mass 
attached to the fiee end. Show that, if the particle is projected in any direction, 
it will, so long as the string is tight and some portion of it remains wound on the 
cylinder, describe a geodesic line on the surface 

CL CL 

where the axis of the cylinder is the axis of z, and the axis of x is the radius 
through A. 

Show also that the particle cannot be so projected that the string shall not slip 
on the cylinder, except when the path lies in the plane of the circular section of 
the cylinder drawn through A. [Math. Tripos, 1893.] 

S'®®- aauss^ coordinates. The motion of a particle on a surface may also 
be investigated by using the geodesic polar coordinates of Gauss. In this method 
every surface has a geometry of its own, in which all the lines under consideration 
are drawn on the surface. The geodesics on the surface correspond to straight 
lines on a plane, and the properties of the figures are discussed by reasoning 
analogous to that of two dimensions. 

Let 0 be any origin, p the length of the geodesic drawn from O to any moving 
point P, Let co be the angle OP makes with some fixed geodesic Ox. Let OP' be 
a neighbouring geodesic, PL the perpendicular to OP'. Then in the limit LP' — dp, 
FL — Pdta. The theorem that OP = OL is proved in Salmon’s Solid Geometry, 
Art. 394, edition of 1882. The quantity P is a function of p and whose form 
depends on the particular surface under consideration. On a plane P=p, and on 
a sphere of radius a, P=asin pja. On an ellipsoid when the origin O is at an 
umbilicus, P=y cosec w, where w is the angle the geodesic OP makes with the arc 
containing the four umbilici. The difficulty of finding the value of P for any 
surface prevents this method from coming into general use. 

The vis viva 2P of a particle of unit mass is given by 
T=|{p'2+p2„'a), 

where accents as usual denote differential coefficients with regard to the time. 
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Let TJ be the work function ; G the accelerations at P along and perpendicular 
to the geodesic radius vector OP. We have by Lagrange’s theorems, 


d dT dT dU ^ ^ „ ^dP ,, 

_ = __p. /. P=p"-P— 

dt dp dp dp dp 


•(I). 


dt d(*}' 


(IT 

d(t) 


= J^=PO; 


Id^ dP 


dP dP , dP 
Since — = - Y - p +- T-o 

dp d(j3 


dt 


this reduces to 

^ dP ^ ^ dP , , 

G=Pti3 -f* 03^ + 2 -z- CO p . 

du dp 


( 2 ). 


5^7, We may also arrive at these results without using Lagrange^s equations. 
Let Uf V be the component velocities of P along and perpendicular to the tangent 
FT at P to the geodesic OP. Let P'T' be the projection of the tangent to OP’ on 
the tangent plane at P. Since the tangent planes at P, P' make an indefinitely 
small angle with each other the component velocities at P along and perpendicular 
to PT' are u + d^i and v-^dv. If dd be the angle PT makes with P'T, the accele- 
rations along and perpendicular to PT are (as in Art. 225), 


,_du dd r — - 

~ dt ^ dt ' '~dt‘^^dt 


Nowu=:p’, v = Po}', and by a theorem proved in Salmon’s Solid Geometry, Art. 
dP 

392, = We therefore have 

dp 

■r7 » -o /-r. / ydP 

These reduce to the same forms as before. 


540. Ex. A particle P, constrained to move on an ellipsoid, is attached to 
an umbilicus by a string of given length, which also lies on the surface. Prove 
that the particle describes a geodesic circle with a uniform velocity V, and that the 
angular velocity of the string about the umbilicus is V sin w/?/. Prove also that 
the accelerating tension is cos ^jy, where is the angle the tangent at P to the 
string makes with the axis of y. 

540. l>evelopal3le surfaces. When the surface on which the particle moves 
is developable, we may sometimes fix the position of the particle by using the edge 
as a curve of reference. Let s be the arc of the edge measured from some fixed 
point A to a point Q such that the tangent at Q passes through P. Let QP~u 
measured positively in the same direction as We then have 

-f (w’ + s')\ 

P" 

The form of the surface being given, the radius of curvature p of the edge at 
is known as a function of s. When U is given as a function of ti and s the 
Lagrangian method supplies two equations to find the coordinates u and s. 

Ex. A heavy particle moves on a developable surface whose edge is a helix 
with its axis vertical. Obtain two integrals by which s' and u' may always be 
found in terms of it and s. Show also that if the particle is projected along a 
tangent to the helix, it will continue to describe that tangent. 
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Motion of a heavy particle on a surface of revolution, 

550. To find the motion of a heavy j^cirticle on a surface of 
^'evolution the axis of which is vertical. 

Let the axis of ^ be the axis of the surface and let ^ be 
measured upwards. The velocity v is then given by 

v^=^2g{h-z) ( 1 ), 

where A is a constant depending on the initial conditions. Let 
the plane ^ = /i be called the level of no velocity. 

Let ^ be the distance of the particle P from the axis of figure, 
and ^ the angle the plane zOP makes with the plane zOx. Then 

<")• 

where mA is the constant angular momentum and its value is 
known when the initial values of ^ and dcj>ldt are given ; Art. 492. 
The velocity v at any point being given by (1), the angular mo- 
mentum A must lie between zero and v^. It is the former when 
the particle is moving in the plane zOP and the latter when 
moving horizontally. The particle therefore can occupy only 
those points of the surface at which v^>A, i.e. those points at 
vhich 2g (h — 5 ) p > A^ If then wip describe the cubic surface 

(h^z)^^=^A^l2g ( 3 ), 

he f of the particle for any value of z must be greater than the 
jorresponding f of the cubic surface. 

This cubic divides the given surface of revolution into zones, 
leparated by horizontal circles, and the particle can move only in 
those zones which are more remote from the axis of figure than 
he corresponding portions of the cubic. The zone actually moved 
n is determined h}^ the point of projection. The particle moves 
ji'ound the axis of figure and must continue to ascend or to descend 
until it anives at a point at which the vertical velocity can be 
zero, that is, until it reaches one of the boundaries of the zone. 

If the particle is projected horizontally it is on the boundary 
of two zones. It will move on that neighbouring zone which is 
the more remote from the axis than the corresponding portion of 
the cubic. If the cubic touch the surface of revolution, the 
particle is situated on an evanescent zone and will then describe 
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a horizontal circle. The path is stable or unstable according as 
the neighbouring zones are less or more remote from the axis of 
figure than the cubic surface. 

551 . Ex. particle is projected horizontally icitli a velocity V at a point 
whose coordinates are z. Will it rise or fall? 

If mR be the pressure on the particle, the angle the radius of curTatnre 
makes with the vertical, we see by resolving vertically, that the particle if inside 
and ^ < Att will rise or fall according as R cos ^ is greater or less than g. 

To find R we resolve along the normal to the surface. Since the particle is 
moving along that principal section whose radius of curvature is the normal n, 
we have, V^jn^R- g cos Art. o3G. Since n sin we see that the particle will 
rise, fall, or describe a horizontal circle according as F“ is greater, less, or equal to 
tail If z=f{^) be the equation of the surface of revolution, tan ^—dzjd^. 

To find the level to which the particle will rise or fall we use the cubic surface 
described in Art. 550, the constants A and h being known from the equations 
V^ = A, V^—2g{h-z). The intermediate motion may be deduced from the equations 
{!), (2) of the same article. 

552. Ex. To find the pressure on the paiticle when in any position. 

We use the formula given in Art. 536. The principal radii of curvature of the 

surface are the radius of curvature p of the meridian and the normal n. The 

velocity perpendicular to the meridian being i\ = ^d^fdt, the velocity Vj along the 

meridian is given by + The formula 

vA V.? _ 

— -P — = R-g cos 
p n 

shows that 

, 2g(h-z) A^ fl 1\ 

Tt=g cos \p+- + -CT ) • 

P r pj 

This problem has a special interest because we can use it to represent experi- 
mentally the path of a particle under the action of a centre of force. If Q be the 
projection of the particle on a horizontal plane, the motion of Q is the same as 
that of a particle moving under the action of a central force whose magnitude is 
R sin If then a surface is so constructed that the generating curve satisfies the 
difierential equation E smyz-pj^-, where E has the value given above, the path of 
Q should be a conic with a focus at the origin. 

The experiment cannot be properly tried with a particle, for the surface must 
then be very smooth. It is better to replace the particle by a small sphere which 
is made to roll on a rough surface, but in that case, the theory must be modified to 
allow for the size of the particle. Nature, 1897. 

553. Small oscillatioz].. Ex. A heavy particle P, describing a horizontal 
circle on a surface of revolution, is slightly disturbed. It is required to find the 
oscillations to a first approximation. 

The plane zOP may be reduced to rest if we apply to the particle a horizontal 
acceleration ^{dq>ldt)% Art. 495. Since ^d^]dt=zA, this acceleration is equal to 
Resolving along the meridian, we have 

dPs A- , . , 

^ = -^cosf-asmf, 

■where yp is the angle PGO which the normal to the surface makes with the axis. 
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Let the radius of the mean circle be NjFi=c and let the normal to the surface 
at any point of its circumference make an angle PiG^O^y with the vertical. 



Since 5 may be taken to be the arc of the meridian between the particle and the 
mean circle, we have 

|=i:C+SCOSy, :p = y-^8lp, 

where p is the radius of curvature of the meridian at its intersection with the 
mean circle. 


dh 


Substituting, we find by Taylor’s theorem •^=F- 


F= ^ cos 7 -^ sin 7 , 


. A® sin 7 3 ^- 008^7 pcos7 

p2_ L-f. 1 ^ z 1 . 

c^p c* p 


The position of the circle of reference is as yet arbitrary except that the 
deviation s must be small. Let it be so chosen that the mean value of s (taken for 
any long time) is zero; we then have The mean circle and the angular 

momentum md are so related that A^=c^giB.Tiy^ while the oscillatory motion is 
given by s=:Lsin (pt + il/) where L, M are the constants of integration. 

To find the motion round the axis of figure we use the equation ^d<f>ldt — A ; 


d<p 
dt ' 




A 

2A cos 7 
^3 * 

where N is the constant of integration. 

If we write w for the mean value of d<pldty we have A=c^ui. We then find 


. At 


-cos (pt-f-il/) + N, 


C(a^—g tan 7, = ^ <^08^7^ + . 

The time the particle takes to travel from the highest position to the lowest or the 
reverse is 7 r/_p. 

564- Tlie Paraboloid. Ex, 1. A smooth paraboloid is placed with its axis 
vertical and vertex downwards, and its equation is p=4az. A heavy particle is 
projected horizontally with velocity F, the initial altitude being z=:h, show that the 
particle is again moving horizontally at an altitude z=F®/ 2 y. Show also that 
the pressure on the surface at any point of the path is inversely proportional to the 
radius of curvature of the parabola. 
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To prove the first, we notice that the angular momentum A = V( where 
The cubic ^{h — z)^A“j2g becomes z- — hz ’hV^bl2g = 0t one root of the quadratic 
being s = &, the other b' is given either hjb + b' = h or Z>'= VJ2g. The second part 
follows from Art. 552. 


If the time T of passing from one limit to the other be required, we first 
notice that 




-b) (b'-z)^ 

the limits being b and This integral can be reduced to elliptic forms by putting 

a-i-z = (b' + a) cos® 0, 


Ex. 2. A particle moves under the action of gravity on a smooth paraboloid 
whose axis is vertical, vertex downwards and latus rectum 4a. If the particle be 
projected along the surface in the horizontal plane through the focus with a 
velocity jy/(2nap), prove that the initial radius of curvature p of the path, and the 
angle d which the radius of curvature makes with the axis, are given by 

(71- -t- 1) p = 27ia >y/2, (1 -- n) tan ^ = 1 -f- a. [Math. T. 1871. ] 


Ex. 3. A heavy particle moves on a paraboloid with its axis vertical, the 
equation of the surface being x^la + y-J^=:4z. Show that the particle when moving 

z(k-z} 




horizontally must lie on the quartic surface ~ ( 

where -r, = -r, + ^ + 4, and B is the initial value of ( — + “ + 2a i . Show also 

that when the paraboloid is a surface of revolution, the intersection reduces to two 
horizontal planes and two coincident planes at the vertex. 


555. The Conical Pendulum. To find the motion of a 
heavy particle P on a smooth sp.iere^. 

It will be convenient in this problem to take the origin of 
coordinates at the centre 0 of the sphere and to measure Oz 
vertically downwards. Let I be the length of the string OF and 
6 the angle it makes with Oz. Let cf> be the angle the vertical 
plane zOP makes with some fixed plane zOx. Let r be the 


* The problem of the conical pendulum has been considered by Lagrange in 
the second volume of Ms Micanique Analytique. He deduces equations equivalent 
to (1) and (3) of Art, 555 from his generalized equations, and notices that the 
cubic has three real roots. He reduces the determination of t and <p to integrals, 
and makes approximations when the bounding planes are close together. He 
refers also to a memoir of Clairaut in 1735. There is an elaborate memoir by 
Tissot in LiouvilUh Journal, vol. xvii. 1852. He expresses £, z, <t> ^ 

elliptic integrals in terms of t£. A long communication by Chailan may be found 
in the Bulletin de 8oc. Math, de Franxe, 1889, vol. xvn. There is a brief discussion 
of this problem in GreenhiU’s Applications of Elliptic Eumtiom, 1892, Art. 208. 
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distance of P from Oz, Let h be the altitude above 0 of the 
level of zero velocity. We now proceed as in Art. 550. 

By the principles of.angular momentum and vis viva, 


Eliminating d(f>/dt and writing r = Z sin 0, 




2g{h-\-l cos 9) sin®^ — p- 


.( 2 ). 


Putting cos 6, this may also be written in the form 

= 2g{h + z){P-z-)-A^ 

To find the positions of the horizontal sections between which the 
particle oscillates (Art. 550), we put dzjdt^O. We thus have 
the cubic 

Qi + z) (l^ - z^) - A^I2g = 0 (4). 

Since the initial value of z must make (dzjdty positive, the 
left-hand side of the cubic (4) is positive for some value of ^ 
lying between z=±L When z^±l the left-hand side is negative, 
hence the cubic has two real roots lying between + I and separated 
by the initial value of z. Let these roots be ^ = a and ^ = 6. 
Lastly when z is very large and negative the left-hand side is 
positive, the third root of the cubic is therefore negative and 
numerically greater than 1. Let this root he z = --c. The ^article 
oscillates between the two horizontal planes defined by z-= a, z — b. 

Since the cubic can be written in the form 
^Jrhz^- Pz + {A^l^g - Ph) = 0, 
we have the obvious relations 


a + b — G^ — h, (a + b)c — ab = l% abc — A^j^g — Ph. 

Conversely, when the depths a and b of the two boundaries of 
the motion are given, the values of the other constants of the 
motion, viz. c, h, and A, follow at once. We have 


P + ah ^ ( P-a?) {P-¥) 
a + b ' 2g a + b 


h = c — a — b. 


55©. Ex. Prove (1) that one of the two horizontal planes bounding the 
motion lies below the centre; (2) that the plane equidistant from the two bounding 
planes also lies below the centre ; (3) that both the bounding planes lie below the 
centre if 2ght^<A-; (4) if a length OC=zc he measured upwards from the centre O, 
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the point C is not only above the top of the sphere, but above the level of zero 
velocity. 

To prove (1), we notice that if all the roots were negative, every coefficient of 
the cubic (4) would be positive, which is not the case. To prove (2) ; since both 
a and b are numerically^ less than it follows from the value of c that a-^h is 
positive. (3) The two roots a and h will have the same or different signs according 
as the left-hand side of the cubic when z = 0 and z = f has the same or different 
signs. The fourth result follows from the fact that c - h, i.e. a-^b, is positive. 

The first and third results follow also from Descartes’ rule of signs; for since 
ail the roots of the cubic are real, there are as many positive roots as changes of 
sign, and as many negative roots as continuations. 


557. Ex. To find the tension of the string we produce the radius vector OF 
outwards to a point Q so that PQ is half the length of the string. Let z' be the 
depth of Q below the level of zero velocity. Prove that the tension mR is given 
by lR — 2gz'. Thence show that the string can become slack only when Q ct'osses 
the level of zero velocity. It may be noticed that the tension or pressure on a 
sphere is independent of the angular momentum mA. 

558. Ex. 1. A 'particle P is projected horizoyitally with a velocity V. 
Determine whether it xoill rise or fall, and find the position of the other boundary to 
the motion. 

Let the initial radius OP make an angle a with the vertical. Resolving along 
the normal, we find that the initial tension mR is given by R = g eos a + V^/l. 
The particle will rise or fall according as JR cos a is > or <y, that is, according as 
y^cos a is > or cZy sin^a. If these are equal the particle describes a horizontal 
circle. See Art. 551. 

To determine how far it will rise or fall, we notice that one root of the cubic in 
Art. 555 is known, viz. z=zl cos a; the cubic may therefore be reduced to a quadratic. 
But it is more easy to repeat the reasoning. We have by the principles of angular 
momentum and vis viva 

^|f=FZBina. vf§y + >-[^y=V^+2gncos8-oos.). 

Eliminating dtpjdt and putting zero for ddjdt, the limiting values of 6 are 
found from 

ra V^-+2gl (cos B-coea) ; 

(cos ^ -f- cos a) = 2gl sin^ ff. 

Putting V'^l2gl=2n for brevity, we find 

cos^= -- 7£4->s/(l - 2/1 cosa+/i®), 

where the positive sign is given to the radical because cos $ must he less than unity. 
This value of cos 6 and cos ^=cos a determine the positions of the hounding planes 
of the motion. 

Ex, 2. A heavy particle, constrained to move on the surface of a smooth 
sphere of radius a, is projected horizontally with a velocity V from a point on the 
surface whose depth below the centre is x. Prove that, when next moving hori- 
zontally, the depth x' of the particle below the same point is given by 
2g - a2) + + = 0. 
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Ex, 3. In the centre of a hollow sphere resides a repulsive force. A heavy 
particle is projected horizontally along the surface of the sphere from a point 
distant 60® from the highest point with a velocity due to falling through the 
diameter by its weight only. Prove that it will be again moving horizontally at a 
point whose distance from the lowest point is tan-^^yf* [Coll. Ex.} 

Ex. 4. A particle is attached by a string to the top of a hemispherical dome, 
and is projected horizontally along the interior surface, which is rough, with a 
velocity Just sufficient to prevent it from at once leaving the surface. Find the 
velocity after describing a given arc, and show that it will, always remain in contact 
with the surface. . [Math. Tripos, 1853.] 


5S9. Ex. 1. Shoio that the radius of curvature of the path and the inclina- 
tion X of the osculating plane to the normal to the sphere are given hy 


£ 


1 + 



tanx = 


0 ^ 


where v is the velocity and mA the constant angular momentum. 


We follow the method given in Art. 540. Let F be the component of accele- 
ration along that tangent to the sphere which is perpendicular to the direction 

of motion. Then = 7 , — sin x=^- To find F, we notice that the accelera- 

p I p 

tion perpendicular to the meridian plane is zero, while that tangential is g sin B. 
Hence if the direction of motion makes an angle with the meridian, 


F = p sin 6 sin xj/. 

Since the components of velocity in and perpendicular to the meridian plane are 
a$' and a sin dtp' 3 we have vco8xp=ad'f v sin sin 0(p' . Choosing the latter 
component to find xp and remembering that f-sin^ Sp' — Ay the values of cos xIp 
sin xIp are evident. 


Ex. 2. A particle is projected with velocity V horizontally from a point on 
the surface of a smooth sphere. Prove that the radius of curvature of its path is 
lyn 

— ^ where 1 is the radius of the sphere and a the inclination to the 
vertical of the radius at the point. [Coll. Ex. 1881.] 


Ex. 3. A particle is projected inside a smooth sphere of radius I with a velocity 
.J2gl along a tangent to the horizontal equator, prove that at first the radius of 
curvature is 2lf»Jo. [Coll. Ex. 1897.] 


560. Ex. Prove that the projection of the path of the particle on a horizontal 

(IT 

plane is a central orbit described under a force JR sin ^ {2h + Bj>f{l- ~ ichere 
the radical changes sign when r^ I. 

Show also that if the two roots a and 6 of the cubic in Art. 555 have the same 
signs, the central path is a spiral curve touching alternately two circles whose 
radii are and the curve being always concave to the centre of 

force. If a and b have opposite signs the central path after touching each bounding 
circle, touches the circle r=l and then touches the other bounding circle. There 
will be a point of inflexion only if i? vanishes and changes sign. 
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561. Ex, If we write + l cos^ = /ccos^, the general equation of motion of 

a conical pendulum may be reduced to the form 

= ~ (cos 30 - cos 3a), 
by properly choosing the constants k arid a. 

Show that these values are 

Q Oj2 Q Q 

K=; + 3P), - IC» cos 3a= — + - 3 hP. 

6 g Jh ( 6 

Find also the positions of the bounding planes when the constants k and a of the 

motion are given. 

562. Time of passage. The motion of the particle as it 
travels from one boundary to the other may he found by an elliptic 
integral. 


We write the equation (3) of Art. 555 in the form 
V(2ff) ^ ^ f dz 

I J \/(a — z){z — b)(z + c)’ 

where the limits are a and z=^hy and a >b. Putting = u — f ", 
the integral takes a standard form which is reduced to an elliptic 
integral by writing f = sin — b), i.e. we write 

z== a cos^ -^-^b sin^ ; 

• ^ f 


where 


a — b ah 

u 4- c’ a-f b 


If the time of passage, from one boundary to the other is required, 
the limits are 0 and 


If the two hounding planes are close together, k is small By 
expanding in powers of k and effecting the integrations we find 
that the time from one boundary to the other is given by 



If the tioo hoxmding planes are also close to the lowest point, 
we put 

a = ^ cos a = ^ (1 — b — l cos ^ ^ (1 — 

We then find that the time of passage from one boundary to the 
other is 


t 


IT 

2 



" 10 r 
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the fourth powers of a and 0 being neglected. This result is 
given by Lagrange. 

Let U" r and K be the value of ti when 

Jo \/(l-x-sin.-f') 

= ^TT. Let t be the time of passage from the lower boundary 
to the depth ^ defined by any value of and T the time from 
one boundary to the other, then tfT — ujK. 

563. Ex. 1. Prove that when Half the time of passing from the lower to the 
upper boundary has elapsed, the particle is above the mean level between the two 
boundaries. Prove also that the depth of the particle is then {k'cl -h h)j{K' + 1), where 
k'^-1-k^. [Tissot.] 

Ez. 2. Prove that when a quarter of the time has elapsed, the depth z of the 
particle is 

_G (sj{l + 1) + (>/(l + k') - ^k') 

(i+V<c')N/(i+4 

564. The apsidal angle. To find tlie change in the value 
of <p as the particle moves from one hounding plane to the other. 

Eliminating dt between (1) and (3) of Art. 555 we find 

_ f 

where the limits of integration are 0 = b and z = a^ and a >b. 
Putting a = + /z, b — in — /i., z — m + ^ so that m is the middle 

value of z and fjt, the extreme deviation on each side of the middle, 
we have 

y(%). ^ r ^ 

j^l J f V (ni + c + f ) {Z^ — (m + !’)'“} ’ 
where the limits are f = — ytz and jju. 

566. When the hounding planes are close to each other, the 
range /z of the values of ^ is small. If also the planes are not 
near the lowest point, the two last factors in the denominator 
are not small for any value of f. We may therefore expand 
these in powers of f and thus put the integral into the form 

<!> = + + = ^(P + W)- 

After calculating P and P, this gives 

ttZ J 3 (3Z^ 4- 13?A^) m“/z^ ] 

^ V(Z“~+ 3m^) Y 4 (Z2“m2) (P +" * 
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5fi6. If both the hounding planes are near the loicest point of the sphere^ I and 
z are nearly equal, and the last factor in the denominator of (p (Art. 564), may be 
so small that its changes in value are considerable fractions of itself. We write 
the integral in the form 


f dz 1 

Al J ^{a-z)s!{z-h){l~z) * ^(c-f 2) (l-rz) ' 

The two factors in the denominator of the second fraction are not small and these 
may be expanded in powers of some small quantity properly chosen. We shall 
make the expansion in powers of I- z=7}. 


Remembering the values of A and c found in Art. 555, we have 




[ 


all these integrals are common forms. To find the first we put I - = l/w. We have 

f ^ ^ f 

J s/{a-z}sj{z-b){l-z) ~ ^1(1-0) J{l-b) J ^(a ' 

where a and p are two constants which we need not calculate. For since the 
limits of the first integral, viz. 2 ;= a, z=hj make the denominator vanish, the 
limits of the other must be u=a, w=/3. Putting + we see at once 

that the value of that integral is r. ' Since r}=l-z the values of the remaining 
integrals have just been found. Hence 


rr (. 

^=2- i 




.b){ 


a + h 


{l + a)(l + b) 




where we have written for c + its value given in Art. 555. 

If Pj q be the radii of the circles which bound the oscillation, we have 




t 

2V 



and in the small terms which contain the product pq as a factor, we can write 
a=l,b = l; hence (see Art. 562) 


<!> 


TT 




~2Vi;r 16 


The first of these results differs from that given by Lagrange. The correction 
was first made by M. Bravais in a note to the Mecanique Analytique. 


567. Bx. A simple spherical pendulum of length I is drawn out to the 
horizontal position and is then projected horizontally with a velocity 2pl Show 
that, if 6 is the angle that the string makes with the vertical, and <p the azimuthal 

angle of the vertical plane through the string, sin $ sin ^/2 cos d, where 

u is equal to [Math. Tripos, 1893.] 
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Motion on an Ellipsoid. 

568. Cartesian coordinates. To find the motion of a 
particle of imit mass on an ellipsoid*. 

Let X, F, Z be the components of the impressed forces in 
the directions of the principal axes. Let R be the pressure on 
the particle measured positively inwards. Since the direction 
cosines of the normal are pxja^ &c., the equations of motion are 

= y"=Y-Rp^„ 

where accents denote differential coefficients with regard to the 
time. We also have from the equation of the surface 


£:+E + i = i 


+ ^,2 + 


zzf' x'- z- - 

■ — + — +^+- =0 
c- a-*. 0 - & 


•( 2 ), 

.(3). 


xx yy 

a- b“ C“ a- 6- 
Multiplying the dynamical equations (1) by w', y\ z\ adding and 
integrating, we have 

i (x'- + -}- F-) = (7 -f-/ (Xda; + Ydy -h Zdz) (4) ; 

where U is the work function and (7 is a constant. This is of 
course the equation of vis viva. 

Substituting from (1) in (3), we find 




^ The motion of a particle constrained to remain on an ellipsoid is discussed 
by Liouville in his Journal^ vol. xi. 1846. He uses elliptic coordinates and shows 
that the variables can be separated when XJ - v-) = Fj {(t) ~ (v). There is also 

a paper on the same subject by W. R. Westropp Roberts in the Proceedings of the 
Mathematical Society, 1883. He also uses elliptic coordinates and especially treats 
of the case in which the path is a line of cur^^ature. The case in which the 
particle is attracted to the centre by a force proportional to the distance is solved 
in Cartesian coordinates by Painleve, Lerons siir V integration des equations dijfe- 
rentielles de la ISUcanique^ 1895. He also treats separately the limiting case of a 
heavy particle moving on a paraboloid whose axis is vertical. There is a short 
paper by T. Craig in the American Journal of Mathematics, vol. i. 1878. He 
discusses the same problem as Painleve, beginning with Cartesian coordinates, but 
passing quickly to Elliptic coordinates. He shows that the path is a geodesic when 
the central force is zero and the particle is acted on by what is equivalent to a 
force tangential to the path and varying as / (t) + P" (s) v where s is the arc described. 
This result follows also from Art. 539. 
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1 _ Z® m? n- 


■(6), 


In an ellipsoid we have 

where D is the semi-diameter of the ellipsoid whose direction 
cosines are (Z, m, n). Also the radius of curvature of the normal 
section whose tangent is parallel to D is p = Taking D to 

he parallel to the tangent to the path l — x'Jv, m = ylv, n = z'/v. 
The equation (5) is therefore the Cartesian equivalent of 

R=--N (7), 

P 

where N" is the inward normal component of the impressed force. 

569. In certain cases we may find another integral. Differ- 
entiating (5) and remembering (6), we have 


_ ~ 9 (tIL a. OL j- _ (— 

dt\p) V a® h- c^ dt\ a:- 

Substituting for y'\ from (1) and using (6), 


Yy Zz 

_j_ 4_ 


cV ' 




-l-if 

\ 

cZZ Vj 

0 / \ 


dXx\ , p 

■ tt) 




.( 8 ). 




c^(xP dt ' 


If then the forces acting on the particle are such that 

...(9), 

we have • R = Ap^ * (10). 

Substituting in (5) or (7), we have the third integral which may 
be written in either of the forms 


X 


y'‘^ z'^ Xx Yy Zz 


+ + ^ + 


a*' 




'^-N=A'f 

9 


( 11 ). 


If only the direction of motion is required, we eliminate v 
between the equations (4) and (7). Remembering that p = R“/p, 
we see that the direction of motion at any point of the path 
is parallel to that semi-diameter D whose length is given by 

02V 



352 


MOTION ON AN ELLIPSOID. 


[chap. VII. 


Supposing the condition (9) to be satisfied we notice that 
when the initial velocity and direction of motion are such that 
the equation (11) gives JL = 0, it follows by (10) that the pressure 
R is zero throughout the 7 notion. The particle is therefore free 
and moves wwonst^xviued hy the ellipsoid. Conversely, if the 
particle, when properly projected, can freely describe a curve on 
the ellipsoid, the condition (9) is satisfied. If it can describe the 
same curve when otherwise projected, the pressure varies as p^. 

If the components X, F, Z do not satisfy the condition (9), 
we may sometimes make them do so by adding to them the 
components of an arbitrary normal force F and subtracting F 
from the reaction R. The condition (9) then becomes 


1 ^ / V .3\ 1 ^ ^ 

n-a'- dt. ^ ^ iry^ dt 






whei-e F is an arbitrary function of cc, y, z and p is a function of 
a?, y, given by (6). The equation (10) then becomes R = F ^ Ap\ 
It is only necessary that the condition (9) should hold for the 
path of the particle, but as this is generally unknown, the con- 
dition should be true for every arc on the ellipsoid. 


570. Ex. A particle is acted on by a centre of attractive force situated at the 
centre of the ellipsoid, the force being /cr. If D is the semi- diameter parallel to 
the tangent to the path, prove that 

These reduce to the ordinarj^ formulae of central forces when ^=0. 

Since X= - K.r, &c. the condition (9) is satisfied. The first of the results to be 
proved then follows from (11), for N=Kp. 


571. Ex. A particle P moves on the ellipsoid under the action of a force 
r= ~ Kly^, whose direction is always parallel to the axis of and is projected from 
any point P with a velocity in a direction perpendicular to the geodesic 

joining P to an umbilicus. Prove that the path is a geodesic circle having the 
umbilicus for centre, i.e. the geodesic distance of P from the umbilicus is constant*. 

We see by substitution that the condition (9) is satisfied by this law of force. 
The path is therefore given by 




AiP+~ 

P 



+ 2C, 


vhere, as before, D is the semi-diameter parallel to the tangent to the path. Since 
the cosine of the angle the normal makes with the axis of y is pylb^, we have 


* This result is due to W. E. W. Eoberts, who gives a proof by elliptic co- 
ordinates in the Proceedings of the London Math. Soc. 1883. 
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N=Kplb^K The conditions of projection show that C=0. Hence i = — 

D-* b'^ 

If p, a are the semi-axes of the diametral plane of P 

+ cr‘^ = -f ^ _ y. 2 ^ _ abcjp. 

If also P, P' are two semi- diameters at right angles of the same plane 

j 1 _ 1 1 _ a“ + 6^ -f C" - 2. 

P2 P'2 ^^2"“ arb^c^ ^ ’ 

. 1 __ -f c 2 _ p 

P^P'S < 12 ^ 2^2 ^ 2 p 2 ^ 

Substituting for p and r their Cartesian values 

1 _ 1 a2-hc2 / z^\ f I ^ I , A\ ^ 

V ^2 c^J \a*W • 6^“^ ' 

Using the eq.uation to the surface, this becomes 

11 , ^((a 2 -Z) 2 )(j 2 _c 2 ) Ah^] 

p^D's^aV"*"] o26=c2 * Kjti*' 

Since the particle is projected perpendicularly to the geodesic defined by pD'=ao, 
the coefficient of must be zero. It then follows that throughout the subsequent 
motion pD'=zaCy and the path cuts all the geodesics from the umbilicus at right 
angles. These geodesics are therefore aU of constant length. 

Let w be the angle which the geodesic joining the particle P to an umbilicus U 
makes with the arc joining the umbilici. If ds be an arc of the orthogonal trajectory 
of the geodesies, ds^Pdoj^ where P=y/Bmt«; (Art. 64fi), Since it follows 

that the angular velocity w' of the geodesic radius vector is given by c«)'=~ sin w. 

V" 

"When the ellipsoid reduces to a disc lying in the plane a?p,ithe geodesics become 
straight lines and the geodesic circle reduces to a Euclidian circle having its centre 
at B (Art. 576). The theorem is then identical with one given by Newton, viz. that 
a circle can be described under the action of a force 7= - k/p®. 

The motion of a particle in a geodesic circle under the action of a force, or tension, 
almg the geodesic radius is given in Art. 548, where the result is deduced from 
Gauss’ coordinates. 

572. Ex, 1. A particle, moving on the ellipsoid, is acted on by a centre of 
force situated at any given point E. If the force P is such that the condition (9) 
is satisfied, prove that E^firjP^, where r and P are the distances of the particle 
from E and_ from the polar plane of E respectively. Thence show that, if the 
initial conditions are such that the constant A= 0 , the path is a conic and the 
velocity at any point is given by v^=pN. 

To prove this we pnt Z=G(ar-tt), Y=G{y ~ §)y Z=G{z-y), where G=sFlr 
and (o, jS, 7 ) are the coordinates of E, Substituting in the equation (9) and 
remembering (2) Art. 568, we have an easy differential equation to find G, When 
A= 0 , the particle moves freely on the ellipsoid under the action of a central force. 
The path is a plane curve and is therefore a conic. The equation of vis viva fails 
to give the velocity, but this is determined by (11) Art. 569, when the direction of 
motion is known. 
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Ex. 2. A particle moving on a prolate spheroid is acted on by a central force 
tending to one focus and attracting according to the Newtonian law. Prove that 
the integrals of the equations of motion are 




ar^ a? 


v^='^+G, 

r 


where p is the perpendicular from the centre on the tangent plane, r the distance 
from the focus, and A, B the constants of integration. 


573. Ex. 1. A particle under the action of no external forces is projected 
from an umbilicus of an ellipsoid, prove that the path is one of the geodesics 
defined by pJ) = ac. 

Ex. 2. A particle is projected with a velocity v along the surface of an 
indefinitely thin ellipsoidal shell bounded by similar ellipsoids. Prove that when 
it leaves the ellipsoid the perpendicular p from the centre on the tangent plane is 
given by where R is the radius vector parallel to the initial 

direction of motion, P the perpendicular on the initial tangent plane, M the 
attracting mass and a, Z>, c the semi-axes of the ellipsoid. [Math. Trip. I860.] 


574. Ex, Let the forces be such that -^(XdX + Ydp-^-Zdv) is a perfect 

differential, say for all displacements on the ellipsoid, where X, p are the 
direction cosines of the normal, i.e. \=pxja\ <fec. Prove that 

,j2 'n,f2 

N + N=2p8(5+P), + = 

where B is the constant of integration. 

Divide (8), Art. 569, by p® and integrate by parts. The integrals of the equations 
of motion are then obtained by using (6) and (7), remembering that p=D^lp. 


575. In order to include in one form all the different cases of paraboloids ^ cones ^ 
and cylinders, it may be useful to state the results when the quadric on which the 
particle moves is written in its most general form <f> [x, y, j 2 )= 0 . 


Writing + + where suffixes denote partial differential coefficients, 

let the forces satisfy the condition 

h i 


for aE displacements on the quadric. We then find that the pressure R=zAp'^. 
The three components x', y', z* of the velocity may be deduced from the equations 


-f- 0 (2), (4), 

4 - <fec. + 2<pjgyx'y' 4" <fec. 4" +pjfY+ <pgZ = — (5), 

P 

where the numbers appended to the equations correspond to those in Arts. 568, &e. 


570. Bllliitie c^Kwcdlwateii. Preliminary statement. The position of the 
particle P in space is defined by the intersection of three quadrics con focal to a 
given quadric. In the figure ABC, A'MM’, A"NN' are respectively the ellipsoid, 
hyperboloid of one sheet and that of two sheets; only that part of each being 
drawn which lies in the positive octant. Let their major axes OA=X, OA'~p, 
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OA"^p. Let a, b, o be the three asea of any confocal. If a^-b^=:7i\ 
then OKs=k are the major axes of the focal conics. 

The quantities X, /*, p are the elliptic coordinates of P; the first X is always 
positive and greater than 7c ; the second ij, is less than h and greater than h ; the 



third V is less than /t, and changes sign when the particle crosses the plane of yz. 
The y axes of the quadrics are two of these are 

real and the third is imaginary. These radicals are positive when the particle lies 
in the positive octant, but the second or third vanishes and changes sign when the 
particle crosses the plane of xz^ according as it travels along PN or PM, Similar 
remarks apply to the z axes. 

The major axes of the three oonfocals which intersect in any point (r, y, z) are 
given by the cubic 

where h and k are the constants of the system. Clearing of fractions and arrang- 
ing the cubic in descending powers of a% we see that the three roots X*, are 
such that 

XV® + *b + {x^ + y^) + 

\flp=:zhkx 

Prom the third equation we infer by symmetry 

V{X2 - h3) - IP) - tP)=h^{Jc^-.JP) y] 

sf{7P - 7c^ s/(k^ - pP) sfikP -jP):^k^{kP- JP) zf 



577. To prove that the velodtp v of a partiole in elliptic 
coordinates is given hy 

We notice that the three quadrics confocal to a given quadric cut 
each other at right angles at P, so that the square of the velocity 
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is the sum of the squares of the normal components of velocity. 
It is therefore sufficient to prove that the first term is the square 
of the component normal to the ellipsoid, the other terms follow- 
ing by symmetry. If p is the perpendicular on the tangent plane 
to the ellipsoid, the normal component is p'. Let (^, in, n) be the 
direction cosines of p, then 

- Ji?) mr -h 

= _ x-m- — kn :^ ; pp = Xk', 


If Di, Do are the semi-diameters of the ellipsoid respectively 
normal to the tangent planes at P to the two hyperboloids, we 
know that 


= X- — k, D/ = X- — 




kik-k) (k--k) 


See also Salmon’s Solid Geometry, Art. 410. 


§78. To find the motion of a particle on an ellipsoid in elliptic 
coordinates. Let the ellipsoid on which the particle moves be 
defined by a given value of X. The mass being taken as unity 
the vis viva is determined by 

{fj? — X^) {v^ — X^) 


2T==v^=:(y^-p^) 


...(4). 


This we write for brevity in the form , 

2T=MlPy''^^Qp'^} .( 5 ). 

If we express the work function U in terms of (X, y, v), we 
have (since X is constant) the Lagrangian function D expressed 
in terms of two independent coordinates y, v. 

Comparing (5) with Liouville’s form. Art. 522, we may obviously 
solve the Lagrangian equations by proceeding as in that article. 
The results are that when the forces are such that the work 
function takes the form 

(^2 _ 1,2) = J'j (^) + (j,) ^^)^ 

the integrals are 






{p? — A*) {fi^ — A“) 
{j^ — A“) (v® — k?) 


— Fx (ft) + Cytt® + A 

— Fi (y) — Gv^ — A 


•(B)- 
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There is also the equation of vis viva 

(C). 


Dividing one of the equations (B) by the other, and remembering 
that \ is constant, the equation of the path takes the forms 

- h?) \F^ (ix) + C/J? + A} ~ - k‘) (v) -Cy--A} 

in which the variables are separated. 


S79. Ex. 1. Let and be tbe components of tbe velocity of the particle 
in tbe directions of the lines of curvature defined by ;a= constant and ?>= constant 
respectively. Prove that 

1 F^[v)-W—A 1 „ FM + C^^+^ 

2^1 — [x^~p^ * 2 - 

Prove also that tbe pressure R on the particle is given by 

"where p is the perpendicular on the tangent plane and N the normal impressed 
force. The value of p in elliptic coordinates is given in Art. 577. See Art. 568. 

Ex, 2. Supposing that the equation (D) of Art. 578 is written in the form 
Rdfjy^Qdv in which the variables are separated, show that the time 

t^^Pfj^djjL — ^Qv^dv. [Licmvillef xi.] 

The equations (B) become 

{fj? - v^) Pdfx = dt, (fp — v“) Qdv = dt. 

Multiplying these by respectively and subtracting we obtain the result. 

4580. To translate the elliptic expressions into Cartesian geometry we use the 
equations (1) and (2) of Art, 576. Let the normals at the four umbilici ?7 l, Ua* 
intersect the major axis in the two points E-^, E^y which of course are equally 
distant from the centre 0. We easily find that 

OE,J±, (1). 

A U A 


The equations (1) Art. 576 give 


[lxixvf={x 


■¥) 


+ xj^ + z- 




Let r^y Tq be the distances of the particle from the points Ejy E^, and let m 
be the distance of from the umbilicus Ui ; then 

{fi - vf ' — (jx 4- v}* = (2). 

From these p, v may be found in terms of ar, y, z and the constant X. 


581 . Ex, Show that the equation U{p^~v^)^Fi{p)-hE 2 W equivalent to 

= P2=<yW-™®)- 

We have V(jx^- .2) =0, and by (2) Art. 580 

d d d ^ 

elfi dp 2 dpi * dr dp^ dp^ * 

The result follows at once. 
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The condition (A) of Art. 578, viz. 

+ (A), 

can he satisfied by several laws of force. 

%. Let tlie force tend to the centre of the ellipsoid and vary as the distance. 
Bepresenting the force by Rr, we have, by (1) Art. 576, 

Fj ~ F^{v) = lH {^4+ (X2-^ 7l2 _ ^2}. 

Substituting these in the equations (B), the motion is known. 

2. Let the direction of the force be parallel to the axis of x, and A= - 2H*/x®. 
Then 






Hh-k^ 

X2~ 




3. Let the work function U=^—r/~o om where r^ is the distance of the 

particle from the point , Art. 580. We then have 

0-=^, + 

To find the force we notice that since dXIId\=:0j the direction of the force is tan- 
gential to the ellipsoid. Also 


{lui.-v)^=:x^-hy^+z^-2xhklX-X^+h^-hk^; * 


~dx 



with similar expressions for Y and Z. Now the equation to the ellipsoid being 
X= constant, the last term of each of the three expressions represents the compo- 
nent of a normal force. This normal force has no effect on the motion. Taking 
only the remaining terms we see that X, F, Z are the components of a central force 

Hr 

tending to the point E whose magnitude is 1 — : . When the ellipsoid is reduced 

to a disc, \=.k (Art. 576), and m—0 (Art. 580). The point E^ becomes a focus and 
the law of force is the inverse square. 


6 83. Ex. 1. Show that a particle can describe the line of curvature defined 
by p=fiQ under the action of the central force — — r tending to the point E-,. 

Show also that the velocity at any point is then given hj v^=^H i il . 

1 ( 7 * 1 ® “ 

We notice Idrat when the ellipsoid reduces to a plane, 771 = 0 , and this becomes the 
common expression for the velocity under the action of a central force varying as 
the inverse square. 

Eeferring to the general exf^ressions marked (A) and (B) in Art. 578, we see that 
the particle will describe the line of curvature if both and ^"=0 when jM=yLt<,. 
This will be the case if we choose the constants G and A so that 

where 4>{p) is some function of p. Supposing this done, we have, when p=pq, 
(Art. 579) 

tv-'’* 
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In the special case proposed v). We have therefore to make 

Cp?‘ + Uy. + A = (a* - juq)® C, This gives ~ 2C/<o = if , A = Cfx^, Also JPg (y ) = 


... ^2^ jgr ^ a i 

/‘ol 


Uo“*^ /‘of /*ol 

i(X. 2. A particle is constrained to move on the surface y=zx%&,iinz. By 
putting x=p. cos nz, y=iJ. sin nz, we have 

Hence show that when the forces are such that 

U=F^(f^) + F^{z), 

the Lagrangian equations can be integrated. The path is given by 

+ 1) { Fj (fi) + G {iJ.^n^+1) + A } = F^(z)-A 
If the particle is acted on by a force tending directly from the axis of z and 
varying as the distance from that axis, find the components of velocity along the 
lines of curvature. 


«e4. Spbearoids. When the ellipsoid on which the particle moves becomes a 
spheroid either prolate or oblate, the formulae (A) and (B) of Art. 578 require some 
slight modifications. 

Let (X, 5, c), (m, c'), {Vf 6", c") be the semi-axes of the three quadrics which 

intersect in P; then also a=z\ a' —fi, 

In a prolate spheroid 6=c, h = k, and the focal conics become coincident with 



Prolate. Oblate. 


OH andifA. The axes of the hyperboloid of one sheet are b'=0, c^=0; it 

therefore reduces to the two planes y^lb'^ + z^jc'-=0, the ratio h'Jc' being indeter- 
minate. Art. 576. 

In an oblate spheroid X=6, 7i=0; one focal conic becomes coincident with 00, 
while the other is a circle of radius k. The axes of the hyperboloid of two sheets 
are v=0, 6"=0, c"^= ~ it therefore reduces to the two planes 
the limiting ratio vjh" being indeterminate. 

In the figure the positions of the focal conics jwt before they assume th^ 
limiting positions are represented by the dotted lines, while PM ox PN represents 
one of the planes assumed by the hyperboloid. 

Before taking the limits of the equations (A) and (B) we shall make a change of 
variables. In the prolate spheroid we replace aa by a new variable such that 

tanV=--2— -(^8- fts) 
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Thus tan 0 varies between the limits 0 and co as varies between k and h. Since 
6'2=/x*- <fl=ij?-k\ andy2/{i'2+z*/c'“=0, it is clear that <j> is ultimately the angle 
the plane Plf makes with the plane AB. Putting li—h, the formulffl (A) and (B) 

tr=/, (<i>)+F^ {y), 

=/i (^) +Ch?AA, 
-^{y^-\^)y'^=P^{y)-Cy^-A. 

In tlie oblate spheroid, we replace v by the variable ^ where 


tan2 0= ~ - 


V=ihCOS<pt = 


^2-7^2’ 


thus tan<^ varies between 0 and oo as v varies between h and 0. Also since 
x^lv^-by^lh"^=0, (p is ultimately the angle the plane PM makes with the plane AC. 
Putting j^=0, 7i=0, the limiting forms of the equations (A), (B) are 

/t2|7=2?’i(iU)+/2(0), 

Jf i t 
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SOME SPECIAL PROBLEMS. 


Motion under two centres of force. 


585. To find the motion of a particle of unit mass in on 
plane under the action of two centres of force‘s. 

Let the position of a point P be defined as the intersection of 
two confocal conics, the foci being Pi, Ps? and let OPi = A. Let 
the semi-major axes be OA=/Lt, OA' = j^: the semi-minor axes 
are therefore hF), — hF), 


3j tr 

Since — -j- = h we have 

-f + fes) pZ ^ sr 0 (1). 

The relations between the elliptic coordinates /i, v of any point 
P and the Cartesian coordinates x, y are therefore 




fMV 

T; 


AV-l 


=z jji,^ ^ h% 


where r is the distance from the centre. We also have ra = /^4- J', 
ri = fi — Vj where, r ^ , r^ are the distances of P from the foci. 


* Euler was the first who attacked the problem of the motion of a particle in 
one plane about two fixed centres of force, Mimoires de VAcaMmie de Berlin, 1760. 
Lagrange, in the Mecanique Analytique, page 93, begins by excusing himself for 
attempting a problem which has nothing corresponding to it in the system of the 
world, where all the centres of force are in motion. He supposes the motion to 
be in three dimensions and obtains a solution where the forces are alr^+2yr and 
^li^+2yr. Legendre in his Fonetiom elliptiques pointed out that the variables 
used by Euler were really elliptic coordinates, and Serret remarks that this is the 
first time these coordinates were used. Jacobi took this problem as an example 
of bis principle of the least multiplier, Crelle, xxvii. and xxix. Liouville in 1846 
and 1847 gives two methods of solution, the first by Lagrange’s equations and the 
second by the Hamiltonian equations. Serret extends Liouvilie’s first method to 
three dimensions, Liouville' s Journal, xiii. 1848, and gives a history of the problem. 
Liouville in the same volume gives a further communication on the subject. 
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Proceeding as in Art. 577, the velocity v of the particle ex- 
pressed in elliptic coordinates is 

2P = - 1?) 

where the accent represents d\dL Comparing this with Lionville’s 
form 

2T^M{PfjL'^^ + Qv^) 

in Art. 522, we may obviously solve the Lagrangian equations by. 
proceeding as in that Article. The results are that when the 
work function has the form 

(^^2 _ 17= (3), 


we have the two integrals 

^ (^2 - J/2)2 = Pi (/i) + + A 

vy = F, {v) -Cv^- A 


(4). 


There is also the equation of vis viva which may be deduced 
from these by simple addition, viz. 

(5). 


686 . Let the central forces tending to the foci be respectively 
Si! ' 1^1 S^jr^. We then have 


n n 




The integrals (4) then become 

K.V - A 


(n 


where A'l = Sj + £" 2 ^ ^2 = -Si “■ S^, To find the path we eliminate t, 

__ __ 2{dtf 

+ {y‘^-h'^){^Cp^+fy^A) ^ ^ 

The initial values of yLt, jjf, v, v' being given, the equations (7) 
determine the constants A, (7. Another constant is introduced 
by the integration of (8) which is also determined by the initial 
values of /i, v, A fourth constant makes its appearance when the 
time is found in terms of either ya or i#. 
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Ex. 1. Show that the particle will describe the ellipse defined by 
if the particle is projected along the tangent at any point with a velocity v 
given by 


\^1 f^oJ V^2 P'O/ 


To prove this we notice that if the particle describe the ellipse, ja is constant 
throughout the motion, and the values of /i.', fx" given by (7) must be zero. The 
right-hand side of that equation must take the form G (fx- (XqY^ and therefore 
- ^Cjxq=Ki. Substituting for G in the equation of vis viva (5) the result follows 
at once. See also Art. 274. 


Ex. 2. A particle is projected so that both the constants A and C are zero. 
Show that the velocity is that due to an infinite distance and that the path is 
given by 

[ ^<t> = fSy f ^ +B. 

jV(l-4sm=*0) \kJ hunger ’ 

where fx=7i8ee^ 0, p — hcoa^ 6 and E is a constant. 

Ex. 3. A particle moves under the action of two equal centres of force, one 
attracting and the other repelling like the poles of a magnet. The particle is 
projected with a velocity due to an infinite distance. Show that if the direction 
of projection he properly chosen the particle will oscillate in a semi-ellipse, the two 
poles being the foci. If otherwise projected the path is given by 

where v—h cos® + ^ sin® <p^ 2 A = 1 — ^jh and A = 2E/5. 

Ex. 4. Prove that the lemniscate, rr'=c®, can be described under the action 
of two centres of force each JT/r® tending to the foci, provided the velocity at the 

node is - . /^. See Art. 190, Ex. 11. 

C V 3 


588. To find the motion of a particle of unit mass in three 
dimensions under the actio7i of two centres of force attracting 
according to the Newtonian law. 

Let the two centres of force be situated in the axis 

of z and let the origin 0 bisect the distance Let ^ be the 

angle the plane zOP makes with zOx and let p be the distance 
of P from Oz. 

Since the impressed forces have no moment about Oz, we have 
by the principle of angular momentum (Art. 492), 

/>*«#>'=-» ( 1 )- 

We now adopt the method explained in Art. 495. We treat the 
particle as if it were moving in a fixed plane zOP under the 
influence of the two centres of force together with an additional 
force p^'^ = P®/p® tending from the axis of z. This problem has 
been partly solved in Art. 585 ; it only remains to consider the 
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effect of the additional force. This force adds, the term — 
to the work function U. 

Taking Hj, as the foci of a system of confocal conics, let 
fMj V be the elliptic coordinates of P. As before, we suppose that 
the work function U of the impressed forces satisfies the condition 
(jj.^ — v") U = Fi(fji) + F^(v) ( 2 ). 


Since p is the ordinate of the conics [Art. 585], 

(f jp - hr)(p- - If) ^ ^ 

^ — / i - > • • p 2 ^2 „ /^2 


j,2 __ /^2 


...(3). 


The term to be added to U has therefore the same form as those 
already existing in U and shown in (2). To obtain the integrals 
\ve have merely to add the terms given in (3), (after multiplication 
by — Jj&Y functions Fi, Fq. 

In this way, we find the integrals 








1/“- 




...(4). 


When the central forces follow the Newtonian law, 

U=?i+^; (IJU’‘-1^)U = K,IJ, + £:,V, 

n n 

where as in Art. 586. We therefore 

write in the solution (4), F^^ {fx) = F^{v)^ 

If the particle is acted on by a third centre of force situated 
at the origin and attracting as the distance, we add to the 
expression for U the term — 4 - ipbe 

effect of this is to increase the functions jFi, F^ by — 
and respectively. 

In the same way if the particle is also acted on by a force 
tending directly from the axis of z and equal to /c/p^ or a force 
parallel to > 2 ? and equal to the effect is merely to give 

additional terms to the functions I’a and F^. See Art. 582. 


5S9. Boo, A particle P moves under the attraction of two centres of force at 
A and B, If the angles PAJB, PSA he respectively dj, $ 2 , the distances AP, 
BP be Tj, rg, and the accelerations be prove that 

Ft) ^ ^a) + 

where AB=^a, G is & constant and the motion is in one plane. 
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If the motion is in three dimensions, prove that 


^ ) (’ 2 " ^2 = « (/“i cos + ^2 cos ^ 2 ) + C, 

where /i is the areal description round the line of centres. [Coll. Ex. 1895.] 


On Brachistochrones, 

5©0. Pyeliminary Statement. Let a particle P, projected from a point A at 
a time with a velocity , move along a smooth fixed wire under the influence 
of forces whose potential Cl is a given function of the coordinates of P, and 
let the particle arrive at a point P at a time tj with a velocity . Let us suppose 
that the circumstances of the motion are slightly varied. Let a particle start 
from a neighbouring point A' at a time + with a velocity Vq + BVq. Let it be 
constrained by a smooth wire to describe an arbitrary path nearly coincident with 
the former under forces whose potential is the same function of the coordinates as 
before, and let it arrive at a point B' near the point P at a time + dti with velocity 
^2 + 5 ^ 1 . 

According to the same notation, if x, y, z; x\ y', z', are the coordinates 
and resolved velocities at any point P of the first path at the time t, then 
x + Sx, &c.; x' + dx\ &c., are the coordinates and resolved velocities at any point 
P' of the varied path occupied by the particle at the time 1 4 - 5t. 

Let P, Q be any two points on the two paths simultaneously occupied at the 
time t. Let the coordinates of Q be x+Ax, y + Ay, <fec. Then dx exceeds Ax by 
the space described in tbe time dt, 

Ac = 5a; - (a;' -f- Sx') 8t=5x~- x'5t 
when quantities of tbe second order are neglected. 

We may regard 5a?, 5y, dz, as any indefinitely small arbitrary functions of 
X, y, z, limited only by the geometrical conditions of the problem. 

We here consider two independent changes of the coordinates. There are 
(1) the differentials dx, dy, dz when the particle travels along the undisturbed 
path, and (2) the variations 5a;, Sy, dz when the particle is displaced to some 
neighbouring path. It follows from the independence of these two displacements 
that ddx=ddx. 

591. Thie BracMstochrone. A particle of unit mass moves 
under the action of forces so that its velocity v at any point is given 
hy ^v"^ = {7 4- O', where U is a known function of the coordinates, the 
constant G being also known. Supposing the initial and final 
positions A, B to lie on two given surfaces, it is required to find 
the path the particle must be constrained to take that the time of 
transit may be a minimum*. 

* An account of the early history of this problem is given in Ball’s Sh/ort 
History of Mathematics. Passing to later times, the theorem v=:Ap for a central 
force is given by Euler, Mechanica, voL n. There is a memoir by Roger in 
Zwuville’s Journal, vol. xin. 1848 ; he discusses the brachistochrone on a sui&ce 
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The time t of transit being «= Jds/v, we have to make this 
integral a minimum. Since a variation is only a kind of dif- 
ferential, we follow the rules of the differential calculus and make 
the first variation of t equal to zero. Let the curve AB be varied 
into a neighbouring curve A'B\ each element being varied into a 
corresponding element. Since the number of elements is not 
altered, the variation of the integral is the integral of the variation. 
Writing <f> for l/v to avoid fractions, we have 

8^ =/6 (^ds ) = / + dsB(f), 

Since {dsY = {dxY + (di/Y + {dzY, we have 

dsBds = da)Bdx + dyBdy + dzBdz] 

• (S + /{S ^ 

Integrating the first three terms by parts, 

8t = 4,(^Sx + &c.) + /{[S " S £)] 

where the part outside the sign of integration is to be taken 
between the limits A to B. 

We notice that in this variation, G has not been varied. If C -were dijBterent 
for the different, trajectories, we should have 

S<p=^Sx+^Sy + ^Sz+^ SC. 

There would then be an additional term inside the integral. It follows that is 
regarded as the same function of x, y, z for all the trajectories. 

Since the time t is to be a minimum for all variations con- 
sistent with the given conditions, it must be a minimum when 
the ends A, B are fixed (Art. 144). We then have at these points 
= 0, Sy s= 0, Bz — 0, and the part outside the integral vanishes. 
The required curve must therefore be such that the integral 
is zero whatever small values the arbitrary functions Bm^ By, Bz 
may have. It is proved in the calculus of variations (and is 

and generalises Enler’s theorem that the normal force is equal to the centrifugal 
force, Jellett in his Calculus of Variations, 1850, proves these theorems and 
deduces from the principle of least action that the brachistochrone becomes a free 
path when v=F/v'. Tait has applied Hamilton’s characteristic function to the 
problem in the Edinburgh Transactions, vol. xxiv, 1865, and deduces from a more 
general theorem the above relation to free motion. Townsend in the Quarterly 
Journal, vol. xnr. 1877, obtains the relation v=z?' in free motion, and gives 
numerous examples. There are also some theorems by Larmor in the Proceedings 
of the London Mathematical Society, 1884. 
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perhaps evident) that the coeiBficients of Bx, By, Bz must separately 
vanish. We therefore have, writing Ijv for 

^ A ^ ^ A 

dx\v) ds\vdsJ' dy\vj'~“ds\vdsj' dz\v)~^ds\vds)' 
These are the differential equations of the brachistochrone. 


These three equations really amount to only two, for if we multiply them by 
{pdxjds, (pdyjds, &g, and add the products, we find 


ds^ 2 ds 

which is an evident identity. 




592. Supposing these differential equations to have been 
solved, it remains to determine the constants of integration. To 
effect this we resume the expression for Bt, now reduced to the 
part outside the integral sign. We have 



which is to be taken between the limits A to B. Since we may 
vary the ends A, B of the curve, one at a time, along the bounding 
surface (Art. 144), this expression for Bt must be zero at each end. 
The variations Bos, By, Bz are proportional to the direction cosines 
of the displacement of the end, and dxjds, &c. are the direction 
cosines of the tangent to the brachistochrone. This equation 
therefore implies that the brachistochrone meets the hounding 
surface at right angles. 

The expression for Bt may be put into a geometrical form 
which is sometimes useful. Let Bai, Bcr^ be the -displacements 
AA', BB' of the two ends. Let 0^, 6^ be the angles these dis- 
placements respectively make with the tangents at A and B to 
the brachistochrone AB, Let %, be the velocities at A, B, 
Then 

__ Sa-^ cos 02 ^ 0*1 cos 01 

^2 Vi 


593. In some problems the velocity t; is a given function of 
the coordinates of one or both ends of the curve. This does not 
affect the differential equations, for in these the coordinates of the 
ends, when fixed, are merely constants. 

The case is different when we vary the ends in that portion 
of the expression for Bt which is outside the integral sign. We 
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must add to that expression the terms of 8^ due to the variation 
of the ends. If x^, yi, are the coordinates of the 

ends ji, B, we then have 

== Sx 4“ &;c.^ 4* Sxo j ds 4- &;c. 4- &i 

where the &c. indicate terms with y and z respectively written 
for X. The conditions at the ends are then found hy equating 
this expression to zero. 

6® 4. The equations of the brachistochrone are found by equating the first 
variation of the time to zero. To determine whether this curve makes the time a 
Tnn.yirnnm j a minimum, or neither, it is necessary to examine the terms of the 
second order. For this we refer the reader to treatises on the calculus of variations. 
In most oases there is obviously some one path for which the time is a minimum, 
and if our equations lead to but one path, that path must be a true brachistochrone. 
In other cases we can use Jacobi’s rule. Let AJB be the curve from A to B given 
by the calculus of variations. Let a second curve of ths same hind but with varied 
constants be drawn through the initial point A and make an indefinitely small 
angle at A, with the curve AB. If they again intersect in some point (7, the curve 
satisfies the conditions for a true minimum only if O be beyond B. 

595. Theorem I. When the only force on the particle acts 
(like gravity) in a vertical direction, <f>=^l/v is a function of z 
only,, and the first two differential equations of the curve (Art. 
591) admit of an immediate integration. Remembering that 
dco/ds = cos a, dy/ds = cos it follows that the hrachistochrone for 
a vertical force is such a curve that at every point v^acos a, 
v^h cos where a, ^ are the angles the tangent makes with any 
two horizontal straight lines, and a, h are the two constants of 
integration. By equating the two values of v and integrating, 
we see that the hrachistochrone is a plane curve. 


596. Theorem II. Let X, F, Z be the components of the 
impressed forces, the mass being unity; then since 
we have X = ^dv^jdx, &c. The differential equations of the 
brachistochrone therefore become 




ds\v ds 


+ J-0, &C.:=.0...(1). 


Let X, g, V be the direction cosines of the binormal, then since 
the binormal is perpendicular both to the tangent and the radius 
of curvature 


^dx dy dz 


_ d?x d^y d^z ^ 
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Using the values of X, F, Z given in (1) we find 


AX + yM.F + z/F = 0 (S), 

the resultant force is therefore perpendicular to the hinormalj and 
its direction lies in the osculating plane. 


Let l^ p 


d^x 


dhf 


&c. be the direction cosines of the 


positive direction of the radius of curvature, then 


IX 4- mY -f nZ 1 l^ + 'mr-^- 


- + 




Since the radius of curvature is at right angles to the tangent, 
the last term is zero, and we have 

^2 

w- 


IX 4 mF 4 nZ = 


This equation proves that in any brachistochrone the component 
of the impressed forces along the radius of curvature is equal to 
minus the component of the effective forces in the same direction. 


597. To find the pressure on the constraining curve. Let 
Xs be the components of the impressed forces in the directions 
of the radius of curvature and binomial. Let Xi, be the 
pressures on the particle in the same directions. Then by Art. 526 

v^-jp = Xi 4 Xi, 0 = Xo 4 X 2 . 

In a brachistochrone X 2 = 0 and Xj = — v-jp, hence Xa = 0 and 
— 2X1. 


698. To find a dynamical interpretation of Theorem II. 

We see by referring to the equations of motion in Art. 597, 
that if we changed the sign of Xj, the component of pressure Ri 
would be zero, and the path would then be free. We also suppose 
the tangential component of force to remain unchanged so that 
the velocity is not altered. It follows immediately, that a 
brachistochrone and a free path may he changed, either into the 
other, by making the resultant force at each point act at the same 
angle to the same direction of the tangent as before, hut on the other 
side, and still in the osculating plane. In this comparison the 
velocities of the particle, when free and when constrained, are 
equal at the same point of the path, i.e. -y' == v. & 
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599. Theorem III. The equations of motion of a particle 
P constrained to describe the brachistochrone are 


d 

/I _ 

d fi\ 

§L 



ds 

Vt; ds) ' 

"‘dxKvJ’ 

ds 

\v dsj " 

= — 
dy \ v) 


If we now write or, which is the same thing vds^k-dt\ 

where v' = dsjdt\ the first of these equations becomes 
d f ,dx\ dv' 


( ' — — 
V ds/ dx ‘ 


Now v'dx/ds being the x component of the velocity, is equal to 
dxjdt'. Multiplying by v' or dsjdt', the equations take the form 

^ — 1 

W^~~'2'd^’ dt'^'~2~'dy^ 

These are the equations of motion of a free particle P' moving 
along the same path with a velocity v' and occupying the position 
X, y, z at the time t\ It follows that ike brachistochrone from point 
to point in a field U + C is the same as the path of a free particle 

it* 1 . 

in a field U' + C\ provided P' + (7' = ~ ; i.e. v ^ — . 

To understand better the relation between the two fields of 
force we notice that if X, X' be the components of force in any 
the same direction at the, same point, 


dx^ ^ dx ^ • 

We also notice that difjdt^vlv'. 




600. This theorem is useful, as it enables us to apply to a brachistochrone 
the dynamical rules we have already studied for free motion. It also enables us 
to express at once the fundamental differential equations in polar or other co- 
ordinates. 

The first theorem (Art. 595) follows at once from the third, for when the force 
is vertical we see by resolving horizontally that v* cos a is constant. Since 
this gives the result. 

To deduce the second theorem, we notice that in the free motion 
where is the component of force along the radius of curvature. Using the 
theorems = - A (hlv)\ (where X is here Fj) this becomes v‘^lp= -Fj, 

601. Fx, 1. To find the hrachi8U>ckrone from one given curve to another^ 
the acting force being gravity and the level of no velocity given. The motion is 
supposed to be in a vertical plane. 

Let the axis of x be at the level of no velocity and let y be measured down- 
wards; then By Art. 595 the curve is such that v-acosa. This gives 

y = 25cos2tt». where b is an undetermined constant. This is the well-known 
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equation of a cycloid^ having its cusps at the level of no velocity. The radius of 
the generating circle and the position of the cusps on the axis are determined hy 
the conditions that the cycloid cuts each of the bounding curves at right angles ; 
Art. 592. 

Ex. 2. If in the last example the bounding curves are two straight lines 
which intersect the axis of no velocity in the points L, L'; and make angles 
with the horizon, prove that the diameter 25 of the generating circle is LL'K^ - ^') 
and the distance of the cusp from L is 26^. Explain the results when the lines 
are parallel. 

e02. Ex. Show by using Jacobi’s rule that the cycloid from one given point 
A to another JB is a real minimum, the level of zero velocity being given (Art. 594). 

The cycloid found by the calculus of variations passes through A and B and 
there is no cusp between these points. Describe a neighbouring cycloid passing 
through A and having its cusps on the same horizontal line, the radii of the 
generating circles being 6 and 5 + d6. Since the base of a cycloid from cusp to 
-cusp is 2x5, it is easy to prove that the next intersection of the two curves lies in 
a vertical which passes between the two next cusps. The cycloids therefore 
cannot again intersect between A and B and the time from A io B must be a 
minimum. See also Art. 654. 

603. Ex. Find the brachistochrone from one given cmrve to another when 
the acting force is gravity and the particle starts from rest at the upper curve. 

Fixing the ends, it follows, from Art. 601, that the brachistochrone is a cycloid 
having a cusp on the higher curve. To determine the constants of the curve, we 
examine the part of due to the variation of the two ends. Let a?o» 2/o; Vi 
the coordinates of the upper and lower ends, then v'^—2g(y-y^. By Art. 593 
we have 

where 0 = l/i7 and the expression is taken between limits. Now in our problem 

d<f> _ dip _ d ( .d,y\ 

~dyQ~dy'~Jsyds) ’ 

by using the differential equation of the brachistochrone in Art. 591. We there- 
fore have 

Remembering that 0 = 1/?? and ?7=u cos a, this takes the form 
[5a; -4- tan a 5?/]J - dy^ [tan a]J=: 0. 

When we fix the lower end, we have, since y is measured downwards, dxj=0j 


5yj=0. Hence 

— (5j;q + tan oto S t/q) — (tan tantt(j) = 0 (1). 

When we fix the upper end, 5a;o = 0, 5yo=0; 

5a;i4-tanai5yi=0 (2). 


The last of these two equations proves that the brachistochrone ctits the lower 
curve at right angles, while the first, giving dyJdxQ^dyfdXj, proves that the 
tangents to the hounding curves at the points where the brachistochrone meets them 
are parallel. 
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60-4. Ex. 1. A particle falls from rest at a fixed point A to a fixed point C, 
passing through another point B ; find the entire path when the time of motion is 
a minimnm, ( 1 ) ‘supposing R to be a fixed point, ( 2 ) supposing B constrained to lie 
on a given curve. [Math. Tripos, 1866.] 

The paths from A to R, J5 to G are cycloids having their cusps on a level with 
the point A. It is supposed that there is no impact at B in passing from one 
cycloid to the next. The particle describes a small arc of a curve of great curva- 
ture and moves ofi along the next cycloid without loss of velocity. 


We have yet to find the position of R when it is only known to lie on a given 
curve. Taking the origin at A, and the axis of z vertically downwards, we have 
= 2gz. The time is given by 




ds p 


ds' 


where accents refer to the lower cycloid. 




dx ^ dij ^ 
dx -f 8y ■ 
ds' 


ds' 




by Art. 592. Let (a, /S, 7 ), (a', 7 '), (^, 0 , be the direction angles of the 

tangents at R to the two cycloids and to the constraining curve. Then remember- 
ing that A and G are fixed points and that R is varied on the curve, we have 


(cos a cos 0 -i- cos cos <f > + cos 7 cos - (cos a' cos 6 -f cos cos <f> -f cos y' cos = 0 . 

It follows that the tangent to the locus of B mahes equal angles with the tangents to 
the two cycloids AB, BC. This determines the point B. 


Ex. 2. Find the curve of quickest descent from a fixed point A to another C, 
supposing that a screen is interposed between A and G having a given finite 
aperture through which the path must pass. [So long as the curve AG can be 
arbitrarily varied the minimum curve is found by Arts. 591, 601. Hence if the 
single cycloid A G does not pass through the aperture, the minimum curve must pass 
through a point R on the boundary of the aperture. The curve then consists of two 
cycloids AR, RC, and the position of R is found by Ex. 1.] [Todhunter.] 


60S. Ex. 1. If the brachistochrone is a parabola when the force is parallel to 
the axis, prove that the magnitude of the force is inversely proportional to the 
square of the distance from the directrix. [This follows from the equation 
v=:a cos a.] Prove also that the time of describing any arc PQ varies as the area 
contained by the focal radii, RP, SQ. [For cos a varies as l/p, therefore dt varies 
as pds.] See also Art. 649. 

Ex. 2. A point moves in a plane with a velocity always proportional to the 
curvature of the path, prove that the brachistochrone of continuous curvature 
between any two given points is a complete cycloid. [Math. Tripos, 1875.] 

We here have a minimum, where The curve can 

be immediately found by using two rules in the calculus of variations. First, 
we have 5ji>dx=^8x + {Y^~Yf) w+Y,,(a' Y;+Yf')wdx, 

where F,, F,,, are the partial differential coefficients of <f> with regard to y', y"; 

and the part outside the integral sign is to be taken between limits. 
Also accents denote differentiation with regard to x. The extreme points being 
given, dx=0, 5y = 0 at each end. Hence exactly as in Art. 691, 592, the 
differential equation of the curve is F/-F ,;"=0 and F ,,=0 at each end. This 
gives r,-F,/ = A- 
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Secondly y the calculus of variations gives also the integral 
<p=:{Y-Y,;) ij'+Y,x/' + B. 

Eliminating YJ between our two first integrals we find <p = Ay'+Yj,y''+Bi 

which contains two arbitrary constants A, B. Substituting for <p and F,, , this 
leads to (l-\-y''^fly"' = \Ay'-\-\B\ pds = ^Ady-^\Bdx. 

Taking the straight line Ay + Bx — 0 as an axis of this is equivalent to 
p — C^inx!/ where sin ^^drijds and O is a constant. This is the known equation of 
a cycloid. The condition Y^^ =0 at each end gives y" infinite and therefore p=0. 
The cycloid is therefore complete. 

Ex, 3. Prove that the differential equation of the brachistochrone from rest 
at one given point A to another point j 5, when the length of the curve is also given, is 

^ + 6=V/|1 + (|)]. [Airy’s Tracts.] 

To make /ds/t? a minimum subject to the condition that jds is a given quantity 
we use a rule supplied by the calculus of Variations. We make J{X/z?4-l)ds a 
minimum without regard to the given condition and finally determine the constant 
X so that the arc has the given length. . 

606. Central force. Ex. 1. Prove that the brachistochrone for a central 
force F is given by v = Ay, where iv^=:jFdr and jp is the perpendicular from the 
centre of force on the tangent. The mass is unity, as is usual in these problems. 

The brachistochrone is a free path for a particle moving about the same centre 
but with such a law of force that the velocity v'szk^Jv. Since v'p=:h by Art. 306, 
we have = 

When F=plu\ and the velocity is equal to that from infinity, the differential 
equation = can be integrated exactly as in Arts. 360, 363. 

Ex. 2. Prove that the same path will be a brachistochrone for F:=zpM^ and 
a free path torF'—pfu^'ii n + n'—2, provided the velocity in each case varies as 
some power of the distance. 

For the brachistochrone and the free paths respectively, we have 

- 1), v'^ = {n' - 1). 

These satisfy the condition vv'—h^ if ?i+7i'=2, (Art. 599). 

Ex. 3. Prove that the ellipse is a brachistochrone for a central force tending 
from the focus and equal to p/(2a - r)^. [Townsend.] 

The conic is a free path for a force tending to the focus S. Hence 

making the force act on the other side of the tangent as described in Art. 598, the 
conic is a brachistochrone for an equal force tending from the other focus H. 

Ex. 4. Prove that the central repulsive force for the biachistochronism of a 
plane curve varies as d (p^)ldr, the circle of zero velocity being given by the 
vanishing of jp. 

Prove that the cissoid x (x-+y^)—2ay^ is brachistochronous for a central 
repulsive force from the point (— <x, 0) which at the distance r from that point is 
proportional to rj {r^ + the particle starting from rest at the cusp. 

[Math. Tripos, 1896.] 
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Ua, 5. Prove that the lemniscate of Bernoulli can be described as a brachis- 
tochrone in a field of potential fir^, r being measured from the node of the 
lemniscate, and find the necessary velocity. [See Arts. 820, 606, Ex. 2.] 

[Math, Tripos, 1893.] 

Ba. 6. A particle, acted on by a central attractive force whose accelerating 


eSect at a distance r is ■ 


fir 


• , a being a constant, is projected from a given point 


with the velocity from infinity. Prove that the form of the groove in which it must 
move in order to arrive at another given point in the shortest possible time is a 
hyperbola whose centre coincides with the centre of force. [Math. Tripos.] 


7. Show that the force of attraction towards the directrix of a catenary, 
along perpendiculars to it, for which the catenary is a brachistochrone, will vary as 
the inverse cube of the perpendicular. [Coll. Ex. 1897.] 


607. Braoliistocliroiie on a surface. To find the braehis- 
toohrone on a given surface we require only a slight modification 
in the argument of Art. 591. Proceeding as before, we find 


Si = 1 8a; + &c.) + f(FS^ + QSy + BBz) ds, 


where ^ ~ ^ ^ ~ ^ similar expressions for Q and 

i2. Since Si is zero for all variations of the curve on the surface, 
we must have 


PS^+ QSy + jKS^ = 0. 

If f{x, y,z)^Q is the equation of the surface, the variations are 
connected by the one equation 

+fyBy ^-fzlz = 0 , 

where suflSxes imply partial differential coefficients. We must 
therefore have F\fx = Q,lfy = The equations of a brachisto- 

chrone on the surface f[x, y, .sr) = 0 are therefore given by 


\dx D ds vds) / ““ \dy v ds vds) , "" \dz v ds vds) 

If the brachistochrone is to begin and end at given bounding 
curves drawn on the surface, we equate to zero the integrated 
part of Si, taken between the limits. Fixing the ends in turn, we 
see that at each end the cosine of the angle between the tangents 
to the curve and to the boundary is zero (Art. 592). The brachis- 
tochrone therefore cuts the boundaries at right angles. 


@ 08 . 
the form 


By writing as in Art. 599 these equations may be put into 

A _f^_dU'\ / / 

dx ) \dt^ dy )r^~ dz ) /•'* * 
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These are the equations of motion of a particle moving freely on the constraining 
surface. It follows that the' brachistochrone Jrom point to point on a constraining 
surface in a field U+C is a free path on the same surface in a feld U' + C\ where 

vv'=zh\ 

The relation between the component forces in any direction is F'= - F . 

Ex, If the particle is constrained by a smooth wire to describe the brachisto- 
chrone on the surface without a change in the field of force, prove that 
~ sin x/p = G, 1“ cos x/p = IT+R, -2G=Ro, 
where H, G a±e the components of the impressed forces along the normal to the 
surface, and that tangent to the surface which is perpendicular to the path, and 
B. 5 are the components of the pressure in the same dneetions. Also p is the 
radius of curvature of the path, and x angle the osculating plane makes with' 
the normal to the surface. 


The first is obtained by transforming the equation of motion of a free particle 
P', viz. u'- sin x/p = G' by the rule given above, the others then follow from the 
ordinary equations of motion of the particle P- 


60 ®. We may also sometimes fijid the brachistochrone on a given surface by 
making a comparison with the brachistochrone on some other more suitable 
surface. 

Let us derive a second surface from the given one by writing for the coordinates 
X, y, z of any point P some functions of the coordinates of a corresponding 

point Q. Let these functions be such that 

{dxr-+{dyr-+{dzy^=p^ (dn^, 

where p. is & function of 77, Geometrically this equation implies that every 
elementary arc ds drawn from a point P on the surface bears the same ratio to the 
corresponding arc da- drawn from Q, viz. the ratio p : 1. 

The brachistochrone on the given surface is found by making t a minimum, 
where 



and the velocity v of P is some given^ function of the coordinates of P. 

Expressing v in terms of 77, this integral implies that the corresponding 
curve on the derived surface is also a brachistochrone, the velocity v' being given 
by v'^vjp. The work functions for the motions of P and Q are respectively 
v^-==2{U-hC) and U'={U+C)lpK 

If we arrange matters so that pjv is constant, the velocity on the second 
surface is constant. The brachistochrones on the given surface then correspond to 
geodesics on the derived surface. 

This comparison assists us in determining the point on a brachistochrone with 
one end given at which the time ceases to be a minimum. 

The derived surface may be obtained in many ways, for example by using the 
method of inversion. The theory of this surface is also used in making maps ; 
see the United States Coast Survey, Craig's treatise on Projections. The applica- 
tion to brachistochrones is given by Larboux in his TMorie genirale des Surfaces. 

Ex. A particle P moves on a sphere under the action of a centre of repulsive 
force situated at a point O on the surface, and the velocity v at any point distant 
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r from 0 is Prove that the brachistochrone from one given point to 

another is a circle whose plane passes through 0. 

Inverting the sphere with regard to O, the diameter 2a being the constant of 
inversion, the derived surface is a tangent plane. The curve is traced out by Q, 
usually eaUed the stereograpMc projection of that traced by P. The ratio of the 
elementary arcs described by P and Q are in the ratio : 4a^. Hence if the path 
of P is a brachistochrone for a velocity v=^Ar% that of Q is a brachistochrone for 
a uniform velocity. The path of Q is therefore a straight line and that of P is a 
circle. Another proof follows from Arts. 608, 318. 

610. Bertacaad^s theorem. A series of brachistochrones is drawn on a given 
surface from a point A, and the ares AB, AB', &c. are described in equal times, 
the velocity at A being given. Prove that the locus of B cuts all the hraohisto- 
chrones at right angles. 

The following amounts to Bertrand’s proof. If possible let the angle AB'B' be 
acute. Drawing the aro BC so that the angle CPP'>OP'P, the sides of the 
triangle BOB' will then he elementary and the triangle may be regarded as recti- 
linear. It follows that the are CB'>CB. The time of describing GB' is > than 
that of describing OB because the velocity at every point in the neighbourhood of 
C is ultimately the same. The time of describing the line ACB is therefore less 
than that of describing AB* or AB, The path AB could not then be a brachisto- 
chrone. This proof is the same as that used by Salmon in his Solid Geometry, 
Art. 394, to prove the corresponding theorem for geodesies. Bertrand’s theorem is 
now generally enunciated in a generalized form and to this we proceed in the next 
article. 

611. A surface Si being given, let us draw from every point A on it that 
brachistochrone which starts off at right angles to the surface. Let lengths AB be 
taken along these lines so that the time t of transit from the surface along each is 
equal to a given quantity. The locus of the extremities B traces out a second 
surface which we may call So, By Art. 592, we have 

dt = SoTg cos B 2 }v 2 ~ dcTj cos diJvi , 

By construction cos for each line and, since the times of describing neigh- 
bouring lines are equal, 5t=0. It follows that the surface 82 also cuts the lines at 
right angles, • 

If the surface Sj is an infinitely small sphere all the brachistochrones diverge 
from a given point A . The locus of the other extremities of the arcs drawn from A 
and described in equal times is therefore an orthogonal surface. 

This proof may he applied to brachistochrones drawn on a given surface by 
expressing the conditions at the limits in Art. 607 in a form similar to that in 
Art. 592. 

This theorem though enunciated for a brachistochrone applies generally to 
problems in the calculus of variations. The time t may stand for any tegral of 
the form j*p , ds where ^ is a given function of x, y, z, and the curve is such that 
the integral is a minimum between any two points taken on it. 

6XS. BtX, 1. Prove that the equations of a brachistochrone on a surface of 
revolution for a heavy particle with a given level of zero velocity are 
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v^=2gZf where r, <p, z are cylindrical coordinatesj z being measured downwards 
from the zero level. Prove also that the brachistochrone touches the meridian at 
the zero level. 

JEa:, 2. A heavy particle is projected from a given point along a smooth groove 
cut on the surface of a right circular cone whose axis is vertical and vertex 
upwards, with a velocity due to the depth from the vertex. Prove that, if it reach 
another given point not more than half-way round the cone in the least possible 
time, the curve of the groove must be such as would, if the cone were developed, 
become a parabola with the point corresponding to the vertex as focus. 

[Math. Tripos, 1873.] 

Ex. 3. Prove that the brachistochrone on a vertical cylinder for a heavy 
particle with a given level of zero velocity becomes the brachistochrone on a 
vertical plane when the cylinder is developed on the plane. [Roger.] 

Ex. 4. Pind the brachistochrone when the velocity at any point of space is 
proportional to the distance from a given straight line. Prove that the curve lies 
on a sphere and cuts all the circles whose planes are perpendicular to the given 
straight line at a constant angle, i.e., the curve is a loxodrome. [Tait.] 


Motion of a particle relative to the earth. 

613. Let 0 be any point on the surface of the earth and let 
\ be its latitude. Then X is the angle which the normal to the 
surface of still water at 0 makes with the plane of the equator. 
Let OL = 6 be a perpendicular from 0 on the axis of rotation. 
Let CO be the angular velocity of the earth, then the earth turns 
round its axis from west to east in the time 27r/co. 

As we intend to discuss the motion of a particle P relative to 
axes moving with the earth and having the origin at 0, it is 
convenient to begin by reducing 0 to rest. We therefore apply 
to the particle P an accelerating force equal to and acting in 
the direction LO. We also apply an initial velocity equal to co& 
opposite to the direction of motion of 0, i.e, in a direction due 
westwards from 0. 

When the particle has been projected from the earth it is 
acted on by the attraction of the earth and the applied force 
The force usually called gravity is not the attraction of the 
earth, but is the resultant of that attraction and the centrifugal 
force. The form of the earth is such that at every point of its 
surface this resultant acts perpendicularly to the surface of still 
water. Let g be this force at the point 0, then when the particle 
is at 0, and 0 has been reduced to rest, the resultant force is 
represented by g. 
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When the moving point P has ascended to a height A, the- 
attraction of the earth is altered and is nearly equal to ^ (1 — 2/i/ a), 
where a is the radius of the earth. Since h is usually not more 
than a few hundred feet and a is roughly 4000 miles, it is obvious 
that the change in the value of gravity is so small that, for a 
first o.ppro'jciination at leasts we may regard gravity as a force 
constant in direction and magnitude. Since is 24 hours, %ve 
find that is nearly equal to g/2S9. Hence if we neglect gli/a 
we must also neglect at all points near 0, The applied force 
c£)“ 6 is not neglected because at points near the equator h is 'nearly 
as large as the radius of the earth. 


614. The equations of motion of a particle referred to axes 
moving with the earth have been already formed in Art. 499. 
We have here merely to express the components 0^ in 

terms of the angular velocity ct> of the earth. We then substitute 
the values of the space velocities u, v, w in the equations of the 
second order and neglect all terms of the form (o^z. We 

thus find 


^ -h 202, 
v=^- zB-^ + xOi, 
w = ^ — + ydi. 




a — V’ 


d?z dxa 


g + Z, 


where X, F, Z are the impressed forces other than gravity, the 
mass being unity. 

615. It will clearly be convenient to choose as the axis of z 
the vertical at 0. If the axis of x be directed along^the meridian 
tow’ards the south and the axis of y towards the west, we have 
^i = o>cosX, ^2 = 0, ^3 = — 6t)sinA, 


since X is the latitude of the place. 

It is sometimes necessary to take the axis of x inclined to the 
meridian at some angle the angle /3 being measured from the 
south towards the west. We then have 

cos X cos j3, ^2 = — CO cos X sin — co sin X. 

616. If we wish the axes to move round the vertical with 
an angular velocity p, we have 4- e, where e is some constant. 
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We then have 

m cos X cos /3, 0,2 = ^ o) cos X sin /9, 0,=z -- m sin X 4- p. 

The components Oi, 6^, Os are not now constants^ and in making 
the substitutions for u, v, w in the equations of motion their 
differential coefficients will not disappear. But if p be any small 
quantity of the same order as a), these differential coefficients are 
of the order The equations of motion will then be still 
represented by the forms given in Art. 614. 


617. As in some few cases it is necessary to examine the 
terms which contain we give the results of the substitution 
when the axis of js is vertical, while those of x, y point respec- 
tively sou til ward and westward ; 


sin X — ct>^ sin® X^r - 
dt^ dt 


dry ^ ^ dz 


- .. doc 

- 2(0 sin X -yr 

dt 


or sin X cos \z = X, 

- <ry = r, 


d^ 

dt^ 


+ 2(0 cos X ^ — Qj'* cos® Xz — a>^ sin X cos \x = — g + Z. 


018, Ex. A particle P is attached to a point A at the summit of a high tower 
2 nd when in relative rest the particle is allowed to fall freely. The point A being 
2 t a height h vertically above 0, it is required to find the point at icMch the particle 
itrikes the horizontal plane at O, 

Taking the axes of y to point due south and west, the equations of 
[notion are 

x^' — 2y*ds = 0, y" - 4- 2x'ds = 0, z" + = - 5^, 

where cosX, -w sin X, and the accents denote djdt (Art. 614). We solve 
these by successive approximation. 

As a first approximation, we neglect the terms which contain cj. Eemembering 
that initially x., y, x\ y\ z' are each zero and z — h, we arrive at y = 0, 

z^h-^gt\ 

As a second approximation we substitute these values of a:, y, z in the terms of 
the differential equations which contain d or w. We obtain after an easy int^ration 
x=:At-hP, y=Gt-hI)-igt^Bj^, z=:Et-hF-’igt^. 

The particle being initially in relative rest we have ar'=0, ^'=0, jk'=: 0, hence 
A=0, (7=0, JS=0, The initial velocities in space are not required here, but (after 
O has been reduced to rest) these are given by w=0, v= -hBi, w = (^. To the 
value of V we may add the velocity of O, viz. - o>b. Also when t=0, we have a?=0, 
y=^Q,z = h; 

.’.^=0, z=h-lgtK 

We see from the value of z that the vertical motion is unaffected by the rotation 
of the earth. The time of falling is given by h=:^gt\ Binee x^O throughout 
the motion, the particle strikes the horizontal plane on the axis of y, and there is 
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no southerly deviation. Since dj — ojcosX we have y= - there is there- 

fore a deviation toivards the east wMch is proportional to the cube of the time of 
descent. This deviation is greatest at the equator. 

61 Ex, 1. Show that the path of a particle falling from relative rest is 
nearly the curve Z25ay^ = cos- Xz^. 

Ex, 2. A particle is projected vertically upwards in vacuo with a velocity V. 
Prove that when the particle x-eaches the ground there is no deviation to the 
south, and that the deviation to the west is 4w cos XV^jBg^. [Laplace iv., p. 341.] 

Ex. 3. A particle falls from relative rest at a point A situated at a height h 
above the point O. Supposing the resistance of the air to be represented by kv 
where v is the velocity and k a small quantity, find the effect on the easterly 
deviation. 

Measuring s upwards and neglecting the terms x'&^, y'd^, as we now know 
that they are of the order (Art. 618), the equations of motion becorqe 
y" - 26-gi' = - Acy', r" = -g- kz'. 

The vertical motion is sensibly the same as if the earth were at rest. Substi- 
tuting z'~ -gt in the first equation, 

y" -t-Ky'-- / + Ky = ~ gd^t ^ ; 

where d^^d/dt. This leads at once to y= ^1 • ^he easterly 

deviation is therefore slightly diminished hy the resistance of the air. 

Ex. 4. Prove that, if the attraction of the earth on the falling particle were 
represented by X— -gxla^ -g {l~2zla), the time of falling from 

rest at a height h, as deduced from the equations of Art. 614, would be increased by 
the inappreciable fraction BhJQa of itself. Thence show that the easterly deviation 
is not perceptibly altered. 

Ex. o. The southern deviation, A particle falls from relative rest at a point A 
situated on the vertical at a point O on the surface of the earth. Let the sohtliem 
horizontal component of the attraction of the earth be represented by 
A=sinXcosX 

where A and C are very small functions of the ellipticity and the angular velocity 
of the earth, the point 0 having been reduced to rest. Prove that the southern 
deviation measured on the tangent plane at 0 is sinXcosXyt-^(f ^)* 

This result is obtained by substituting the approximate values of y and z 
obtained in Art- 618 in the small terms given in Art. 617. Expressions for the 
components of the attraction of the earth are to be found in treatises on the 
“figure of the earth” (see Stokes’ Mathematical and Physical Papers, vol. ii. p. 
142). These give approximately (after some reduction) C=(2m~ e)2gfa, where 
m=tA^alg and €=1/300, hence C = 2(,p nearly. 

620. Two cases of motion. Two special cases of the motion 
of a particle deserve attention ; (1) when the particle in its motion 
does not deviate far from the vertical and (2) when the motion is 
nearly horizontal. 
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Supposing the axis of z to be vertical, the horizontal velocities 
dx\dt and dyldt are small compared with the vertical velocity 
dzjdt in the first case. The products of the horizontal velocities 
by « are therefore of a higher order of small quantities than the 
product of the vertical velocity by (o and should be neglected in 
a first approximation. 

In the second case, on the contrary, dzjdt is small and we 
neglect its product by w. The two sets of equations are therefore 
as follows (Art. 614) : 


^ 


d^x 

dt" 






■■-g + Z, 


We notice that when the motion is nearly vertical the com- 
ponents ^ 1 , 62 enter into the equations, while 6 ^ does not appear 
until we proceed to higher approximations. It is therefore the 
component of the angular velocity about a tangent to the earth 
which affects the motion. 


On the other hand when the motion of the particle is nearly 
horizontal it is the component of the earth's rotation about the 
vertical, viz. 6 ^, which plays the principal part. 

If we compare the x and y equations for the case in which 
the motion is nearly horizontal with those given in Art. 614, 
when the square of co is neglected we see that they express the 
motion of a particle moving freely in space but referred to axes 
which turn round the vertical with an angular velocity ^ 3 . If, 
as is generally the case, the forces X, Y are either zero or in- 
dependent of the changes of the nearly constant quantity z, we 
can thns obtain these equations in an elementary way. The particle 
moves freely in space, unaffected by the rotation of the earth, 
but the axes of reference move round the vertical and leave the 
particle behind. This geometrical interpretation of the equations 
may be made more evident by considering some simple cases. 


621 . As an example consider the case of a pendulum. When the hob makes 
small oscillations the motion is nearly horizontal. To construct the motion we 
suppose the pendulum to oscillate freely in space (with the proper initial conditions). 
This oscillation is left behind by the earth, and the effect is that the plane of 
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oscillation appears to revolve about the vertical with an angular velocity equal and 
opposite to the vertical component of the earth^s angular velocity. The plane of 
oscillation therefore turns from west to south with an angular velocity w sin X. 
This problem is more fully considered in Art. 624. 

622. Flat trajeetories. A bullet is projected from a gun, situated at the 
point 0, with a great velocity V, in a direction making a small angle a with the 
horizon so that the trajectory is nearly Jiat. It is required to find the motion. 

The initial velocity of the bullet in space (after O has been reduced to rest) is F. 
After leaving the gun the bullet describes a parabolic path in space, while the axes 
of reference turn with the earth round the vertical at 0, and the bullet is left 
behind by the axes (Art. 620). Supposing that the initial plane of xz contains the 
direction of projection, the coordinates of the bullet at the time t are evidently 
X = Vt cos a, y= - where 6>3 = - a; sin X. 

The deviation y is therefore always to the right of the plane of firing in the 
northern hemisphere, and to the left in the southern hemisphere. If B be the 
range the whole deviation is sin X. We notice also that the deviation ?/ is 
independent of the azimuth of the plane of firing, and that the time of describing 
a given distance x is independent of the rotation of the earth. 

The third equation of motion (Arts. 614, 615) gives 

^=-y + 20 „— , z = Vtsma-^r!t^-V(jot-cQSacos\sin0, 

dt^ “ dt 

where "^2= -wcosXsinjS and jS is the angle the plane of firing makes with the 
meridian. The vertical deviation of the bullet from its parabolic path at the 
moment of reaching a target distant x from the gun is therefore - xto) cos X sin 

623. Deviation of a projectile. Ex. A particle is projected with a velocity 
F in a direction making an angle a Wi^h the horizontal plane, and the vertical 
plane through the direction of projection makes an angle ^ with the plane of the 
meridian, the angle ^ being measured from the south towards the west. If x is 
measured horizontally in the plane of projection, y horizontally in a direction 
making an angle |3 + Jtt with the meridian, and z vertically upwards from the point 
of projection, prove that 

x=V cos at + ( F sin at® - ^gt^) w cos X sin /3, 

2/ = (F sin at® — ^yt^) w cos-X cos + F cos at® w sin X, 

^;=: F sin at “ ^ <7t® - F cos at® w cos X sin 
where X is the latitude of the place, and w the angular velocity of the earth. 

Prove also (1) that the increase of range on the horizontal plane through the 
point of projection is 4w sin ^ cos X sin a sin® a - cos® a) F®/<7®, 

(2) that the deviation to the right of the plane of projection is 
4w sin® a cos X cos sin a + sin X cos a) F®/(;®, 

and (3) that the time T of flight is decreased by 2T cos a cos X sin j8 Vcojg. 

It is not usual in practical gunnery to take account of the rotation of the earth 
except when F is very great, and then only the terms containing V are perceptible. 

624. Disturbance of a pendulum. A particle of mass m 
is suspended by a fine wire of length I from a point 0 fixed 
relatively to the earth, and being drawn aside, so that the wire 
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makes a small angle a with the vertical at 0, is let go. It is 
required to find the motion ; see Art. 621. 

The equations of motion are those given in Art. 614. Taking 
the axis of z vertical and the origin at the position of equilibrium 
of the mass m we see that the ordinate z is less than ^(1 — cos a), 
and the terms of the form Bdzjdt are of the order these we 

shall reject. Let us also make the axes of w, y turn slowly round 
the vertical with such an angular velocity p relatively to the 
earth that ^3 = ~Q)sinX + _p becomes zero, as explained in Art, 
616. The equations of motion are now 


d-x _ _ ^ f ^ y 

dt^ m I' dt^ ml’ 


d^z 

dt^ 







\ 


l — z 

”rj 


(1), 


where T is the tension of the string, and 6^ have the values 
given in Art. 616. 

The third equation proves that the tension T differs from mg 
by quantities of the order Ima at least. Since xjl and yfl are of 
the order a, and we have agreed to reject terms of the order 
we must put T = mg in the two first equations. 

Since the two first equations are independent of cd, the motion 
of a real pendulum Vhen affected by the rotation of the earth is 
the same as that of an ideal pendulum, unaffected by the rotation, 
but whose path, viewed by a spectator moving with the earth, 
appears td turn round the vertical with an angular velocity 
p = Q) sin \ in a direction south to west. 

If In^ = g, the solutions of the equation are clearly 

A cos(w^ + (7), y = jB sin(w^ q-D) ...(2). 

It appears that the time of oscillation, viz. 27r/9i, is unaffected by 
the rotation of the earth. To determine the constants of inte- 
gration, we notice that when the particle is drawn aside from the 
vertical and not yet liberated, it partakes of the velocity of the 
earth and has therefore a small velocity relative to the axes. 
This is equal to — IpLw sin X and is transverse to the plane of 
displacement. Taking the plane of displacement as the plane 
of xz at the time ^ = 0, the initial conditions are 

X = ^a, y — 0, dxjdt = 0, dyjdt = — sin X. 
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It is then easy to see that 

A = la, Bn = — laao sin X, (7=0, D = 0. 

The particle therefore describes an ellipse whose semi-axes are 
A and — B. Since the ratio of the axes, viz. g> sin X V(%) is 
very small, the ellipse is very elongated and the particle appears 
to oscillate in a vertical plane. The effect of the rotation of the 
earth is to make this plane appear to turn round the vertical 
with an angular velocity co sin X. 

62;5. It is known that, independently of all considerations of the rotation of 
the earth, the path of the bob of a pendulum is approximately an ellipse whose 
axes have a small nearly uniform motion round the vertical. This progression of 
the apses vanishes when the angle subtended at the point of suspension by either 
axis of the ellipse is 7,ero ; see Art. 566. As the presence of this progression will 
complicate the experiment, it is important (1) that the angle of displacement should 
be small, (2) that the pendulum when drawn aside should be liberated without 
giving the bob more transverse velocity than is necessary. This is usually effected 
by fastening the bob when displaced to some point fixed in earth by a thread, and 
when the mass has come to apparent rest it is set free by burning the thread. 
The progression of the apses due to the angular magnitude of the displacement 
is in the opposite direction to that caused by the rotation of the earth. 

The advantage of using a long pendulum is that the linear displacement of the 
bob may he considerable though the angular displacement of the wire is very small. 
The boh should also be of some weight, for otherwise its motion would be soon 
destroyed by the resistance of the air; Art. 113. 

e26. As we have rejected some small terms it is® interesting to examine if 
these could rise into importance on proceeding to solve the equations (1) to a 
second approximation. To determine this we substitute the first approximation of 
Art. 624 (2) in the differential equations. The third equation shows that T/m - g 
has two sets of terms. First, there are terms independent of w which lead to the 
solution already obtained in Art. 555, and need not be again considered here. 
Next, there are terms which contain w as a factor and have the form siu(?it±/3) 
where /S=p£, Art. 616. These when multiplied by xjl or yjl give no terms of the 
form sin nt or cos nt. None of the terms whic]i contain a> can rise into importance 
(Art. 303). 

627. The idea of proving the rotation of the earth by making experiments on 
falling bodies originated with Newton. But mox'e than a hundred years elapsed 
before any observations of value were made. In 1791 Guglielmini of Bologna 
made some experiments in a tower 300 feet high. The liberation of the balls was 
effected by burning the thread by which they were suspended, and this was not 
done until they had entirely ceased to vibrate as observed by a microscope. *The 
vertical was determined by a plumb line, but he had to wait several months before 
it came to rest. The results were disappointing for they showed a deviation 
to%vards the south nearly as great as that towards the east. This discrepancy was 
due to two causes, (1) the niimerous apertures in the walls of the tower caused 
slight winds, (2) the vertical was not ascertained until a change in the seasons had 
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altered its position. Other experiments were made by Benzenberg about 1802 in 
Hamburg, but Reich’s experiments in 18B1 — 3 in the mines of Freiberg are 
generally considered to be the most 'important. The height of the fall was 158^ 
metres and the mean of 106 experiments gave a deviation to the east of 28^ 
millimetres, the deviation to the south being about a twentieth of that towaids the 
east. These were the experiments that Poisson selected to test the theory; he 
showed that the observed easterly deviation was within a thirtieth of that given 
by calculation. Poisson also investigates the general equations of motion of a 
particle relative to the earth and obtains equations equivalent to those given in 
Art. 617. He then applies them to a variety of problems. Journal de Vecole 
2 ^ oly technique^ 1838. 

The defect of experiments on falling bodies is the smallness of the quantities 
to be measured. In 1851 Foucault invented a new method; he showed that the 
plane of oscillation of a simple pendulum appeared to rotate round the vertical 
with an angular velocity equal and opposite to the component of the earth’s 
angular velocity. The advantage of this method is that the experiment can be 
eontinued through several hours, so that the slow deviation of the pendulum can 
he (as it were) integrated through a time long enough to make the whole displace- 
ment very large. Foucault’s experiment was widely repeated with many improve- 
ments. Among English experiments we may mention those by Worms in 1859 
at King's College, London, in Dublin by Galbraith and Haughton, at Bristol, at 
Abeideen, at Waterford in 1895. The accuracy of the method is such that it is 
possible to deduce the time of rotation of the earth. Foucault’s observations gave 
33"^, 57“, while the repetition of the experiment at Waterford led to 24^, 7*^^, 30“, 
the true time lying between the two (see Engineering, July 5, 1895). Though the 
experiment can be easily tried when only the general result is required, yet many 
difficulties arise when the deviation has to be found with accuracy. Indeed 
Foucault admitted that it was only after a long series of trials that he made the 
-experiment succeed (see Bulletin de la Societe Astronomique de France, Dec. 1896). 


Inversion and Conjugate functions. 

628. Inversion^. Let a point P of unit mass move under 
the action of forces whose potential in polar coordinates is 
U ==y’(r, 6, <f)). Produce any radius vector OP of the path to Q, 
where OP. 0Q = k^; the locus of Q is called the inverse path of 
that of P and any two points thus related are called inverse 
points. Let OP = r, 0Q = p. 

Let P', Q' be two other inverse points near the former, then 
since OP . 0Q= OP' . 0Q\ a circle can be described about the 
quadrilateral PQP'Q'. "The elementary arcs PP', QQ' are there- 
fore ultimately in the ratio r:p. If the points P, Q move so as 

* The reader may consult a paper by Larmor in The Proceedings of the London 
Mathematical Society, vol. xv. 1884. The principle of least action is there applied 
to both the method of Inversion and that of Conjugate functions. 
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to be always inverse points, tlieir velocities u, ih, are connected by 
the equation ujui = Tlp. 

The position of the point P in space is determined either by 
the quantities (p, 0, or (r, 6, <^). Choosing the former as the 
coordinates, the Lagrangian equations of the motion of P are 
deduced from 

T = = ip'- + + p- sin= 

P 

lT+C=/(^-^,0,4>) + O. 


These equations contain only the polar coordinates of Q. They 
primarily give the motion of a point Q describing the inverse 
path ill such a manner that P and Q are always at inverse points. 

Let us now transpose the factor from T to U. We then 
have (Art. 524) 

T, = i (p'^ + &c.), ^ {/(I , ./.) + C} . 

The Lagrangian equations derived from these give the motion of 
a particle which describes the same path as that of Q, but in a 
different time. Let the particle be called 11. The form of P 2 
shows that IT moves as a free particle, acted on by forces whose 
potential is P 2 * We see also that the masses of the particles P 
and n are equal. See also Art. 650, Ex. 2. 


The path of either particle may be inferred from that of the 
other. If the path of the particle P described with a work function 
fir, ^, (^) + (7 is known, then the other particle 11, if properly pro- 
jected, will describe the inverse path, with a work function 




629. To find the relation between the velocities u, v of the 
particles P, TI, when passing through any inverse poifits P, Q, 
we notice that by the principle of vis viva + G, = 

It follows immediately that v — ul&jp^, and therefore that ur — vp. 
Since the planes of motion OPP', OQQ coincide, the angular 
momenta of the particles, when at inverse points of their 
about every axis through the centre of inversion are equal. 

The constant G is determined by the consideration that the 
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known velocity u in the given path must satisfy the equation 
Xu^- = IT+C. 

The particles P, IT do not necessarily pass through inverse 
points of their respective paths at the same instant. Let t, r 
be the times at which they pass through any pair P, Q, of inverse 
points; t + dt, r-hdr the- times at which they pass through a 
neighbouring pair P', Q' of inverse points. Since the elementary 
arcs QQ' are in the ratio r : p while the velocities of P, 11 

are in the ratio 1/r : 1/p, it follows by division that the elementary 
times dt, dr are in the ratio : p\ The relation between t and r 


is found by integration from ^ = — 


This agrees with the ratio 


given in Art. 524. 

Supposing that the particles P, 11 are projected from inverse 
points on their respective paths, their initial velocities must be 
inversely as their distances from the centre 0 of inversion. The 
initial directions of motion must be in the same plane and make 
supplementary angles with the radius vector which passes through 
both the initial positions. 


630 . If the particle P is constrained to move on a surface the argument 
needs but a slight alteration. The inverse point Q describes a curve which lies on 
the inverse surface. Let (p, 6, <p} be the polar coordinates of Q ; then these may 
also be taken as the Lagrangian coordinates of P. Using the equation of the 


inverse surface, we have P' — ^ 


Substituting the values of p, p' in the 


expressions for T and U-hC given in Art. 628, we proceed as before and arrive at 
similar results. 


631 . Tlio Pressures. When the particles P, H are constrained to move on 
a surface and the inverse surface respectively, the pressures ut any pair of 

inverse points are such that Ri7^=EqpX 

To prove this we take any axis of z and resolve the forces on the particles 
perpendicularly to the meridian plane zOPQ, Art. 491. We then have 
1 dA 1 dU , ^ 
r sin $ dt r sm 8 d<f> ^ ^ 


1 dA 1 
p sin 8 dr p sin 8 


dU^ 

d<p 


+ p2 cos a2 , 


where A is the angular momentum of either particle about the axis of z, Art. 629, 
and dt, dr are the times respectively occupied by the particles in passing from any 
pair of inverse points to an adjoining pair. 

The forces E^, E^ act along the normals to the two surfaces. To understand 
the geometrical relations, we describe a sphere passing through P, Q and touching 
one surface. Then since the sphere has the property that for every chord the 
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product OP. OQ is the same, the sphere will touch the inverse surface also. The 
normals therefore meet in the centre of the sphere and W]!! make equal angles with 
every straight line perpendicular to the radius vector OPQ. The angles a^, of 
resolution are therefore equal, if the reactions are taken positively towards the 
centre of the sphere. 

Since p^dt = r-dr md {U+ C), we see at once that = Since 

ur—vp, we have pressures at Inverse points are also as the 

cubes of the velocities. 

Ex. Deduce from the relations p-U^ — r^ ( 17+ C), U+C^ 

(1) that the parallel components (?, G* of the impressed forces on the particles 
P, n in any direction perpendicular to the radius vector are connected by the 
equation p'^G' — r^G. 

(2) that the radial components P, P', are connected by p^P' + r2P= -Ar^ (Z7+ C). 


632. Ex. 1. The path of a free particle under the action of no forces is a 
straight line; in this case we have = 2X1=20. By inversion the path of a free 

particle, w’hen v^=u?^=2JJ^^ is the inverse of a straight line, i.e. a circle passing 

through the origin. This gives and the central force F=ACl-^lp^. 

This is Newton’s theorem that a circle can be described freely about a centre of 
force on the circumference w^hose attraction varies as the inverse fifth power of the 
distance. 


Ex. 2. Show that a particle can describe the curve = a - cost $ + sin^ $ 


under the action of a force P in the origin which varies as 




When the axes a, h oi the curve are so unequal that their ratio is greater 
than J2f the force P changes from attraction to repulsion as the particle proceeds 
from the extremity of one axis to the other. Verify this by tracing the curve, 
and show that the curve is convex at the extremity of the lesser axis. 


Ex.-B. Prove that the central forces P, P', under the action of which a curve 
and its inverse can be described about the centre of inversion are so related that 
2-2 

4 - =2 : show also that the velocities v, v' at inverse points are connected 

iP p- 

by vr = t^'7''. [This follows easily from the expression for P given in Art. 310. 
When h=hf, Art, 629, this agrees with Art. 631, Ex.] 


Ex. 4. A particle P moves on a sphere under the action of a centre of 
attractive force situated at a point 0 on the surface, and the velocity v at any 
point is P/r^ where r=OP. Prove that the path is a circle whose plane passes 
through O. 

Inverting the sphere, we find that the stereographie projection is a straight 
line. The result follows at once, see Art. 609. 


633. Conjiigate Itixictions. Let the Cartesian coordinates 
{x, y), (f, T]) of two corresponding points P, Q be so related that 

!« + yi=f{^ + 'ni) ( 1 ), 
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where /is any real function and ^ = ^/{— 1). Expanding the right- 
hand side we have 

+ (2), 

where (j> and are real functions. The transformation is therefore 
effected by using the equations 

X = 4){^,'ri), y = ir{^,7]) *.( 3 ), 


the motion of F following geometrically from that of Q. Differ- 
entiating (1) we find 

x' + y'i =/' + rji) . {^' + 7]'i], 

x' - y'i =/' (f - 1 }%) . ' — 7]'i] ; 

+ y'" = • W- + 'n'"'} ( 4 ), 

where }F is a real positive quantity given by 

+ vi)-f’{^-V'^) (S)- 

Let U=F(x\y) be the work function of the forces which act 
on the particle P. The motions of P and Q may be deduced by 
the Lagrangian rule from 

T= (p + v'% U = il V), ir (I n)], 

the constant of U being included in F for the sake of brevity. 

Transposing the factor fF to the work function, the equations 

give by the same rule the motion of a particle 11, whose mass is 
equal to that of P, which (when properly projected) will describe 
the same path as the point Q, but in a different time. Art. 524. 

To find the relation between the velocities u, v of the particles 
P, n at corresponding points of their paths, we observe that 
since = U, ^v^^Uo, the velocities are such that v = ixu. 

To find the ratio of the times dt, dr we notice that, by (4), 
the corresponding arcs dSy da are such at ds == yuda, while yM = v. 
It follows by division that dt — fFdr. 

634. Ex. It is known that a particle can describe the ellipse + 
with a force tending to the centre equal to kt. It is required to find the conjugate 
path and law of force when we use the transformation 

Let x=rGOSd, i/=:rsmd; ^=pcos<^, ■J 7 =psin^; the equation of transforma- 
tion then gives 

r = e:=n<p. 

The equation of the path is therefore 

cos- n<p sin- iKp __ F”- 
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Also, 

Again in the elliptic orhit, 
Hence since 




u‘^=2 {V+G)=k (a^+l^ -r-). 


^ == _”^__o2n-3 _ 1) (a2 4. h^) _ 






(?;n - 1 ) 


The ratio of the angular momenta, viz. vpjur, is easily seen to be equal to Ji. 


"When n= -1, this transformation becomes r=c^lp^ 9 = -<p. The transforma- 
tion reduces to a simple inversion, except that <p measured positively in the 
opposite direction to d» 


635. Aj:. If the particle R is constrained to move on any given curve with a 
work function U, while the equal particle II is constrained to move on the 
conjugate curve, with a work function the pressures JRj, on the two 

curves are in the ratio of the cubes of the velocities, i.e. This gives 

also 


The grouping of trajectories and JacobTs solution. 


636. The Cartesian equations of the motion of a free particle 
of unit mass are 


X 


It 


dU 

dx ’ 


dy ’ 



( 1 ). 


and to these we join the equation of energy 

v‘^ x'- :=^ 2U + 20 (2). 

When the equations (1) have been integrated we have x, y, z 
expressed by three functions of t with six constants whose values 
become known when the initial values a, h, c of the coordinates 
and the initial velocities a% h\ 0 ' are given. 

Since t enters into the equations (1) only in the form dt, the 
differential equations are not altered by writing t-^ e for t. One 
of the constants of integration therefore enters into the solution 
as a mere addition to the time. When we eliminate the time we 
arrive at two equations which are the equations of all the possible 
trajectories in space. The constant e disappears with t, and the 
equations of the possible trajectories contain five constants, of 
which the energy C may be regarded as one. To understand the 
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relations of these trajectories to each other it becomes necessary 
to group them into systems. 

We first group the trajectories according to the values of the 
energy 0, Taking any one group, having any given energy, the 
four remaining constants are determined for any special trajectory 
when the coordinates of some two points A, B arbitrarily chosen 
on it are given. 

637. Action. If els be an dement of the arc of the trajectory, 
the integral V=f?jLvds is called the action as the particle passes 
from A to B, If niv- be the vis viva of the particle in any position 
we also have V = fmv-dt, the limits being the times ti and t of 
passing through A and B. When we are only concerned with the 
motion of a single particle, it is convenient to suppose its mass 
to be taken as unity. 

Considering a single particle, let s be measured from A to B 
along the trajectory of least action and let the length AB be L 
Let A'B' be a neighbouring trajectory (Art. 590) from some point 
A' near A to a point B' near B. Proceeding as in Art. 591, writing 
V for <^, we find 

H 5(” S)} +Ib H 

where the part outside the integral is to be taken between the 
limits A and B and the energy G has been varied for the sake 
of generality. It is easy to deduce from the equations of motion 
(as in Art. 599) that the coefficients of hx, hy, hz inside the 
integral are zero. Also since — U we have vdv/dG = 1. 
Since vdx/ds is the x component of the velocity we thus have 
3 F= x'Bx + y'Sy + /3a - a'Ba - h'Bb - c'Bc + (t- 1 ,) BG. . .(4). 

When we consider the motion of a system of particles, either constrained or free, 
and all taking different paths, it is more convenient to take t as the independent 
variable. Let us imagine the system, to be moving in some manner which we will 
call the actual course- Let the work function of the field be U and let L be the 
Lagrangian function, then L = T+U (Art. 506). Let 6j, ^^7 indepen- 

dent coordinates of the system, Uj, aj,^ &c, their values in some position A occupied 
by the system at a time q. Then d^, 8.2, &g. are functions of t, whose forms it is 
our object to discover. 

Let us next suppose the system to move in some varied manner, i.e. let the 
coordinates be functions of t slightly different from those in the actual course. By 
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the fundamental theorem*' in the calculus of variations, we have 

! oidt^ 




d d^ 
dt dd' 


where cj — 86~$'8t, N implies summation for all the coordinates d^, <&c. and the 
limits of integration aie and t. Since each separate term inside the integral 
vanishes by Lagrange’s equations (Art. 506), we have 


5 + 17) 3t + S (se - J • 

If the geometrical conditions do not contain the time explicitly T will be a 

dT 

homogeneous function of 6*/, 62 > therefore 2 — , 0' = 2T. We 

also suppose that for each varied course the velocities are so arranged that the 
principle of energy holds, i.e. T - U=C, though G may be diffeieut for each course. 
Hence L = 2I'~ C, and 5 J Cdt= 5 [ <7 (t - j . We now have the two equations 


S/Ldt =-C{St- St,) + 2 Se) - S 5a) (A) 

Sf2Tdt=it-t,) 5C+S (g 5^) -S (g a«) (B). 


The action 7 of the system is the sum of the actions of the several particles. 
We therefore have Vs=j2Tdt, When the system reduces to a single particle of unit 
mass 2 T=x'2 + 3 /'- + 2 '-, and the equation (B) becomes the same as (4). 


638. Let US consider the motion of a single free particle and 
let the energy G he given, therefore 5(7=0.. Let Vx, v ,2 be the 
velocities at A, J5; 5o-i, 80-2 the displacements AA\ BB' \ Ox, O 2 
the angles these displacements make with the positive directions 
of the tangents at A, B] then, as in Art. 592, (4) becomes 

3 "F = z ;2 cos 6 ^ 80-2 — Vx cos 0x8crx (IV). 


* The proof of .this theorem is as follows. We have 

5 jLdf = J +Ld5t) =[L5i3 + J(5Ldt - dL8t), 

Now L is a function of the letters typified by 6, 

8L = 'E{LeSe + L6'8&'}, dL^:^ {Led9 + Le’d"dt), 

where suffixes imply partial differential coefficients. Since 


dt dt + d8t dt ~ dt dt dt ’ 

86' - e"8t = ^ {8$ - e'8t) =: w', 

substituting we find 

djLdt^ [L50 + Js {Leu + Le'ta') dt. 

Integrating the last term by parts we immediately obtain the theorem in the text. 
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Introducing the mass m, this maybe read, the change of the action 
in gassing from one trajectory AB to a neighbouring one is the 
difference of the virtual moments of the momenta at the two 
ends. 

Taking any arbitrary surface which we may call let us 
group together all the trajectories which cut 8i orthogonally, 
then cos = 0. On each of these trajectories let us take the 
point B so that the action from the surface Si to B is some given 
quantity. As we pass from one trajectory to a neighbouring one, 
B traces out a second surface which we may call S^, and at every 
point of S ,2 we have 3 F = 0. It follows that for this surface 
(supposing it to be of finite extent) cos O, is also zero. The 
trajectories therefore intersect the surface S^ at right angles. 

Considering all possible trajectories we first group them ac- 
cording to the value of the energy. We classify them again by 
selecting all those at right angles to some given surface. We 
have now a congruence of trajectories. The theorem just proved 
asserts that all these trajectories can be cut orthogonally by a 
system of surfaces. These orthogonal surfaces are such that, 
when any two are given, the action frbm one to the other is the 
same for all the trajectories. See Thomson and Tait, Treatise on 
Natural Philosophy ^ 1879, voL i. Art. 332. 

All possible trajectories may be grouped together in the manner 
just described in many different ways. One method is to select 
a surface intersecting all the trajectories. Each point of this 
surface may be regarded as the centre of an infinitely small 
sphere which all the trajectories intersect at right angles. The 
surface Si is then reduced to a collection of points occupying an 
arbitrary surface. This is the method of grouping adopted in 
Arts. 159, 330, 339, &c. By a different grouping we obtain different 
orthogonal surfaces. 

639. These considerations lead us to a rule which is a special 
case of that given by Jacobi for the solution of dynamical problems. 
When this method is applied to the d 3 mamics of a particle the 
orthogonal surfaces are investigated first and the trajectories are 
afterwards deduced. In the general case of a system of rigid 
bodies the interpretation is not so simple. 
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640 . Let the action V he expi'essed as a function of the energy 
€ cmd of the coordinates {x, y, z), {a, b, c) oj the particle in the two 
■arbitrary positions B and A. Then by the principles of the 
differential calculus, 


fZT" dV^ 


fZF. dV^jclV clV 


the energy being varied lor the sake of generality. Comparing 
this with the expression (4) (Art. G37) we see that 


, dV , , 

X =-5- , &c., &c., 
ax 


a = • 


clV 

da 




'dC‘ 


.( 6 ). 


Substituting in the equation (2) of energy, we find 



^2C\ 



= 2U-o + 2a..(7), 


where is the value of U when we wnite for .7?, y, ^ their initial 
values a, b, c. These are called the Hamiltonian equations of 
motion. 


It is obvious that if we can deduce from the equations (7) 
the proper form for the function V, the first set of (6) will give 
the component velocities of the particle and the second set wdll 
give the relations between the coordinates y, z and their initial 
values. The last equation will give the time. 

Jacobi proved that it is not necessary to obtain the general 
integral of either differential equation. It is sufficient to discover 
one solution of the form 


y =/(^*. - 

containing three new constants a, /3, 7. He also proved that the 
introduction of the initial coordinates a, &, c into the expression 
for V is unnecessary. Instead of these he uses the two constants 
of integration here called a, /3. 


641, In the first differential equation (7) and in the complete 
integral (8), the quantities' x^ 7, .s^ are the independent variables. 
Jacobi’s rule asserts that if lue establish the following relations 
between x, y, ^ and a mw variable t, the equations of motion (1 ) 
will be satisfied. These assumed relations are 


da" 


a^, 


df 

d$ 




df 

dC 




e 


( 9 ), 
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where ai, ySi, and e a.re three new constants. These new relations 
make y, z functions of G and the five constants a, a^, fii, 
and €. 


To prove these relations we diffei'entiate (9) with regard to t 
and thus arrive at three equations of the form 

y' d^a d^M 

The other equations have /S and O written for a, but in the third 
the zero on the right-hand side is replaced by unity. These 
equations determine x\ y', z'. 

Also since (8) is a solution of the first of the differential 
equations (7), it must satisfy that equation identically. We 
may therefore differentiate (7) after substitution with regard to 
each of the constants a, /3, C. We thus arrive at three equations 
of the form 

+ (11) 

dx dxdoL dy dyda . dz dzdoc 

The other equations have /3 and C written for a, but in the third 

the zero is replaced by unity. 

Comparing the three equations (10) with the three (11), we 
see at once that 

, df , df , df . 

"“C- S' -4' "s ^ 

It also follows that 

^ ^ 'c' 4 - - v' 4 - z' (18) 

dx^ dxdy^ dxdz ^ ’ 

with similar expressions for y'\ z'\ 

We may also differentiate (7) after substitution from (8) partially 
with respect to any one of the three variables x,y, z] 

... 1 

dx dx^ dy dxdy dz dxdz dx ’ 

Substituting from (12), the left-hand side becomes by (13) equal 
to x'\ We therefore have 

,, dU „ dU „ dU 
^ ~ dx’ y ~ dy’ ^ ~ dz’ 

v/hich are the equations of motion (1). 



396 


JACOBI’S SOLUTION. 


[chap. VIII. 


642. Consider the system of surfaces defined by 

f{x, = K (14), 

where C, a, yS are constants and K the parameter. The equations 
(12) prove that the direction of motion at any point is normal to 
that surface of the system which passes through the point. Thus 
the surfaces (14) cut the trajectories at right angles. These tra- 
jectories (with their parameters ai, may- be deduced from (14) 
by the rules given in the theory of differential equations or more 
easily by Jacobi’s equations (9). 

The trajectories in Jacobi’s method are thus grouped together 
according to their orthogonal surfaces. By taking different com- 
plete integrals for (8), we group the same trajectories in different 
ways. Art. 638. 


©43- As an example which requires no long algebraical process, let us discuss 
the trajectories when the forces are absent. The Hamiltonian equation is 


(f 


(15). 


One complete integral, suggested by the rules for solving differential equations, is 

V=[ax + ^y+^/{l-a^-^^^)z} gi2C}+y ( 16 ), 

ant)ther complete integral is 

r = {(r-a)^ + (;/-P)- + c^liV(2C) (17). 


If we choose the first integral the surfaces V —K are planes and the trajectories 
are grouped into systems of parallel lines, the lines taking all directions. If we 
choose the second integral, the surfaces V = K are spheres having their centres on 
the plane of xij. The trajectories are grouped into systems of straight lines 
diverging from points on that plane. 

To illustrate the use of equations (9) let us substitute in them the second 
integral. "We have at once 


y~g 


= -i8i, 


s/(2C) 


= 1 4* € . 


.. (18), 


where r^=(,r - a)'^ + (^ - + These evidently give a system of straight lines 
diverging from the point a: = a, z — 0, described with a velocity \/(2C). 


644. When the coordinates chosen are not Cartesian the 
expression for the kinetic energy does not take the simple form 
given in (2). Let the kinetic energy T be given by 

2r== (19), 

where P, Q, R are functions of the coordinates 6, Let us 

now take as the Hamiltonian equation 


1 

P 


1 (dV\f 1 jdV\ 
\de) ^ Q\d 4 >) ^ R\d^} 


=2U+2C 


( 20 ). 
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Proceeding exactly in the same way as before, we prove that if 

F=/(^, + 7 ..(21), 

be an integral of (20), the first integrals of the Lagrangian 
equations of motion (Art. 50G), are 

df 


dG’ 




The trajectories, &c. are given by 
da dp~ 

where a,, and e are new constants. 


df 


dC 


r^ = t+ e. 


( 22 ). 


.(23). 


This enunciation includes the most useful cases of Jacobi's 
rule. But his method applies also to any dynamical system, in 
which T is a quadratic function of the velocities. For these 
generalizations we refer the reader to treatises on Rigid Dynamics. 


645 . Ex. 1. Apply Jacobi’s rule to find the path of a projectile. 
The Hamiltonian equation is 


(S)’-(ST=— - 


Separating the variables, we find that one complete integral is 


r = ^(2a)x--^(2C-'2a-2g>j)^+y. 

Ex. 2. Apply Jacobi’s method to find the path of a particle in three dimensions 
about a fixed centre of force which attracts according to the Newtonian law. 

Taking polar coordinates we have 

2T = + ^2 siji2 xj^ t . 

The Hamiltonian equation (Art. 644) may be put into the form 

If we equate these three expressions respectively to a, -a + ^cosec^d and 
- cosec^ d, we obtain three differential equations in which the variables are 
separated and whose solutions satisfy the Hamiltonian equation. Let the inte- 
grals of these be V (r, a), V =/« (d, a, ^), V=fa {<t>, /3)*» It is obvious that 
V=f^+f 2 +fa + y is a complete integral from which all the trajectories may be 
deduced. 


Ex. 3. Apply Jacobi’s method to find the motion of a particle in elliptic co- 
ordinates (X, /u, p) when the work function is 

17= - y-) fi (X) + {P^ - \^) fa ()a) + (X^ - (p ) 

(\^ - {ju,^ - (1'’“^ - X'-^) 

Taking the expression for T given in Art. 577, the Hamiltonian equation (Art, 
•644) after a shght reduction becomes 
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V-) IX" - A-) (.a- - y-} - ifj:- - Jr) (/i" - Jr) {v- - X^) j + {p- - Jr) {p- - Jr) {X- - 


wheiP' I) = ~ fir) {p~ - p~) {p- - X“) . Since 

(//- - ?>-) -r ( 1 ^“ - A“) 4- (X- - fir) = 0, 

X- (pr - V-) + (jr {V- -■ X-) + (X“ ~ /i“] = 0, 

X^ {fr — V-) -f p* {p“ - X-} 4 ‘ (X' - /i") = - D, 
tUe differential equation is satisfied by assuming 


- 2/3 (X) + o+/3V + 2C\*, 

\\ ith similar expressions for d Vfdp and dVjdp. In tliese trial solutions tlie variables 
X, p, V have been separated, the first containing X, the second /a, and the third v. 
Supposing the integrals to be T=Fj (X, a, /3, (7), {p, &e.), V=F.^ {v, &c.), the 

required complete integral is then F = Fi + I’o-i-i^y + 7 . The solution then follows 
by simple differentiations with regard to the constants a, (3, C. 

This expression for U is given by Liouville m his Journal, voL xii. 1847. He 
uses it in conjunction with Jacobi’s solution. 

XVe may also write the expression in a different form. Let 2hi ih’ Pz 
perpendiculars from the origin on the tangent planes to the three confocals which 
intersect in any point, and let X, p, v be as before the semi-major axes. We find 
by using the expressions for these perpendiculars in elliptic coordinates (Art. 577) 

U = Pi-Fj (X) -4 (p) 4 * p/F. (p) . 

Taking U=p-F(\), (omitting the suffixes) we see at once that the level surfaces 
intersect the ellipsoids in the polhodes. The direction of the force at any point P 
is therefore normal to the polhode which passes through P. It may be shown by 
differentiation that the components, T and N, of the force, tangential and normal 
to the ellipsoid which passes through P, are 

N =2 fF (\] S ^ i + rF '{\), 

where S\,= ~ The Cartesian components A, Y, Z are 

X’* Lr C**' 


i--,- 






X- X ’ 


with similar expressions for Y and Z. 


We may obtain simpler expressions by combining the three terms of U, Putting 
(X) = - x-”'^'^, Ja {p) ~ - /s (v) = - we see that U is equal to the sum 

of tlie different homogeneous products of X-, pr, p- of n dimensions, each product 
being taken with a coefficient unity. This symmetrical function of the roots of 
the cubic in Art. 576 may be expressed as a rational function of the coeffilcients. 
We thus find possible forms for U in Cartesian coordinates. For example, putting 
/j (X}=: - A* &c., we find 


F = X - 4 ju- 4 = (a:- +• ?/" + 3®) 4 - A . 
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As another example, put/^ (X)= - Ac., we then ha\e 

17 = X"^ -j- -J- -f X + I/-X- 
— 4- c-)- -f- (ac“ 4 4 (//- 4 A,-) 4 A-p- 4 A 4 

where A and B are two constants. 


■ 646. Principle of least action » Let the extremities A, 
B of the trajectories be given and let the particle be constrained 
to move from one point to the other along a smooth wire, the 
energy being given, Art. 636. Of all the different methods of 
conducting the particle from A to B there may be one xvliich is 
the trajectory the particle xvould take if unconstrained. We see 
by Art. 637 that for this course the value of is given by 
equation (4). But since the points A, B are fixed, 3^, hz 
vanish at each end. We therefore have 3F — 0. It follows there- 
fore that the free trajectory is such that the change of action in 
passing from it to any neighbouring constrained course is zero. 
The action for a free trajectory tuith given energy is either a 
maxinmin, a minimum, or is stationary. , 

Conversely, if the path from A to B is required which makes 
the action a max-min, the principles of the Calculus of Variations 
require that the coefficients of hx. By, Bz inside the integral (3) 
in Art. 637 should be zero, provided the geometiical conditions 
of the problem permit Bx, By, Bz to have arbitrary signs. Assuming 
this, the vanishing of the coefficients leads, as already explained, 
to the equations of motion. The result is that the free trajectory 
from A to B is then the path of max-min action given by the 
calculus of variations. 

A similar theorem holds for the motion of a system either free or connected by 
geometrical relations. Let any two configurations or positions A, B he given. If 
we conduct the system from A to B by any varied paths as described in Art. 637 we 
have (since the variations of the coordinates of these positions are zero) 

(A), (B). 

Let us now suppose that in these varied paths the particles, without violating 
the geometrical relations, are conducted with such velocities that the energy 
C= T -TJ has a given value, (the same as in the actual course,) then 5(7=0, and the 
eq.uation (B) shows that the action is a max-min or is stationary in the actual 

path. 

The equation (A) gives a companion theorem. Let us suppose that in the varied 
paths the particles aie so conducted that the time t- q is e<2ual to a given quantity, 
then \Ldt is a imi.vanin or is stationary. 
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647- The action from one given point to another cannot be a real maximum 
if the velocity is always the same function of the position of the particle. Every 
element of either of the integrals ^v^dt or jvds is positive and therefore, whatever 
path from A to D may be taken, we can increase the whole action by conducting 
the particle along a sufficiently circuitous but neighbouring path. Thus, if C be 
any point on the free course AjD we can conduct the particle along that course 
to C, then compel it to make a circuit, and after returning to the neighbourhood 
of C conduct it along the remainder GB of the free path. Additional positive 
terms are thus given to the integral and the action is inci eased. Tne energy of the 
motion is unaltered, but the time of transit is longer. 

Since every element of the integral is positive, there must be some path joining 
A and ii which makes the action a true minimum- If the theory of max-min in 
the Calculus of Variations gives only one path, that path must be a minimum. 

648. It may be that there are several free paths by which the particle could travel 
from A to B. Selecting one of these, say AI)B^ we may ask if the action along it is 
a true minimum. Let a neighbouring free path starting from A (the energy being 
the same) intersect ABB in O. To simplify matters let no other free path 
intersect ABB nearer to* A than C. If B lie between A and O there is only one 
free path from A to B which is in accordance with the principles of mechanics, and 
that path makes the action a true minimum ; Art. 647. If B is beyond C, there 
are two neighbouring free paths from A to C. It may be proved that the action 
from A to B is not in general a true minimum, the action for some neighbouring 
courses being greater and for others less than for the free x>ath AB (Art. 653). 

64©. It maybe that there is no free path froiii A to 3, yet (;here must be a path 
of minimum action. For example, a heavy particle projected from A with a given 
velocity can by a free path arrive only at such points as lie within a certain 
paraboloid whose focus is at A, Art. 159. The path of minimum action from A to 
a point B beyond the paraboloidal boundary is not a free path. When deduced 
from the Calculus of Variations it falls under the case mentioned in Art. 646. Its 
position is such that it cannot be varied arbitrai’ily on all sides, i.e. the signs of 
the variations 5.r, Sy, 5- are not arbitrary along the whole length of the course. 

Such limitations exist when the path runs along the boundary of the field of 
motion (Art. 299). We therefore draw verticals from A and B to intersect the 
level of zero velocity (which in this case is the directrix) in <7 and D, Let us 
conduct the particle from A along AC to a, point as near C as we please, and thence 
along a course coinciding indefinitely nearly with the directrix to a point as near 
D as we please. The particle is finally conducted along the vertical DB to the 
given point B, Throughout this course the velocity is always supposed to be 
^{2gz) where z is the depth below the directrix. The velocity being ultimately 
zero along the directrix the whole action from A to B is reduced to the sum of the 
actions along the vertical paths AC, DB. The path close to the directrix cannot 
be varied arbitrarily, because the particle cannot be conducted above that level 
without making the velocity imaginary. This minimum path is therefore not given 
by the ordinary rules of the Calculus of Variations. 

A similar anomaly occurs in the case of brachistochrones. The parabola is a 
brachistochrone when the force acts parallel to the axis and is such that the 
velocity is inversely proportional to the square root of the distance from the 
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directrix; Art. 605. The directrix being given in position, the initial and final 
points A, B of the course may be so far apart that no such parabola can be drawn. 
In this case the brachistochrone is found by conducting the particle along the 
vertical straight line AO in accordance with the given law of velocity, thence with 
an infinite velocity along the directrix CD, and finally along the vertical line BB 
to B. 

The further discussion of these points is a part of the Calculus of Variations. 
Some remarks on the dynamics of the problem may be found in the author’s 
Rigid Dynamics, vol. ii. chap. x. 

© 50 . Ex. 1 . Prove that the same path is a brachistochrone for [x, y, -z) 
and a path of least action for v'^=Alf(x, y, z)'. Art. 599. 

The brachistochrone is deduced from the calculus of variations by making 
jdsjv a minimum; the path of least action by making jv'ds a minimum. These 
must give the same curve if ; (Jellett and Tait). 

Ex. 2. Prove that, if a path be described by a particle F with such a work 
function that Q, y>), the inverse path can be described by a particle n with 

a velocity v\ such that — j ^ -^rhere rp=k^; Art. 628. 

To find the first path we make jvds a minimum. Since ds'ld8:=^plr, the second 
path is found by making ^v'dspjr a minimum. These are the same integrals. 
This mode of proof applies equally whether the particle is free or constrained to 
move on a surface. 


651. Ex. 1. Prove that in an elliptic orbit described about the focus S, the 
time is measured by the area described about the focus S and the action by the 
time described about the empty focus H. 

If v' be the perpendiculars on the tangent from 8 and M, we know that 
p^'=h\ Since v=^hlp, the action jvds becomes jp'ds.hjb^; the area described 
about JS being ^jp'ds, the result follows at once. [Tait, Dynamics of a parUcle.’\ 


Ex. 2. In an ellipse described about the centre C, perpendiculars Pikf, PN are 
drawn from P on the major and minor axes CA, CB, and A, B represent the 
elliptic areas PMA, PNC A respectively. Prove that the action from A to P is 

{a^A-i-b^B}^plab. 

Ex. 3. Prove that the action in describing an arc of a central orbit is 
^ dr. When the central force is F=p,lr‘^ &nd the initial velocity is 

. . 2h n — B 

that from infinity, prove also that the action is ^ tan —— $, where 0 is 
measured from the maximum or minimum radius vector ; Art, 360. 


Ex. 4. A heavy particle describes a parabola. Prove that the action from any 
point A to another P is jc times the sectorial area ASB, where 8 is the focus, 
K^=lGgll and I is the semi-iatus rectum. 

Prove also that, if the chord AB pass through the focus, the action along the 
parabolic path is greater than that along the course AC, CD, DB where AC, BD 
are perpendiculars on the directrix. Arts. 159, 649. 
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652 . Ex. 1 . ‘When a heavy particle is projected from a point A with a given 
velocity to pass through a point there are in general two possible parabolic 
paths. Prove that the action is a minimum along that parabola in which the are 
AD is less than the are AC where C is the other extremity of the chord drawn 
from A through the focus. 

The action is a minimum when B is not beyond the intersection with the 
neighbouring parabola drawn from A ; Art. 648. Since the chord of intersection 

ultimately passes through the focus of either of these neighbouring parabolas, Art. 

159, the result given follows at once. 

Ex. 2. When the force is central and varies according to the Newtonian law, 
there are in general two elliptic paths which a particle could take when projected 
from A with a given velocity to pass through B. Prove that the action is a 
minimum along that ellipse in which the arc A 2? is less than AO, where O is the 
other extremity of the chord drawn from A through the empty focus : Art. 339. 


663, Ex, A 'partv^le described a circular orbit about a centre of force 
represCTited by situated in the centre O. It is required to find the change 

in the action ivhen the particle is conducted until the same energy from a given point 
A to another B on the circle by sonic neiglihoiiring path lying in the plane of the 
circle. 

Let a he the radius, then taking the normal resolution, the velocity 
VQ=>J(pja'^~^), The principle of energy for the varied path gives 

r= ^ 1 c 

2 71-1 7*”“^ 

Also C=i — ^ , since the energy O is the same for both paths. 

2 n “ 1 


Let the equation of the varied path be ?* = u(l+p) where p is some function 
of 6. Substituting we find 

r=Uo ll-p + §(«-l)p^+...j- fl). 

Here p is equivalent to the of the Calculus of Variations. 

Since {ddf—r’^{ddf-\-{drf-, we find by the same substitution 

P + \(flfj +...| (2). 

The action therefore when d increases from 0 to ^ is 

jvds^av, f + g j 

where j 2-=:3 « as in Art. 367, and the limits are 6 = 0 to 6. By substituting for p 
the value corresponding to any assumed variation of the path, the change in the 
action foUotvs immediately. 

If the particle starting from A were to describe a neighbouring free path with 
the same eneigy, we know by Art. 367 that the first intersection of the new path 
with the circle is at a point given by 6= Trjp nearly. 

We may easily deduce from the expression (3) that the action from A to B is a 
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true minimum if the angle AOB <L7rlp\ prove this we use 

an artifice due to Lagrange/^. Since 

d . ^ dp ^d\ , . 

^ {^p-J-SXp^ + p-jg (4), 

where X is an arbitrary function of d, we may write the integral on the right-hand 
side of (3) in the form 

x= -[V]+ /{@)“ + 2 v|h- (|-p») p=} d.. 

The term \p^ taken between the iiraits is zero, since both paths begin at A and end 
at B. Let us choose the function X so that 

•*' X=ptanjp(^-a) (5), 

-f" Xp^ do . . 

Since this integral is essentially positive it follows from (3) that the action along 
every varied path from A to B is greater than that along the circle. 

This argument requires that X should not be infinite within the limits of 
integration. By taking pa=^T--e where e is a quantity as small as we please the 
values of X given by (5) can be made finite from ^ = 0 to d = 7r/p - where e' is a 
quantity as small as we please. The argument therefore requBes that the point B 
should not make the angle AOB^Ttjp. 

When the angle AOB is greater than rrjp we can prove that the action along 
some varied curves extending from A to B is less, and along others is greater, than that 
in the circle. 

'To prove this let us conduct the particle from A to B along the varied path 
whose equation is p=L sin gS. Let jS be the angle AOB, then since p vanishes at 
each end, g is arbitrary except that g^ is a multiple of tt. Since p^^ir one value 
at least of g is less than p and the others are greater than p. Substituting in (3), 
we find that the integral is 



the limits being $=0 to 6=^. The smaller values of g make I negative, while the 
greater values (which correspond to the more circuitous routes) make I positive. 
The conclusion is that when the angle AOB>rrlp, the action along the circle is not 
a t?'ue minimum. 

654. Ex. A particle moves in a plane with a velocity v = <p {x, y) beginning 
at a given point A and ending at B. The path taken being that of minimum action, 
it is required to find in Cartesian coordinates the equation of the path and the ch/inge 
of action lohen the path is varied in an arbitrary manner. 

Let the elementary action vds = <p represented by f{x, y, p)dx, 

where p has been written for y'=dyldx. Then writing y + Sy, pA-Sp for y and p, 


then 


-/(: 


dd 


* Lagrange Thiorie des fonctions Analytiques 1797. He refers to Legendre, 
Memoirs of the Academy of Sciences 1786, and adds that it must be shown that X 
does not become infinite between the limits of integration. Not being able to 
settle this question, he just missed Jacobi’s discovery. See also Todhunter’s 
History of the Calculus of Variations, page 4. 
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(but not varying x) the whole increase of action on the varied curve is by Taylor’s 

theorem, 

dA = + fp ^ { firp {Sy)^ +• ^fpp 5y 8p + fpp ( dp)^ ^ + <fec.] 

where sufiSixes as usual represent partial differential coefficients. Integrating the 
second term by parts, as in Art. 591, we have 

6 A = [fpSy ] +/{(/„- fp') By + &e. } dx, 

where the part outside the integral, being taken between fixed limits, is zero, and 
accents denote total differentiation with regard to x. The path of minimum 
action is found by equating the coefficient of Sy to zero, Art. 591. This path is 
therefore given by 

/v-/p'=0 (1). 

and the change of action in any varied path by 

SA = If jifify i^y)" + ^fyp % + fpp (^) * 

To find the path in Cartesian coordinates we integrate the equation (1). This 
can only be effected when the form of the function y> is given. The integration 
presents only those difficulties which are discussed in treatises on differential 
equations. We now proceed to find the change in the action given by (2). 

To determine the sign of 8A, we write (2) in the form 

8 A = [X (5y)2] + i j[(/^ - 2V) + 2 (/^ - 2X) 8y 8p +fpp (5p)2] dx... . (3) , 

where the term outside the integral is zero, provided X does not become infinite 
between the limits of integration. 

Let y~F {x, he the integral of (1), then changing the constants into + a^ 
<j 2 + iS where a, jS are indefinitely small, 

2, + 5y=F+ga+g^ W- 

is also a solution of (1). We choose the constants Cj, Cg soHhat the curve y = F 
passes through the limiting points A and B. Making the varied curve (4) also 
pass through A, we have an equation to find ^ja. Hence 



is the equation of a neighbouring path of minimum action beginning at A and 
making a small arbitrary angle with the path AB, the magnitude of the angle 
depending on that of a. If C is the Jirst point of intei'section of these two paths, 
then u is not zero between A and (7. 

Differentiating (1) we see that 8y=iu satisfies the equation 

fyy + fyp ^P~ ^fnP + fpp 5i>) = 0 ; 



Eeturning to the integral (3) let us choose X so that 

(.^*“2X)w= —fpp id 

Substituting in (6) we find ® 



( 7 ). 
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the last term being obtained by substituting for from (7). 

(/«--2^)/m>=(/.p-2X)2 


This becomes 


( 8 ). 


The quantity under the integral sign in (3) is therefore a perfect square. Remem- 
bering (7) we see that 


The value of X is by (7) 


dx 

( 9 )- 

) 

( 10 ). 


Hence in order that both X and the subject of integration in (9) may be finite 
it is necessary that u should not vanish between the limits of integration. The 
second limiting point B must therefore not be beyond C. It is supposed that v 
and dvjdy are finite between the same limits. See Art. 648. 

Supposing this condition to be satisfied, every term of the integral (9) is 

positive if fpp is positive from A to B. Since fpp^v + and the velocity v 
is supposed to keep one sign throughout the motion, this condition also is satisfied. 
The change of action caused by a variation of path is therefore always positive and 
its amount is determined by (2) or (9). 

This investigation can be applied to brachistochrones and may also be extended 
to any cases in which the subject of integration, viz. f{x, y^ p), is a function only 
of the coordinates" y, and the first difierential coefficient. In order that the 
course AB given by (1) should be a true minimum, no variation must exist which 
can make dA negative. The conditions for this are (1) the point B must not be 
beyond C, as explained ^in Arts. 594, 648, (2) the differential coefficient d^fjdp^ 
must be positive throughout the whole course AB, 

If ^fjdp^ were negative for any portion PQ of the course given by (1), let us 
vary the remaining portions AP^ QB so that by is as nearly equal to u as we 
please, the portion PQ being varied in some other manner. In this variation such 
prominence is given to the negative elements of the integral (9) that 5A is made 
negative. It is also evident from (7) that X is finite if d^ffdp^, (Pffdpdy are finite. 



A SWARM OF PARTICLES. 


Note on Art. 414. 


The argnmeiit will be made more complete if we suppose that the boundary of 
the swarm is an ellipsoid instead of a sphere. Owing to the manner in which the 
forces of attraction depend on the shape of the swarm, the results for an ellipsoid 
are not altogether the same as those for a sphere. 

Taking the same axes as before, the coordinates of the projection of any particle 
P on the plane of motion of the centre are r + 77 , while ^ is the distance of P 

from that plane. Treating the ellipsoid as homogeneous and of density D, the 
component attractions of the swarm at any internal point are Ptj, where 
P, C are functions of the ratios of the axes of the bounding ellipsoid and their 
sum is 47 rl>. 


The equations (1) of Art. 414 are slightly modified by having their last terms 
replaced by - - P?? ; and instead of (3) we have 


dt‘^ 


2np^+(.l-3n^)^=0 


d“7j 

df'^ 


2n^+B7j 


= 0 


(I)- 


The equation for f is evidently 
dt- 


m 




(II). 


Putting ^ = « cos (pf-f a), T]~hsux{pt + a), and we find by pro- 

ceeding as in Art. 414, 

{ _ (^4 _ 3 J j J52 _ 45 j. _ ^ (7 pj ^ 

The condition for stability is therefore A 

In an ellipsoid A>B if the axis in the direction of ^ is less than that in the 
direction of 77. It follows that if the axis of | is the least axis, A is greater for 
an ellipsoid than for a sphere. The swarm is therefore more stable for an ellip- 
soidal than for a spherical swarm provided the least axis of the ellipsoid is 
placed along the radius vector from the sun. 


Let us suppose that all the particles are describing the same principal oscillation. 
The projections of their paths on the plane ^77 are therefore given by ^ = u;cos 0 , 
77 = & sin where $=i)t + a. These paths are coaxial ellipses described in the same 
periodic time 27r/p, the semi-axes of any ellipse being a, b. By substituting these 

values of i, 77 in the second of equations (I), we find ~ . it follows that all 

0 - ' 

the ellipses axe similar to each other. There will therefore be no collisions between 
the particles. 
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The ratio of the axes of the ellipses is not altogether arbitrary. By using (HI) 

we find 

where A, B and therefore are known functions of the ratios of the axes of the 
ellipsoid. We may deduce from the values of ^ given in the theory of Attrac- 
tions that Aa^ is less or greater than Bb^ according as is greater or less than 5®. 
It then follows from this equation that in both the principal oscillations the axis 
of the ellipsoid in the direction of the radius vector from the sun is less than the 
axis of the ellipsoid in the direction of motion of the centre. 

If P, Q, B be any three particles describing similar co-axial ellipses in the same 
time with an acceleration tending to their common centre, it is not difficult to 
prove that the area of the triangle PQR is constant throughout the motion. Let 
us apply this theorem to the motion of the projections of the particles on the 
plane of Joining adjacent triads of particles, we divide the whole area into 

elementary triangles. If the swarm is homogeneous, the areas of these triangles 
are initially equal and we see that they will remain equal throughout the 
motion. The swarm will therefore remain homogeneous. 

Consider next the motions of the particles perpendicular to the plane of 
These are harmonic oscillations and are all described in the same time 27r/q. 
The amplitude of each oscillation is the ordinate of the ellipsoid corresponding 
to the ellipse described by the projection and this is constant for the same particle. 
The distance between two adjacent particles moving in the same ordinate in the 
same direction is increasing or decreasing according as they are approaching or 
receding from the plane of As there are as many particles approaching as 
receding, the uniformity of the density is not affected by this motion. 

When both the principal oscillations are being described simultaneously the 
state of the motion becomes more complicated. The outer boundary is not strictly 
ellipsoidal, being dependent on both the states of motion. Since also the rotations 
in the principal oscillations are in opposite directions, we can no longer neglect 
the collisions between the particles. 

To take account of the collisions we must have recourse to a statistical theory 
analogous to the kinetic theory of gases. But this would lead us too far from the 
methods of this treatise. 

For an example of the application of the kinetic theory the reader is referred 
to a memoir by G-. H. Darwin, On the mechanical conditions of a stoarm of meteorites, 
<0c., Phil. Tram. 1889. He supposes a number of meteorites to be falling together 
from a condition of wide dispersion and to have not yet coalesced into a system of 
a sun and planets. No account is taken of the rotation of the system. 

Callandreau'has discussed the case in which a comet, regarded as a spherical 
swarm of particles, is heterogeneous, the density being a function of the distance 
from the centre. The effect of a passage near Jupiter has also been taken into 
account. See his Etude mr la thAorie des comStes periodiques. He considers it 
probable that the periodic comets are undergoing a gradual disintegration and he 
points out that according to this hypothesis a few comets captured by the action 
of Jupiter could by repeated subdivisions produce all those known to exist. See 
The Observatory, Feb. 1898. 



LAGRANGE’S EQUATIONS. 

Note on Art. 524. 


This rule may be put into another form. We know that ifZ, = 2’+U'+<7be the 
Lagrangian function and <9, &c. the coordinates, the equations of motion are 


d dJLi dL d dL dL 

dt d6' ~ dS ' dt d(p' ~ dcp^ ^ 

We now see that we may use the same equations, if we substitute 

L = '^+M{V+C) 


( 1 ). 

( 2 ). 


where ill is any arbitrary function of the coordinates 0, &c. which we may find 
suitable when solving the equations. 


The expression for Tg differs from T only in the fact that the differential co- 
efficients are taken with regard to a different independent variable, which has been 
represented by r. Thus 


m t . fddY , de dd> , . 


^ . f dd\- . dd d<p - 

When the equations \ave been solved the paths of the particles are found by 
eliminating r without enquiry into its meaning. 

The equation of energy is supposed to be T- 17= C; the constant C is therefore « 
known when the initial values of d, 0, <fec., 6'^ <p\ cfec. are given. 

We notice that one solution must be analogous to that given by the principle 
T 

^ :i1/(U'+C). Since this must agree with the 


of vis viva. 


We therefore have vl= 

M 


equation T=:XJ'i-C, it immediately follows that The 

j. it p nrjr JT-. ^ 


relation between r and t is therefore MdT=dt. 


When the paths of the particles are alone required^ loe may eliminate the time 
from the Lagrangian equations by using a new function instead of the Lagrangian 
function. 

In this method we choose some one coordinate 0 to be the independent variable 
and regard the others (p, &c. as unknown functions of 0 whose forms are to be 


determined by the altered equations of motion. Let 

T=^Aji0'^-{-Ai20^<P' + r (4), 

where accents denote differential coefficients with regard to the time. Let also 
T'= + + (5)> 


where the suffixes of -p, &c. here denote differentiations with regard to the new 
independent variable B. 


dT dr 


dT dr 
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The equation of energy gives 

re'^=u+c, (7). 

T ■ d dT ' dT dU , 

The Lagrangian equation — — , - becomes 

CLt CL<p CL<p (l<p 

fU+C\i d ifU+C\idT'\ _dT' U+C dU 

V i" J ds tv T' J di, r d<t>' 

where all the difierential coefficients are partial except the dldff. 

Remembering that U is not a function of , this becomes 

(®)- 

If then toe use Q — {{XJ -^-C) T'}^ as if it were the Lagrangian function and 
regard B as the independent variable^ we have the equations 

±^_dQ £ fa. 

dd d<pj dcj>' ddd^Pj^~'d^^ 

from which the paths may be found. 

This result follows easily from the theorem of Art. 524 by putting dr = d6, and 
we have here reproduced so much of that ai-ticle as is required for our present 
purpose. If dr~dB, we have Mdd = dt and therefore by (7) of this note 
/ T 

J/=:f xf+Gj * Substituting in (2) the Lagrangian function becomes 

i=2{(tr+C)2’'>i. 

We notice that however the expressions for the vis viva and the work function 
may be different in different problems, yet so long os the product {U+C)T' remains 
unchanged^ the paths are determined by the same relations betioeen the coordinates 
Bf <p, <£’c. 


Since in the Lagrangian equations, the letters B, &o. represent arbitrary 
functions of the quantities or coordinates which determine the position of the 
system, it is evident that we have here taken as the independent variable any 
arbitrary function of the coordinates. 


If sojne one coordinate, say is absent from the pi'oduct {XJ+C)T' (though T 
contains the differential coefficients of <}>), we see that one solution of the equations 
of motion is 


-=a, ..{U+q-^-=a. 


■ ( 10 ), 


d<hi 

lohere a is an ai'bitrary constant. If C is arbitrary, the product Q cannot be 
independent of <f> unless T and U are separately independent of <}j. But when C 
is given by the initial conditions this limitation is not necessary. If we substitute 
for dT'ld<pi and T' the values given by (6) and (7) this integral becomes dTldg>'=2a. 
which is the same as that obtained in Art. 521. 


» We may deduce this extension directly from the Lagrangian equations. Suppose 

T^il U+G= &c.), 

where ill is a function of B, 4>, &o. while &c. are not functions of <p. In this 
case the product T{U+C) is not a function of <p. The Lagrangian equation 
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for (p gives 


d dT dM 




dt d(p' d(p 

d dT 




dM 1 


{T-U-C), 


.( 11 ). 


dt dip* dp M 

If then the initial circumstances are such that the eq.uation of energy is 
dT 

U+G,'^e have y-,= 0 L. 

dp 


As a simple example, consider the case of a projectile moving under the action 
of gravity. We have T=J G':^-gy. Since the product of these is 

independent of x we choose some other coordinate as the independent variable. 
Writing Xj^dx/dy we have 

Q=:{{l + x,^)(y + 

This by an easy integration leads to the parabola (x - (?/ + (7- a®). 

The elimination of the time from the Lagrangian equations is given by Painleve 
in his Le(jons sur V integration des equations diJ^erentielUs de la MicaniquBf 1895. 
By an application of the principle of least action he obtains the function here 

called Q and writes the equations in the typical form ^ ^ . From these 

he deduces (page 2S9) that the Lagrangian equations may be written in the two 
forms 

dt dq' dq dq ^ dr dq' dq ’ 

where T'=T{U+C) and dr = (U4*C) dt. This special result follows from that 
given at the beginning of this note by putting 1/M’= 17+ G. Its importance lies in 
the fact that hy this change the motion is made to depend on that of a system moving 
under no forces. 

The elimination of the time from Lagrange’s equations is also given by Barboux 
in his Legons sur la theorie generate des surfaces^ Art. 571, 1889. He expresses Ms 
results in the same form as Painlev^. 

We may obtain an extension of the theorem (2). In such problems as those 
discussed in Art. 255 the Lagrangian function takes the form 

L=L2+Li+Lo (12), 

where is a homogeneous function of d\ p*^ &c. of the order w, the coefficients 
being functions of 6, (p, &c. but not of t. W'e then find as in Art. 512, Ex. 3, that 
the equation of energy becomes 

(13). 

Proceeding as in Art. 524, we change dt into dr and write 


rui- . dQ _Xj ,{y + C)i _ 


L=^+L,+M(L,+ C) 


( 14 ). 


We may now use this as the Lagrangian function. 
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Accelebatiox. Gompouents in two dimenf-ions, 38. Moving axes, 223. Three 
' dimensions, 490, Ac. Moving axes, 498. Hyper aeeeleiation, 233. Accele- 
rating force, 68. 

Al>a-ms, J. C. Motion of a heavy projectile, 178. The tiue and mean anomalies, 
347. Proof of Lambert’s theorem, 352. Resistance to comets, 386- 

Alool. Two problems, 405. 

Allegeet. Problem on the resistance to a projectile, 176, Ex. 4. 

Ameig-does signs. In rectilinear motion Ac., 97, 100. In Euler’s and Lambert’s 
theorems in elliptic motion, 360, 363. 

ANonALY. Defined, 342. Various theorems, 346. 

Apse. Defined, apocentre and peiicentre, 314. Ai^sidal angle and distances found, 
367, 422, when independent of the distance, 368, 370. Second approxima- 
tions, 370, 426, 427. Conditions there are two, one, or no apsidal distances, 
430-433. Equal apsidal distances, 434, apsidal circle, 434, 436. Apsidal 
boundaries, 441. Conical pendulum, 664. 

Asy-mptotic circles. In central orbits, 434, 446. 

Atwood. Machine, 60. Constant of gravity, 66. 

BacivLUNd. Resistance to Encke’s comet, 386, note. 

Ball. History of mathematics, 591, note. 

Barrteb ctjbves. Boundaries of the field, 299. In brachistochwnes and least 
action, 649. 

Bashfobth. Motion of projectiles, 169. Law of resistance, 171. 

Beetband. General and particular integrals, 245. Law of gravitation, 393, Ex. 
*2, 3. The apsidal angle, 426. Closed orbits, 428. Brachistochrones, 610. 

Besant. On infinitesimal impulses, 148, note. 

Bonnet. Superposition of motions, 273. 

Bbachistochbonks. In space 691, on a surface, 607, on a cone, cylinder, Ac., 612 . 
Vertical force, 601. Central force, 606. Relation to the free path, 698, 699. 
606. Case in which the construction fails, 649. A conic, 605, Ex, 1, 606, 
Ex. 3, 6. A cycloid, 601, Ac. 

Bbyant. True and mean anomalies, 347, Ex. 5. 

Burnside .and Panton, quoted, 489, note. 

Callandreau. Encke’s comet, 385. Spherical swarml 414. The disintegration of 
comets, page 407. On Tisserand’s criterion, 415. 

Cabdioid. a central orbit, 320. 

Oatenaby. a tautochrone, 211. A brachistochrone, 606, Ex. 7. 

Cauchy. Convergency of the series in Kepler’s problem, 488. 
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Cayley. InjSnitesimal impulses, 160, Ex. 3. Elliptic functions, 218, 220, 364. 
Lambert’s theorem, 352, note. Motion in an ellipse with two centres of 
force, 366, Ex. 4. 

Centbal eobce. Elementary theorems, <fec., 306. Solution by Jacobi’s method in 
three dimensions, 646. Locus of centres for a given orbit, 421. Force 
classification of the orbits, 436. Stability, 439. Solution when the velocity 
is that from infinity, 360, time, 362, disturbed path, 363, Ex. 3. The 
inverse cube, rectilinear motion, 100, lemniscate, 190, Ex. 11, Cotes’ spirals, 
366. Inverse fourth, fifth, &c. 364, 366, &c. 

Centbipugal force. Explained, 183. 

Challis. Infinitesimal impulses quoted, 148, note. 

Chords of quickest descent. Smooth and rough, 143, &c. 

Circle. Motion of a heavy particle, time just all round, 201, Ex. 1. Time in any 
arc, 213. Continuous and oscillatory, 216. Coaxial circles, 219. Central 
force, 318, 321, 190, Ex. 7. Parallel force 323, 462. Nearly circular 

orbits, 367, second approximation, 369, 370, least action, 663. When the 
force is infinite, 466. A rough circle, 192, a moving circle, 198. Geodesic 
circles, 648, 571. Two centres of force, 194. 

Clerke. History of Astronomy quoted, 385, note. 

Conic. As a central orbit vfith any centre, there are two laws of force, 456. Time, 
454. Elements of the conic, 457. Classification, 460. A corresponding 
curve on an ellipsoid, 672. A brachistochrone, 606, Ex. 3, 4. 

Conical Pendulum. The cubic, 665. Bise and fall, 668. Tension, 667. Radius 
of curvature, 669. Projection a central orbit, 660. Time of passage, 562. 
Apsidal angle, 664. 

Conjugate functions. Relation between the motions, 633, between the pressures, 
635. 

Conservative system. ' Explained, 181. Forces which disappear in the work 
function, 248. Oscillations, 294. 

Gonvergency. The series in Kepler’s problem, 488, 

Coriolis. Theorem on relative vis viva, 267. 

Craig. Particle on an ellipsoid, 668. Treatise on projections referred to, 609. 

Curve. Motion in two dimensions, fixed, 181, rough, 191, moving, 197. Three 
dimensions, fixed, 626, moving, 528, changing, 633. 

Cycloid, A tautochrone, 204, theorems, 206, rough, 212. Resisting medium, 210. 
A brachistochrone, 601, 602, theorems, 603, (fee. 

Cylinders. Motion on, 644. Brachistochrones, 612, Ex. 3. 

D’Alembert. The principle, 236. 

Darboux. The apsidal angle, 427. Force in a conic, 460. Relation of brachisto- 
chrones to geodesics, 609- Elimination of the time in Lagrange’s equations, 
page 410. 

Darwin. Periodic orbits, 418, note. Swarm of meteorites, page 407. 

Degrees of freedom. Defined, 252. 

Despeyrons. Problem on time in an arc, 203, Ex. 1. 

Dimensions. General theory, 151. In central orbits, 316. 

Direct distance. With this law of force, rectilinear motion with friction, 126, 
and resistance, 126. Time in an arc of lemniscate, 201, Ex. 2, 3. Central 
force, &c., 326. 

Discontinuity. Of friction, 125, 191. Of resistance, 128. Of a central force, 
135. Of orbits, 467, <fec. Of brachistochrones, 604, 649. 
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Double answebs. In rectilinear motion, 98. In two dimensions, 266. 

Effective fobce. Defined, 68, 235. Resultant effective force and couple, 239. 
Yirtual moment, 607. 

Ellipsoid. Cartesian coordinates, 568, a ease of integration, 569, 576. Elliptic 
coordinates, 576, a case of integration, 578, 682. Spheroidal coordinates, 
584. Central force, 670, 571, 672- Motion on a line of curvature, 683. 
Elliptic coordinates. Two dimensions, 686, three, 676. Translation into 
Cartesian, 676, 580. 

Elliptic motion. Time found, 342, 345. Disturbed by impulses, 371, &c., by 
continuous forces, 376. Change of eccentricity and apse, &c. by forces, 380. 
by a resisting medium, 383. Kepler’s problem, 473, Lagrange, 479, Bessel. 

480. Elliptic velocity, 397. 

Encke. Resistance to a comet, 386. 

Enfrgy. Principle of, 250. In central forces, 313. See also vis viva. 

Epicycloid. A central orbit, 322. Eorce infinite, 472, Ex. 2. A tautocliroue, 211. 
Equiangular spiral. Pressure, 190, Ex. 8. Moving spiral, 198, Ex. 2. A taiito- 
chrone, 211. A central orbit, 319, particle at centre of force, 470, 

Euler. Problem on a rebounding particle, 305, Ex. 4. On motion in a parabola, 
350. With two centres of force, 586, note. Lemniseate, 201, Ex. 2. 
Brachistochrones with a central force, 591, note. 

Einite differences. Problems requiring, 305. 

Eorsyth. Differential equations, 243. Theory of functions, 489. 

Foucault. Pendulum referred to, 67, 627. Theory, 624, 626. 

Eriction. Rough chords with gravity, 104, centre of force, 133. Rough curve, 191. 
Discontinuity, 125, 191. 

Frost. Elliptic velocity, 397. Singular points in a circular orbit, 466. 

Gauss. Coordinates, 546, 547. 

Geodesic. Line, 639. Circles on ellipsoid, 648. Roberts, 671. Brachistochrones 
Bertrand, 610, Darboux, 609. 

Glaisheb. Time in an ellipse, 347, Ex. 1, 476. Force in a conic, 460, note. 

Gray and Mathews. Treatise on Bessel functions, 286, Ex. 9. Kepler’s problem, 

481. 

Greenhill. An integral, 116. Motion of projectiles, 169. Cubic law of 
resistance, 177. Elliptic functions, 213, note, 364. Paths for a central 
force special values of n, 366, note. Stability of orbits and asymptotic 
circles, 429, note, Conical pendulum, 665, note. 

Grouping. Of trajectories of a particle. Theory, 636, 638. Special cases, 169, 
330, 339, c&c. 

Guglielmini. Experiments on falling bodies, 627. 

Haerdtl. Traces path of a planet in a binary system, 418, Ex. 2. 

Hall, Asaph. Satellites and mass of Mars, 403. Singular points in central orbits, 
465, note. 

Hall Maxwell. On Algol, 405, Ex. 1. 

Halphan. Law of gravitation, 393, Ex. 1. Force in a conic, 460, note. 

Hamilton. Law of force in a conic, 453. Hodograph, 394. 

Harjionic oscillation. Definition, frequency, amplitude, &c., 119. 

Helix. Heavy particle on, fiixed, 627, moving, 634. 

Hi:Li(?oiDE. Motion on, Liouville^s solution, 583, Ex. 4, another problem, 643. 
Ex. 5. 

Herschel. Disturbed elliptic motion, 379. Algol, 405. 
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Hiiaii. Stability of the moon’s orbit, 417. 

Hodogkaph. Elementary theorems, 29. Central orbits, 394. Itself a central 
orbit, 398. 

Hopkins. Infinitesimal impulses, 148, note. 

Hobse-powek. Defined, 72. 

Huygens. Terminal velocity, 111. , ' 

Impulses. Ho’w measured, 80. Infinitesimal, 148. Smooth bodies, 83, &c. 

Inebtia. Explained, 62, 183, note. Moment of, 241. 

Infinite. Force, 100, 466. Subject of integration infinite, 99, 202. 

In GALL. Motion of projectiles quoted, 169. 

Initial. Tension and curvature, 276, &c. String of particles, 279. Starting from 
rest, 280. Initial motion deduce from Lagrange’s equations, 517. Three 
attracting particles fall from rest, 284, Ex. 6. 

Integeals. Of the equations of motion. Two elementary, 74, 75. Eectilmear 
motion, 97, 101. General and Particular integrals, 244, 246. Smeary of 
methods in two dimensions, 264. Integrals of Lagrange’s equations, 621 
and page 408, Liouville’s, 622. A general case in three dimensions, 497, m 
Jacobi’s method, 646. 

Invekse square, law of. Eectilinear motion, 130. Particle falls from a planet, 
134. Central force, 332, (fee. See Time. 

Inversion. Of the motion of a particle, 628. Of the pressure on a curve, &o., 631. 
Of the impressed forces, 631, 632. Calculus of variations, 650, Ex. 2. 

Jacobi. Integral for a planet in a binary system, 265, 416. 417. Case of solution 
of Lagrange’s equations, 523. Two centres of force, 685, note. Method of 
solving dynamical problems, 640, 644. Criterion of max- min in the calculus 
of variations, 694, 648. 

Jbllbtt. On brachistochrones, 691,'' note, 650, Ex. 1. 

Kepler. The laws, 387. Law of gravitation in the solar and stellar systems, 390. 
Kepler’s problem, 473. 

Kortbweg. Stability, asymptotic circles, &c., 429, note. 

Lachlan. Treatise on modern geometry referred to, 219. 

Laisant. On a case of vis viva, 268. 

Lagrange. Energy test of stability, 296. Conical pendulum, 656, note. Two 
centres of force, 686, note. 

Lagrange’s equations. Proof, 603, <fec. Elementary resolutions deduced, 612. 
Ex. 1, 2; vis viva deduced. Ex. 3. Small oscillations, 513. Initial motion, 
517. Methods of solution, 621, and page 408. Change of the independent 
variable, 624, and page 408. Transference of a factor, 624. Elimination of 
the time, page 409. 

Lambert. Time in an elliptic arc, 362. 

LAMfi. On curvilinear coordinates, 625. 

Laplace. On three attracting particles, 406. Series for longitude of a planet, <fec., 
476- Other expansions, 487, Ex. 3, 4, 5. Oonvergency, 488. 

Laemor. Calculus of variations, 691, note. Inversion, 628, note. 

Laws. Of motion, 61. Of resistance, 171. Of Kepler, 387. 

Least action. Principle of, 646. A minimum, 647, 648. Case when there is no 
free path, 649. Relation to brachistochrones, 660, &o. Parabola, ellipse 
and any central orbit, 661. Terms of the second order, 663, 664, 

Legenure. Central orbits, 366, note. Two centres of force, 686, note. 

Lejeune Dirichlet. Energy test of stability, 296, note. 
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Lemniscate. Time in an arc, 201, Ex. 2, 3, Centre of force in the node, 320. 
Two centres of force, pressure, 190, Ex. 11 ; free, 587, Ex. 4, The pedal a 
central orbit, 383, Ex. 2. A brachistochrone, 606, Ex. 5. 

Levebrier. True and mean anomalies, 347. 

Limiting velocity. Explained, 111, Theorems, 115, 116, &c. 

Linear equations. Theory, 118. Elementary eases, 122. See Oscillations. 

Liouville. The line arrangement of three attracting particles, 406, note. Solution 
of Lagrange’s equation, 622. A particle on an ellipsoid, 568, note. Two 
centres of force, 685, note. Solution by Jacobi’s method of a class of 
problems, 645. 

Lloyd and Hadcock. Treatise on Artillery, &c., 169, note. 

MAGNIEIC.4.TION. Bectiliuear motion, 139. In two dimensions, 303. Central orbits, 
369. 

M.ASS. Units, 63. Problems on bodies without mass, 267. Of a planet, 403. 

MAx'Vi’ELL. Laws of motion quoted, 61. 

Mean distance. Of a planet. Mean value of 344. 

Miller. Comparison of standards, 63. 

Momentum. Linear, 54, 79. Angular, 79, 492. Conservation of linear and 
angular, 92. Equation of moments in two dimensions, 259, in central 
forces, 306, in three dimensions, 492. 

Moving axes. In two dimensions, 223. Geometrical relations between relative 
and actual path, 229, Oblique axes, 232. In three dimensions, 498, deduced 
from Lagrange’s equations, 512, Ex. 2. Moving curves, 197. Moving 
central orbits, 359. 

Muibhead. On the laws of motion, referred to, 61, note. 

Mayevski. The law of resistance, 171. 

Newton. Laws of motion, 61. Constant of gravity, $7. Law of elasticity, 83. 
Two attracting spheres, 134, Ex. 3. Central forces, a circle, 318; a conic 
about any centre, 450, a moving orbit, 359. 

Niven. Motion of projectiles, 169, note. 

Orbits. Bertrand on closed orbits, 428. Orbits near the origin, 437, at a great 
distance, 438. Classification of orbits for F = fMU ‘*\ 436. A central orbit is a 
brachistochrone, 606. 

Orthogonal Coordinates. Examples and Lame’s generalization, 525. 

Oscillations. Small rectilinear, 137. Problems, 138. Small curvilinear, 199, 
finite, 200. One degree of freedom, 285, two, 287. Principal oscillations, 
292. Of suspended particles, 300. About a steady motion, 304. Insuf- 
ficiency of a first approximation, 302. Of a series of n pai'ticles, 306. Use 
of Lagrange’s equations, 613. 

Painleve, Particle on an ellipsoid, 668, note. Elimination of time from Lagrange’s 
equations, page 409. 

Parallel forces. Constant, see Projectile. Variable a conic described, 323, 462. 

Parallelogram law. Velocity, 4, acceleration, 28, angular velocity, 43. Vectors, 
222 . 

Path. Laplace’s differential equation, 268- Solution in some cases, 269, &c. 
Central forces, 309. 

Pendulum. Change of place, 207, drc. See Circle and Conical Pendulum, notation 
of the earth, 621, 624, &c. 

Point to point. Path under gravity, 159. Under a central force, 330, 339. 
A brachistochrone, 591. Least action, 646. 



416 INDEX. 

Poisson. Expansion of true anomaly, &c-, 487, Ex. 3. Effect of the rotation of 
the earth, 627. 

PiiESSUEB, Two dimensions, 184. Three dimensions, 626, <&c., 636, 662, 560, cfec. 
A constrained motion may be free, 190, 193, 194, &c,, 629, &c. Does the 
particle leave the curve? 196. 

Pbojectiles. In vacuo, 154, by Jacobi’s method, 645. Resistance kv, 162. 
Resistance 168, cases of w=2, 172, n=3, 177, 7i=0, 176, Ex. 5. Given 
trajectory find the resistance, 179. Rotation of the earth, high and flat 
trajectories, 621. Deviation from parabolic motion, 623. 

PuissETjx. The spirals of, 322. 

Reciprocaij spiral, a central orbit rd^a, 358. Radial velocity constant, 368. 
Arrival at the centre of force, 472. 

Reich. Experiments at Ereiberg, 627. 

Relative motion. Acceleration relative to a moving point, 39, 276; to a moving 
curve, 197. Relative and actual paths, 229. Coriolis, 267. Three dimen- 
sions, relative to the meridian plane, 496, to a moving curve, 630. 

Representative particle. Defined, 296. 

Resisting siedixjm. Rectilinear motion, light particle, 102. Heavy particle on a 
chord, 107, falls freely, 116, &o. Curvilinear motion of a heavy particle, 
162 — 180. Daw of resistance, 171. Resistance in the solar system, 385. 

Roberts, R. A. Integral calculus referred to, 116. 

W. B. W. Motion on an ellipsoid, 668, 671. 

Roger. On brachistochrones, 691, note, 612, Ex. 3. 

Rouche. Convergence in Kepler’s problem, 488. 

Salmon. Solid geometry referred to, 677, 610. 

Sang. Heavy particle on a circle, 217. 

Schiaparelli. Disintegration of comets, 414, note. 

Second approximations. Rectilinear motion, 141, curvilinear, 202, 302, 303. 
Central orbits, 367, 426. Conical Pendulum, 662, 664. 

Serret. Lemniscate, 201, Ex. 2. Two centres of force, 686, note. 

Similar. Configurations, 266, Ex. 9, 10- Line arrangement of three particles, 409, 
&c. Triangle arrangement, 407. 

Singular points. Of infinite force, 466. Arrival at the centre of force, 468. 
Special cases, 470, 472. 

Slesser. Acceleration for moving axes, 600. 

Spheres. Impacts of smooth spheres, 83, &c. Energy lost, 90. Impulses of 
spheres inside moving vessels, tied by strings, Ac., examples, 94. Motion of 
a point on a sphere, 642, Ac., 666, Ac. 

Stability, Energy test, 296. Of oscillations, 287. When the law of force is the 
inverse /cth, 298. Of the moon’s orbit, 417, 418. Of central orbits, 439, 444. 

Stokes. Resistance to comets, 386. On the figr>*e of the earth, 619, Ex. 5. 

Stone. Longitude is elliptic motion, 476. 

String or particles, n heavy suspended particles, 305. Initial tensions, Ac., 279. 
Train and engine, 150, Ex. 5, 305, Ex. 3. Pulleys, 78, Ex. 10. String passes 
over a surface, 646. 

Sufficiency. Of the equations of motion, 243. Insufficiency of a first approxi- 
mation, 302. 

Superposition. Of motions. Theory, 271 — 276. 
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Surface. Small oscillations of a heavy particle about lowest point, 301. About 
steady motion, 653. Motion on any surface, 535, &c. Cylinders, 5M. 
String, 545. Developable, 649. Of revolution, 641, the zones, 550, &c. 
Paraboloid, 664. Sphere, 642, 665. Ellipsoid, 668. 

Swarm. Stability of a spherical swarm, 414. Ellipsoidal swarm, page 406, 

Sylvester. Motion in a circle 321, with two centres of force, 194. 

Tait. Eelation of brachistochrones to free paths, 691, 660. Brachistochrone 
when the velocity varies as the distance from the axis of 612, Ex. 4, 
Least action in elliptic orbits, 651. 

Tautochrone. Linear equation, 119. Examples of tautochronous curves, 211. 

Three attracting particles. Initial radius of curvature, 284, Ex. 6. Triangle 
arrangement, 407. Stability, 408. Line arrangement, 409. Unstable, 412. 
Motion from rest in either arrangement, 413, 284, Ex. 6. 

Time. In an arc, 199, 200. In a central orbit, ellipse, 342, hyperbola, 348, 
parabola, 349. Ellipse of small eccentricity, 345, Euler’s and Lambert’s 
theorems, 360, 362. Ambiguities in sign, 350, 353. 

Tisseranl. Comet in a resisting medium, 384, &c. Disintegration, 414. Criterion 
of the identity of a comet, 416. Proof of a theorem of Laplace, 487, Ex. 4. 

Tissot. The conical pendulum, 565, note. 

Thomson and Tait. Laws of motion, 61. Orthogonal surfaces of trajectories, 638. 

Todhunter. Error in a Newtonian problem, 134, Ex. 3. On brachistochrones, 604. 

Townsend. Memoir on brachistochrones, 691, note. 

Transon. On hyper-acceleration, 233. 

Two ATTRACTING PARTICLES. Orbit and time, 399. Mass of a planet, 402. 

Two CENTRES of force, a circle is a possible orbit 194. Ellipse described 

two dimensions, 355, three, 629. lemniscate, 687, Ex. 4. 

Liouville’s general solution, 686, &c. In three dimensions, 688. 

Uniform. Velocity and acceleration, 2, 15, &c. Angular velocity, 41. Defini- 
tion, 53. 

Units. Space and time, 46. Mass, 63. Force, 64. Work, 71. Horse-power, 72. 

Velocity. Components, 11. Moment of, 6 — 9. In a central orbit from infinity 
and to the origin, 312. 

ViLLABCEAU. Law of gravitation, 390, note. Force in a conic, 460, note. 

Vis Viva. See Energy. Defined, 69. Constrained particle, 184. Principle for a 
fixed field, 246, rotating field, 255. Vis Viva of a rigid body, 253. Coriolis 
on relative vis viva, 267. Deduced from Lagrange’s equations, 512, Ex. 3. 

Work. Defined, 70. Eate of doing work, 72. Work function, 185. Central 
force, 186. Elastic string, 187. Effective forces, 507. 

Worms. Experiments on Foucault’s pendulum, 627. 

Wythoff. Memoir on dynamical stability, 406, note. 

Young. Buie for the attraction of table land, 208. 

Zengeb. Mean and true anomalies, 347, Ex. 2. 
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